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Abstract

In this paper, we study the quickest flow problem. The objective is to determine the minimum time to transmit a given
flow value through a given network. Firstly, the time expanded network is used to find maximum dynamic flow for each
fixed time bound. Secondly, the time bounds are tightened by using improved binary search algorithm, including Regula-
Falsi and Newton’s methods. Furthermore, we review a solution to a network model to clarify the idea of improved
binary search algorithm.
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1 Introduction

It is well known that an emergency never happens exactly the way as it is predicted to happen. Therefore,
life is not free of risk and occasionally accidents or dangerous situations occur. In order to minimize the dam-
age to people, it becomes necessary to evacuate people from the hazard prone areas as quickly as possible.
Evacuation planning stands as one of the most important issues in the emergency management that focuses
on preparing equipment and procedures for use when a disaster strikes. Network flow models for evacuation
process contribute to an understanding of the situation at hand. Even though these models cannot fully repre-
sent the real situation, they allow for an identification of key features and physical infra-structures that need to
be accounted for. Therefore it has been widely studied over decades to ease the solutions of real world problems.

Network flow models are mainly divided into static and dynamic flow models. Many efficient algorithms were
developed in the 1990’s to solve static flow models. Instead of a picture of the network at one instant, we need
to consider a video of the network flow over a period of time. That is on practical applications of flow problems,
a time dimension is very important. This leads to dynamic flow models where transmission time is given to
each arc of the network. It was first introduced by Ford and Fulkerson [4] solving dynamic flow problems by
using time expanded graphs and by temporally repeated flows.

Network flows, such as the quickest flow and earliest arrival flow are often used to compute evacuation times
for evacuation scenarios. Chen and Chin first [2] proposed a new variant of shortest path problems to quickest
path problems which sends a predetermined number of data in minimum time through a single path. This
approach is useful when the data has to be sent through a single path or tunnel from their initial location
without having any other external data from other positions. For example, clearing gathering of people from
an assembly hall. Further, Rosen et al. [12] developed an efficient algorithm for the quickest path problem
to enumerate the first p quickest paths to send a given amount of data from one node to another with time
complexity O(pr(n.m+ n2 log n)), where m is the number of arcs, n is the number of vertices, r is the number
of distinct capacity values of a given network N .
In quickest path problem the amount of flow can be transmitted through only one path. Later on Burkard et
al. [1] investigate the generalization that data can be sent simultaneously along two disjoint paths from the
same starting node to the end node in network N . Their work showed that the quickest flow problem is closely
related to the maximum dynamic flow problem and to linear fractional programming problems [6]. Further,
these authors developed several polynomial time algorithms and strongly polynomial algorithm for this quickest
flow problem using continuous version of flow value v(T ) in case of single source and a single sink of the best
time complexity O(m2 log3 n(m+ n log n)).

The maximum dynamic flow is closely related to the min-cost flow problem. Therefore, it can be solved by using
various minimum cost flow algorithms in polynomial time. Authors in [1] developed an improved algorithm
by using parametric search method in polynomial time. Evacuation planning with arc reversal, i.e; contraflow

136

www.ijiset.com


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 7 Issue 12, December 2020

ISSN (Online) 2348 7968 — Impact Factor (2020) - 6.72

www.ijiset.com

approach is widely used to minimize the evacuation time from the source to the sink. For more details, see
[[11],[7],[10]]. Recently, authors in [3] reviewed on models and algorithms for discrete time evacuation planning
network problems. In this paper, the focus of our study is about quickest flow problem by using an improved
binary search algorithm, which is the inverse problem of maximum dynamic flow.

The structure of this paper is organized as follows: In section 2, we set up basic definitions about the quickest
path problem. In section 3, quickest flow problem and dynamic flow problem are formulated. The improved
binary search algorithm is discussed in section 4. In addition to this, a network model and its solution is
elucidated using the existing algorithm. Based on the analysis of the close relationship between maximum
dynamic flow problem [5] and quickest flow problem, we present the solution of our stated problem. Finally,
the paper is closed with some concluding remarks in section 5.

2 Quickest Path Problem (QPP)

The main objective of the quickest path problem is to send a predetermined number of units from the source
to the sink within minimum possible time. The solution was dependent on the travel time and the number of
units to be transmitted along the path. It is a special evacuation problem where evacuees may use only a single
path or tunnel from their initial position. This subsection will discuss about the formulation of quickest path
problem.
Consider an evacuation network N = (G, c, τe) with a graph G = (V,A), where V and A represent finite sets of
nodes and arcs, respectively. Each arc (i, j) has a non-negative capacity, denoted by cij and a positive integer
transmission time τe : A→ Z+, the time needed to reach from node i to j of a particular arc. More precisely,
a flow entering an arc e = (i, j) at a time t reaches j at time t+ τe.

Definition 1. Suppose we have a path P = (j1, j2, . . . , jk). The capacity of path P is defined by

c(P ) = min
1 ≤ i ≤ k − 1

cjiji+1

The length of path P (in time unit) λ(P ) is defined as

λ(P ) =
k−1∑
i=1

τji,ji+1

To send v units of flow from j1 to jk through path (j1, j2, . . . , jk), the total transmission time required is

T (v, P ) = λ(P ) +
v

c(P )

Example 1. Suppose 20 buses are sent through a road say (u,w) which has 2 units of capacity, i.e, 2 buses
can move at a time and the time to reach the destination is 10 which means no bus can arrive at destination
in the first 10 time units. After that time point, the buses are moving continuously one after another until all
the buses reach at the destination. Hence a total transmission time is 20 time units. The number of buses at
source over time t is shown as a function Ns(t)

Ns(t) =

{
2(10− t) t < 10

0 otherwise
(1)

The number of buses reaches at the destination over time t is shown as a function Nd(t)

Nd(t) =

{
2(t− 10) + 2 t ≥ 10

0 otherwise
(2)

Both situations are expressed by Figure 1.

