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Abstract  
Schrödinger equation for particle in a finite media with uniform potential 
was solved. The solution which is based on the fact that the particle exists 
gives complex and cosine wave function with energy relations different 
from that of the ordinary sine solution. Maxwell distribution law has been 
also found using the expression for the wave function in a frictional 
medium, quantum energy average and integration by parts, another 
approach has been tackled using the general expression for quantum 
average and the ordinary differentiation 
 
Keywords: Schrodinger equation, finite medium, Maxwell quantum 
distribution, friction. 
 
Introduction 
Momentum is a valuable tool for predicting the future of physical system 
because it related to physical quantity that controlled a system, like force 
and energy. According to Newton's second law the resultant force is 
equal to the rate of change of momentum. The momentum is a conserved 
vector quantity. Thus it differs from the energy, which is a conserved 
scalar quantity, and to forces, which are only conserved locally. 
In quantum mechanics the energy cannot be continuous for a particle. 
The energy of quantum particle can have minimum value but cannot be 
zero. The importance of momentum in quantum mechanics results from 
the uncertainty principle and De Broglie hypothesis .Also the equation of 
motion as Schrodinger equation can be extracted from it [1, 2, 3] 
The momentum also plays an important role in statistical physics .In a 
dynamical system theory, a phase space is a space in which all possible 
states of a system are represented, with each possible state corresponding 
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to unique point in the phase space. For mechanical systems, the phase 
space usually consists of all possible values 0 position and momentum 
variables of [4, 5].In statistical mechanics, any choice of a generalized 
coordinates for the position defines conjugate generalized momentum 
which together define coordinates on the phase space the momentum 
representation, wave functions are Fourier transforms of the equivalent 
real-space wave functions. The continuity equation governs the 
conservation of mass, charge and probability of any closed system. 
This equation involves the spatial distribution of the flux density that is 
related to the temporal variation of the particle density (charge, mass). 
Ordinarily, this equation is derived from the equation of motion. The 
motion of any continuous charge/mass distribution can be thought of as a 
continuum (field or fluid). The continuity equation guarantees that there 
is no loss or gain of such quantities. This equation provides us with 
information about the system. The information is carried from on point to 
another by a particle (field wave) [6, 7].The continuity and momentum 
beside lasing equations are derived from Newton's laws. Different 
attempts were made to derive statistical laws and lasing equations [8, 9, 
10].This work is conceived with new derivation of this these equations 
using quantum wave function and Maxwell distribution.  
 
Quantum and Statistical Laws to Derive Fluid and Lasing Equations 
The equation of motion of a particle moving in a field of potential V and 
a frictional medium with relaxation time T is given by: 

𝑚𝑣
𝑑𝑣
𝑑𝑥 =  𝑚𝑣

𝑑𝑣
𝑑𝑥

𝑑𝑥
𝑑𝑡 = 𝑚

𝑑𝑣
𝑑𝑡 = −

𝑑𝑉
𝑑𝑥 −

𝑚
𝜏𝜏 𝑣   (1) 

Considering the practical as vibrating string  
𝑥 = 𝑥°e−iωt 

𝑣 = 𝑥° = −𝑖𝑤𝑥  (2) 
Thus: 
m∫𝑣𝑑𝑣 = −∫𝑑𝑉 + 𝑚

𝑖𝜏𝑤 ∫ 𝑣𝑑𝑣 
1
2
m𝑣2=−𝑉 + 𝑚

2𝜏𝑤𝑖
𝑣2(3) 

Since the kinetic energy oscillator is k=1
2

mv2 and the potential energy is 

V=1
2

kx2 = 1
2

mω2 = 1
2

mv2 = 1
2

mv2 = K  (4) 
On the other hand equation (3) yields 
K + V + K

ωτi
= constant               (5) 

This constant of motion is the total energy E of the system, which takes 
the form 
E = K + V − iK

ωτ
= E° −

iK
ωτ

            (6) 
Where the non-frictional energy takes the form 
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E° = K + V = 2K    (7) 
Thus 
E=E° − i E°

wt
= K + V − iE°

ωτ
     (8) 

IF the relation time is assumed to be proportional to the periodic time T , 
such that T=ατ . 
It f0ll0ws that E=E° − i α

2π
E° = E° − iα°E° = K + V − iα°E°(9) 

Therefore E=P2

2m
+ V − iα°E°    (10) 

