IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 6 Issue 5, May 2019
ISSN (Online) 2348 – 7968
www.ijiset.com

An Optimal Control Approach to Maintenance
Modeling
Angel Tanev
Faculty of Mathematics and Informatics, Sofia University Kl. Ohridski,
Sofia, 1000, Bulgaria

Abstract
The paper presents an approach for finding the optimal
maintenance period of a machine by considering together its
resale value, constant production rate and preventive
maintenance rate as utility function’s maximization problem. In
general, a declination of single machine’s resale value over time
is an important input to the optimal maintenance modeling tasks.
In this paper, an optimal control theory is applied on the purpose
of finding the optimal maintenance period which leads to highest
present value of the machine.
Keywords: optimal maintenance; utility function; machine resale
value; dynamic optimization.

Suppose an optimal control task in discrete time with the
following periods: 0,1,2...T [5]. The general consideration
is that the state variable xt is measured at the beginning of
each period t and the control variable

ut is applied during

this period t . Figure 1 shows this problem statement:

Fig.1. Discrete time optimal control problem
With some continuously differentiable functions:

1. Introduction
Consider a single machine whose resale value
gradually declines over some time. Recognizing the
importance of optimal maintenance and the following
impact on the overall machine’s present value cannot be
understated. Some other researchers highlighted the
importance of optimal maintenance in their papers and
studies [9,10,11,12,13,14,15]. One can conclude that the
machine’s optimal maintenance period estimation is a very
important part of system’s present value. It takes into
account the resale value of machine, constant production
rate and preventive maintenance rate during the lifetime of
the object. The main goal of the proposed study is to find
an approach how to estimate the optimal maintenance
period by considering the machine’s resale value as utility
function’s maximization problem.

2. Theoretical Background
Nowadays, the applied mathematical modelling (e.g.
applied optimization, optimal control) is widely used in
many research areas, see papers [1,2,3,4,5,6,7,8,17]. An
optimal control theory (dynamic optimization) will be
further applied to solve for this task.

The model dealing with the optimal maintenance task is
with the following notation:
•

T- the lifetime of the considered object.

•

x(t)- the resale value (e.g. in euro/dollars) of the
machine at time t; where: x(0)= x 0 .

•

u(t)- the preventive maintenance rate at time t.

•

g(t)- the maintenance effectiveness function at
time t.

•

d(t)- the obsolescence function at time t.

•

π - the constant production rate per unit time per
unit resale value.

It is assumed that g(t) is a non-increasing function of time
and d(t) is non-decreasing function of time, and that for all
t:
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u (t ) ∈ Ω = [0; U ]

(1)

In this case we consider that the present value of the
machine is a sum of two terms and can be modeled in the
following way [5]:
T


Max  J = ∫ [πx(t ) − u (t )]e −rt dt + x(T )e −rT 
0



(2)

The state variable x is affected by the obsolescence factor,
the amount of preventive maintenance and the maintenance
effectiveness function [5]. Thus,
(3)

One can also highlight that on the purpose of realism:

− d (t ) + g (t )u (t ) ≤ 0, t ≥ 0.

(4)

The assumption given by Eq.(4) implies that preventive
maintenance is not so effective as to enhance the resale
value of the machine over its previous values; rather it can
at most slow down the decline of the resale value, even
when preventive maintenance is performed at the
maximum rate U [5]. The optimal control problem is to
maximize the Eq.(2) subject to constraints expressed by
Eq.(1) and Eq.(3).
In this case we consider the problem in a discrete time
since (due to some feasibility reasons) it is impossible to
have records in continuous time [16]. In the case of
annual/monthly/weekly/daily information, the time series
of preventive maintenance rate can be expressed as:


u = { u0 , u1 , u2 ,...., uT

}

(5)

Suppose the total time period in our case study T=36
months (i.e. the considered machine lifetime is 3 years).
Therefore, for discrete case [17], the resource value can be
described as:
T

V ( x0 , u ) = ∑ β t C (ut )

C (ut ) - cash flow for t-th month;

=
β 1/(1 + r ) - discounting factor

where: U is a positive constant.

x (t ) = −d (t ) + g (t )u (t ), x(0) = x0

where:

r - the interest rate.
The fundamental concept proposed by the interest rate
theory is the net present value (see Eq.(6)) of the cash flow
over time [17]. It should be noted that the arbitrage
absence supposes that the value of obligation (agreement,
contract) should be the net present value of the cash flow.
Further, we can consider a cash flow, i.e. the discrete
series of periodic payments C (ut ) , t = 0,1,2,..., T . In this
case the interest rate r is given in a discrete complexity
and it is applied on the payment periods (see Fig.1). Then
the net present value (NPV) is defined by the following
expression [16]:
T