For particle in a box Schrodinger equation in a frictional medium is given 
by : 
iћ ∂φ

∂t
=  − ћ2

2m
∇2φ + V°φ − iα°E°φ          (11) 

Where V°the potential barrier and T is a relaxation time .sing the method 
of separation of variables one can write: 
φ = φ(r, t) = f(t)u(r) = fu                   (12) 
A direct substitution in equation (11) gives: 

𝑖ћ𝑢
𝑑𝑓
𝑑𝑡 = � −  

ћ2

2𝑚∇2𝑢 + 𝑉°𝑢𝑖𝛼𝛼°𝐸°� 𝑓  

Rearranging gives 
i
f
ћ df
dt

+ iα°E° + V° =  − ћ2

2mu
∇2u = E°             (13) 

i
f
ћ df
dt

= (E° − V° − iα°E°)f       (14) 

−  ћ
2

2m
∇2u = E°u = Ef                                   (15) 

The solution of equation (14) can be given by : 

f = A1e−
iEt
ћ = A1e−

i
ћ

(E°−V°−iα°)t = A1e−α°E°te−
i
ћ

(E°−V°)t     (16) 
Two possible solutions can be suggested for equation (15) . In one of 
them  
𝑢 = 𝐴2𝑠𝑖𝑛𝛼𝛼𝑥      (17) 

To get :   ћ
2

2𝑚
𝛼𝛼2𝑢 = 𝐸°𝑢 𝛼𝛼 = �2𝑚𝐸°

ћ2
= �2𝑚°𝐸°

ћ
     (18) 

For a one dimensional box of length L just outside the box  
|𝑢|2 = |𝜑𝜑|2 = 0         (19)  
𝑢(𝐿) = 𝜑𝜑(𝑥 = 𝐿) = 𝐴2𝑠𝑖𝑛𝛼𝛼𝐿 = 0        (20) 
Thus :       𝛼𝛼𝐿 = 𝑛𝜋 
Using (18) gives  𝐸° = ћ2𝛼2

2𝑚
= ћ2𝜋2𝑛2

2𝑚𝐿2
        (21) 

𝐸° = ћ2𝑛2

8𝑚𝐿2
         (22) 

The other solution of equation (15) can be 𝑢 = 𝐴3𝑒𝑖𝛼𝑥            (23) 
This with the aid equation (15), gives: 
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ћ2

2𝑚𝛼𝛼2𝑢 = 𝐸°𝑢 
This solution with be consist with the first solution and gives the same 
energy relation when are assumes that the probability is equal are at the 
bound any just inside the box at (𝑥 = 𝐿) 
i.e. 
u(L) = 𝐴3𝑒𝑖𝛼𝐿 = 𝐴3𝑐𝑜𝑠𝛼𝛼𝐿 + 𝐴3𝑠𝑖𝑛𝛼𝛼𝐿 = 1             (24) 
This requires: 

𝐴3𝑐𝑜𝑠𝛼𝛼𝐿 = 1 
𝐴3𝑠𝑖𝑛𝛼𝛼𝐿 = 0                (25) 
This requires: 
𝛼𝛼𝐿 = 2𝑛𝜋𝛼𝛼 = 2𝑛𝜋

𝐿
𝐴3 = 1                 (26) 

 Thus according to equation (18) equation (16) gives 

2m𝐸°=ћ2𝛼𝛼2 =
4ћ2𝜋2ћ2

𝐿2  

𝐸° = ћ2𝑛2

2𝑚𝐿2
(27) 

This equation is not completely conforming to equation (22), The full 
complete agreement requires rewriting (11) by suggesting  
𝛼𝛼𝐿 = 2𝑛𝜋           (28) 
This also satisfies equation (27) to get again: 
𝐸° = ћ2𝑛2

2𝑚𝐿2
    (29) 

Another boundary condition can be obtained by suggesting that at the 
boundary just inside the box (medium) the probability of finding the 
particle inside the box is finite and is equal to𝑃° . This requires 
  |𝑢(𝐿)|2 = 𝑃° 
  u(L)= �𝑃°    (30) 
Thus:    𝑢(𝐿) = 𝐴3𝑒𝑖𝛼𝐿 = 𝐴3𝑐𝑜𝑠𝛼𝛼𝐿 + 𝑖𝐴3𝑠𝑖𝑛𝛼𝛼𝐿 + 𝑉𝑃°                (31) 

𝐴3𝑐𝑜𝑠𝛼𝛼𝐿 = �𝑃°,𝑐𝑜𝑠𝛼𝛼𝐿 = �𝑃°

𝐴3
     ,       𝑠𝑖𝑛𝛼𝛼𝐿 = 0       ,      𝛼𝛼𝐿 = 𝑛𝜋 

This requires: 
�𝑃°

𝐴3
= 𝑐𝑜𝑠𝛼𝛼𝐿 = ±1             (32) 

Where for  
𝑛 = 1,3,5,7𝑐𝑜𝑠𝛼𝛼𝐿 = −1 

And for 
𝑛 = 0,2,4,6𝑐𝑜𝑠𝛼𝛼𝐿 = 1 

This requires        (33) 
𝐴3 = ±�𝑃°        (34) 
This means that𝑢 is real and is given by  
𝑢 = 𝐴3𝑐𝑜𝑠𝛼𝛼𝑥             (35) 
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But this is not consistent with the solution  
𝑢=𝐴2𝑠𝑖𝑛𝛼𝛼𝑥                    (36) 
Since they give different probability distributions. To have solutions 
typical to each other consider  
𝑢 = (𝑥 = 𝐿) = 𝑖𝑃°            (37) 
This satisfies 
|𝑢(𝐿)|2 = 𝑃°              (38) 
And gives also           
𝐴3𝑐𝑜𝑠𝛼𝛼𝐿 + 𝑖𝐴3𝑠𝑖𝑛𝛼𝛼𝐿 = 𝑖�𝑃°     (39) 
This means that  
𝑐𝑜𝑠𝛼𝛼𝐿 = 0 𝐴3𝑠𝑖𝑛𝛼𝛼𝐿 = �𝑃°                (40) 
This requires 
𝑠𝑖𝑛𝛼𝛼𝐿 = 1 𝐴3 = �𝑃°                   (41) 

𝛼𝛼𝐿 = (𝑛 + 1/2)𝜋 

𝛼𝛼 =
(𝑛+12)𝜋 

𝐿
(42) 

This gives the energy in the form 

𝐸° =
(𝑛+12)2ћ2

8𝑚𝐿2
                       (43) 

Another solution based on the existence of particles inside the box can be 
suggested by assuming  

𝑢(𝑥) = 𝐴4𝑐𝑜𝑠𝛼𝛼𝑥            ,∇𝑢 = 𝛼𝛼𝐴4𝑠𝑖𝑛𝛼𝛼𝑥 
∇2𝑢 = −𝛼𝛼2𝐴4𝑐𝑜𝑠𝛼𝛼𝑥 = −𝛼𝛼2𝑢             (44) 
Inserting this expression in equation (15) gives 

ћ2

2𝑚
𝛼𝛼2 = 𝐸°𝑢𝛼𝛼 = �2𝑚𝐸°

ћ
           (45) 

Since just inside the box at (x=L) the box at (𝑥 = 𝐿) the box the particle 
exist, it flows that  

|𝑢(𝑥 = 𝐿)|2 = |𝐴4𝑐𝑜𝑠𝛼𝛼𝐿|2 = 𝑃°               (46) 

Which means that the probability of existence of the particle is 𝑃° . One 
of the possible solutions is to suggest  

𝑢(𝐿) = 𝐴4𝑐𝑜𝑠𝛼𝛼𝐿 = �𝑃°      ,  𝐴4 = �𝑃°(47) 

𝑐𝑜𝑠𝛼𝛼𝐿 = 1     (48) 

𝛼𝛼𝐿 = 2𝑛𝜋     (49) 

According to equation (4)  
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𝐿�2𝑚𝐸°

ћ
= 2𝑛𝜋     ,        𝐸° = 𝑛2ℎ2

2𝑚𝐿2
           (50) 

This solution gives the same energy from as that proposed by the 
exponential solution with real wave function shown in equation (23) , 
(27) {see equation (27)} In view of equations (12) , (16) and (23) the 
wave function in excited state takes the form  

𝜑𝜑 = 𝐴1𝑒𝑖𝜃𝑒−𝛼𝐸𝜏           (51) 

Where the collision for time𝜏𝜏 cause it to go in energy to be in an excited 
state with energy E and 𝜃𝜃 

θ = (𝑉°−𝐸°)𝜏+𝛼𝑥°
ћ

         (52) 