C (ut )
V ( x0 , u ) = ∑
t
t =0 (1 + r )

(7)

From the theoretical background point of view, the
cash flow in our case study can be modelled as:

 T

V ( x0 , u ) = ∑ β t (πx(t ) − u (t ) ) + x(T )β T (8)
 t =0


The maintenance manager can decide to apply the
time series of preventive maintenance rate in Eq.(5) which
provides maximized value of the present value functional:

V ( x0 , u ) expressed by Eq.(8) with a constraint shown on
Eq.(1) and Eq.(3).
The term

ut is a control variable in our research

study. As well as, a numerical solution to a dynamic
optimization problem requires two endpoint conditions.
Suppose the initial machine’s resale value is 5000 units
(e.g. in euro or dollars) and the lifetime of the object is 36
months. Then the initial condition is x0 =5000 and final
one is xT = x36 ≥ 0 .

(6)

t =0
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3. Practical Applications
A practical application of the applied mathematical
modeling by Eq.(1)-Eq.(8) is given in this chapter. This
task is solved for by using the Microsoft Excel® software.
Tables 1 and 2 show the construction of the dynamic
optimization problem:
Table 1

The parameters considered in the study are the
following: the obsolescence function d is assumed 100
(cell B1), the constant production rate π is assumed 0.1
(cell B2), the interest rate r is 0.05 in cell B3 (note that π>r
or else it does not pay to produce). The maintenance
effectiveness function g(t)=2/((1+t)^0.5). To compute the
discounting factor, we need to use the following wellknown formula: β = 1 (1 + r ) = 1 /(1 + 0.05) = 0.95 . In
cells D8:D44- the constraint by Eq.(3) is introduced. The
equation Eq.(5) is implemented in cells B8:B44 which
represents the time series of the preventive maintenance
rate. The initial resale value (cell E8) is x0 = 5000 and the
discounted resale values are shown in column E (cells
E8:E44). An iterative algorithm via “Solver” introduced by
Microsoft Excel® is applied which requires initial guess
values (all guess values in the range B8:B44 were initially
taken u=1) of the optimal time series of preventive
maintenance rate. And, at 1st iteration, suppose that the
preventive maintenance rate is controlled uniformly each
month (u=1, cells B8:B44, Table 1). In the column F is
located the DCF(t) which means discounted cash flow
earned during month t. The cell F45 (in yellow) shows the

net present value V ( x0 , u ) denoted by Eq.(8).


V ( x0 , u ) depends on the initial

resale value x0 and on the preventive maintenance rate u ,

i.e. V ( x0 , u ) =6788 if x0 =5000 and uniform series of
The net present value

Table 2

preventive maintenance rate is applied. One may conclude
in that case the uniform preventive maintenance rate is not
optimal when the future cash flows are discounted.
Applying the optimization algorithm in that case, we can

find the optimal preventive maintenance rate series u



which maximizes V ( x0 , u ) . The constraints (Eq.1 and
Eq.3) can be found in the dialog box: „В8:В44>=0”,
„В8:В44<=1” and „D8:D44<=0” (see Table 2).
The final results are shown in Table 3- the optimal
preventive maintenance rate series (u=1) should be applied
up to month t=10, i.e. the result says that it is optimal to
perform a preventive maintenance up to 10 months after
purchase of the machine. In that case of the optimal
preventive maintenance rate series is applied, then the
global objective function (cell F45) increases from 6788
up to 6791. The resale value of the machine at the month
T=36 (end of lifetime) has become 1411 which is about
30% from the initial resale value ( x0 =5000).
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allows to perform some savings for the company in the
next months.

Table 3
3.

The proposed modeling is very flexible since it is
taking into account different important inputs like
maintenance effectiveness, the obsolescence function,
the constant production rate; the interest rate.
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The optimal preventive maintenance rate series vs months
is shown below on Fig.2:

Fig.2. Optimal preventive maintenance rate vs months

4. Conclusions
The following important outcomes obtained by the
proposed research study are:
1.

Maximized utility function Eq.(8) requires an optimal



preventive maintenance rate series u during the
considered lifetime period. In case of uniform
preventive maintenance the series is not optimal when
the future cash flows are discounted.
2.

The optimal preventive maintenance period for the
considered machine was found t=10 months which
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