Here one assumes that all particles are in the ground state with (𝑛 =
0 ,𝐸 = 0) 

Thus when they are excited their energy is. Can write the wave function 
as: 

𝜑𝜑 = 𝐴𝑒−𝛼𝐸            (53) 

Where  𝛼𝛼 = 𝛼𝛼°𝜏𝜏         (54) 

𝐴° = 𝐴1𝑒𝑖𝜃         (55) 

𝐸 = ∫ 𝜑𝐸𝜑𝑑𝐸∞
0

∫ 𝜑𝜑𝑑𝐸∞
0

=
|𝐴|2 ∫ 𝐸∞

0 𝑒−2𝛼𝐸𝑑𝐸

|𝐴|2 ∫ 𝑒−2𝛼𝐸∞
0 𝑑𝐸

         (56) 

Using the identity:∫𝑢𝑑𝑣 = 𝑢𝑣 − ∫𝑣𝑑𝑢     (57)  

With: 

𝑢 = 𝐸𝑑𝑣 = 𝑒−2𝛼𝐸𝑑𝑢 

𝑣 =  − 1
2𝛼
𝑒−2𝛼𝐸(58) 

� 𝐸𝑒−2𝛼𝐸𝑑𝐸 = −
𝐸

2𝛼𝛼 𝑒
−2𝛼𝐸

∞

0
�
∞
0 +

1
2𝛼𝛼� 𝑒−2𝛼𝐸𝑑𝐸

∞

0
 

= −
∞𝑒−∞

2𝛼𝛼 +
0𝑒−0

2𝛼𝛼 −
1

4𝛼𝛼2 𝑒
−2𝛼𝐸 �

∞
0  
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=  −0 + 0 −
1

4𝛼𝛼2
{𝑒−∞ − 𝑒−0} 

= 1
4𝛼2

       (59) 

Also: 

� 𝑒−2𝛼𝐸𝑑𝐸 = −
1

2𝛼𝛼 𝑒
−2𝛼𝐸 �

∞
0

∞

0
 

= −
1

2𝛼𝛼 {𝑒−∞ − 𝑒−0} 

= 1
2𝛼

                    (60) 

Thus: 

E� = 2α
4α2

= 1
2α

             (61) 

In view of equation (53) the wave function takes the form  

𝜑𝜑 = 𝐴𝑒−
𝐸
2𝐸�                   (62) 

Thus the number of particle are given by  

𝑛 = 𝜑𝜑𝜑𝜑� = 𝐴2𝑒−
𝐸
𝐸�  

= 𝑛°𝑒−𝛽𝐸𝛽𝛽 = −1
𝐸�              (63) 

The statistical laws can also be found by using equation (56) to get  

𝐸� = ∫ 𝜑�𝐸𝜑𝑑𝐸∞
0

∫ 𝜑�𝜑𝑑𝐸∞
°

= ∫ 𝑛𝐸𝑑𝐸∞
0

∫ 𝑛𝑑𝐸∞
0

= ∫ 𝐸𝑛𝑑𝐸∞
0

𝐼
                (64) 

Where: 

𝐼 = ∫ 𝑛𝑑𝐸∞
0                         (65) 

But one can write equation (64) in the form : 

𝐸� = 𝑑𝐿𝑛𝐼
𝑑𝛽°

= 𝑑𝐿𝑛𝐼
𝑑𝐼

𝑑𝐼
𝑑𝛽°

= 1
𝐼
𝑑𝐼
𝑑𝛽°

                  (66) 

This means that {compeer (64) and (66) } 
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𝑑𝐼
𝑑𝛽°

= ∫𝐸𝑛𝑑𝐸                           (67) 

But from (66)∫𝑑𝐿𝑛𝐼 = ∫𝐸�𝑑𝛽𝛽° 

ln 𝐼 = ∫𝐸�𝑑𝛽𝛽° + 𝐶°         ,           𝐼 = 𝑒∫𝐸�𝑑𝛽°𝑒𝐶° = 𝑒𝐶°𝑒∫𝐸�𝑑𝛽°  

𝐼 = 𝐶1𝑒∫𝐸
�𝑑𝛽°                          (68) 

For constant 𝐸� 

𝐼 = 𝐶1𝑒𝛽°𝐸�                      (69) 

When all values are near the average value  

𝐼 = 𝐶1𝑒𝛽°𝐸                      (70) 

But from (64) : 

𝐼 = ∫ 𝑑𝐼
𝑑𝐸
𝑑𝐸 = ∫𝑛𝑑𝐸          (71) 

Thus from (70) and (71) : 

𝑛 = 𝑑𝐼
𝑑𝐸

= 𝐶1
𝛽°
𝑒𝛽°𝐸 = 𝐴𝑒𝛽°𝐸       (72) 

But from (66) and (70) 

𝐸� = 1
𝐼
𝑑𝐼
𝑑𝛽°

= 1
𝐼

(𝛽𝛽°𝐼) = 𝛽𝛽°      (73) 

Hence from (72) : 

𝑛 = 𝐴𝑒−
𝐸
𝐸�                                   (74) 

Another approach is based on defining [see (67)} 

𝑑𝐼
𝑑𝛽𝛽°

= 𝑆 = �𝐸𝑛𝑑𝐸 =
1
2�𝑛𝑑𝐸2 = �

𝑑𝑆
𝑑𝐸2 𝑑𝐸

2 

This means that: 

𝑑𝑆
𝑑𝐸2

= 1
2
𝑛                           (75) 

From (72) and (75) 
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𝑑𝐼
𝑑𝐸

= 2 𝑑𝑆
𝑑𝐸2

                         (76) 

Thus 

1
2
𝑑𝐸2

𝑑𝐸
= 𝑑𝑆

𝑑𝐼
                               (77) 

From (75): 

𝐸 =
𝑑𝑆
𝑑𝐼 =

𝑑𝑆

� 𝑑𝐼
𝑑𝛽°
�𝑑𝛽𝛽°

=
𝑑𝑆
𝑆𝑑𝛽𝛽°

 

�
𝑑𝑆
𝑆 = �𝐸𝑑𝛽𝛽° + 𝐶3 

ln 𝑆 = 𝐶3 + �𝐸𝑑𝛽𝛽° 

𝑆 = 𝑒𝑐3𝑒∫𝐸𝑑𝛽° = 𝐶4𝑒∫𝐸𝑑𝛽°                  (78) 

Assuming 𝐸 to be independent of 𝛽𝛽° , one gets: 

𝑆 = 𝐶4𝑒𝐸𝛽°                                      (79) 

Thus: 

𝑛 = 2 𝑑𝑆
𝑑𝐸2

= 2 𝑑𝑆
𝑑𝐸

𝑑𝐸
𝑑𝐸2

= 𝛽𝛽°𝐶4𝑒𝛽°𝐸 �1
𝐸
� = 𝐶4𝛽°𝑒𝛽°𝐸

𝐸
                  (80) 

𝑛 = 𝑔(𝐸)𝑒−𝛽°𝐸                          (81) 

 

Conclusion 
Using the equation of motion of a particle in a frictional medium in 
equation (1) a useful expression for energy of string in a frictional 
medium was found in equation (8). This expression is used to find 
Schrodinger equation (11) in a frictional media. Using separation of 
variables for particle in a box subjected to constant potential the 
expressions of the wave functions were found in equation (16) and (17). 
Assuming that just outside the bulk matter (the box) no particles exist 
(see equation (20)). The energy is shown to be quantized, in this approach 
the spatial wave function. One can use an exponential spatial wave 
function to find the same energy expression by assuming that just inside 
the bulk matter the practical exists as shown by equations (24) a new 
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energy expression (27) is found by assuming 𝑢 to be real. The same 
expression in (50) can be obtained it 𝑢is a cosine function as shown by 
equation (44).However it 𝑢 is imaginary as equation (37) shows another  
energy quantization expression is found in equation (43). The statistical 
distribution Maxwell equation can be found by using the wave function 
(53) for frictional media. Using the quantum average (56)The number of 
particles was found in equation (63) by using integration by parts. 
Another useful expression for Maxwell distribution was found use 
ordinary differentiation and the quantum expression for average physical 
quantity in (64) to get the number of particles in equations (63) and (81). 
The probability distribution for particle in a box or a medium with 
constant potential was found for complex wave function as well as cosine 
wave function using the fact that the particle exists inside the medium. 
This gives new different probability distribution and different energy 
relations. The Maxwell distribution was found also by using wave 
function for frictional medium and quantum average as well as 
integration by parts. The same distribution was found by using the 
quantum energy average and ordinary differentiation laws. 
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