Example 2. Let us see an important relation between the quickest path and the shortest path by considering a
network model in Figure 2 with two terminals. Node A is the unsafe place (source) that contains evacuee and
node D is the safe place (sink) with sufficient capacity and the remaining nodes are intermediate. The first and
second quantity attached with each arc is the capacity and transit time of an arc, respectively. For instance, an
arc directed (A,B) between the node A and B has its capacity 2 and transit time 3. Suppose we want to sent
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Figure 1: Illustration of Example 1
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(2,4)

Figure 2: Network model

32 evacuees from node A to node D.

Consider all possible paths starting from source node A to sink node D and denote the corresponding paths as
P1 = (ABD), P2 = (ACBD), P3 = (ACD). The quickest path is P3 with egress time T (32, P3) = λ(P3) +

v
c(P3)

= 18 (In discrete time setting flow starts at time zero, so the time required to reach node D through path P3

is 17). But the shortest path is P1. Therefore, the quickest path may not always be a shortest path. Furthermore
quickest path violates concatenated property, i.e, a sub-path of a quickest path may not be a quickest path.

Therefore, in the quickest path problem, a solution mainly depends on travel time and the number of units to
be sent along a single path. In most of the practical situations our network model is of multiple paths. In this
case quickest path problem fails to meet the solution. Unlike quickest path problem, the quickest flow problem
relaxes the limitation of single path to multiple paths. Therefore, quickest flow problem is used in various
evacuation planning problems.
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3 Quickest Flow Problem (QFP)

The quickest flow problem (QFP) is a dynamic transshipment problem which modifies the restriction of single
path to multiple paths that clear the network in minimum possible time. In the QFP, we consider integer
capacities cij and non-negative integer transmission time τe. Let IT = {0, 1, . . . , T} be a discrete time interval
with T ∈ N0. Here N0 be a set of positive integers. Let Ns be the set of nodes V \ {s, d}.

Definition 2. Quickest Flow Problem
Consider a mapping x : A× IT → N0. A quickest flow in a network N from the source to the sink for a given
flow value v is defined as follows:

minT = T (v)

and it satisfies the following properties

T∑
t=0

 ∑
(s,j)∈A

xsj(t)−
∑

(i,s)∈A

xis(t− τis)

 = v (3)

∑
(i,j)∈A

xij(t)−
∑

(k,i)∈A

xki(t− τki) = 0 ∀i ∈ Ns, ∀t ∈ IT (4)

T∑
t=0

∑
(d,j)∈A

xdj(t)−
∑

(i,d)∈A

xid(t− τid) = −v (5)

0 ≤ xij(t) ≤ cij , ∀(i, j) ∈ A, ∀t ∈ IT (6)

where xij(t) denotes the flow from i to j at time t and the value of xij(t) is always zero when t < 0.

Equation (3) explains that the flow which leaves the source s in the time interval IT totals v. This flow reaches
during this time in the sink d, described in (5). Flow conservation is described in equation(4). Equation(6)
represents the capacity constraints at any time t.

Definition 3. Dynamic Flow
A dynamic flow of value v, with v ∈ N from s to d is a mapping x : A × IT → N0 that fulfills the properties
(3)-(6).

Definition 4. Time Expanded Network
The time expansion network of N over a time horizon T defines the dynamic network N(T ) = (VT , AT ) where

VT = {u(t) : u ∈ V, t = 0, 1, . . . , T}

and
AT consists of the set of movement arcs

AM = {(u(t), w(t+ τe)) : e = (u,w) ∈ A, t = 0, 1, . . . , T − τe}

and the set of holdover arcs AH

AH = {(u(t), u(t+ 1)) : u ∈ V : t = 0, 1, . . . , T − 1}

i.e AT = AM ∪AH

A movement arc e = (u,w) ∈ AM has the constant capacity cij, whereas holdover arc in AH has infinite capacity
that allows storage of flow at intermediate nodes. If the holdover at nodes are not allowed, then holdover arcs
will be omitted.

After removing inessential arcs, Figure 3 represents the time expanded network corresponding to Figure 2 for
time horizon T = 12.
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Ao A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11

Bo B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11

Co C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11

Do D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

(capacity)

2

4

4

2
4

6

Figure 3: Representation of the time expanded network after removal of inessential arcs

Definition 5. Temporally Repeated Flow(TRF)
Let l : A → N0 be a static flow in N of value |l| from s to d. Consider the decomposition of flow l into flows
l1, l2, . . . , lr along paths P1, P2, . . . , Pr from the source s to sink d. Let |lk| assign the value of flow along path
Pk and τ(Pk), the sum of the transmission times of the arcs along Pk. By repeating the path flows lk along the
corresponding paths (T − τ(Pk) + 1) times, a feasible dynamic flow is obtained. A dynamic flow x obtained in
this manner is called temporally repeated flow.[13]

The flow value of the temporally repeated flow is

vx =
r∑

k=1

(T − τ(Pk) + 1)|lk|

from which we can obtain the following important result.

vx =
r∑

k=1

(T − τ(Pk) + 1)|lk|

= (T + 1)|l| −
r∑

k=1

∑
(i,j)∈A

(τij |lk|)

= (T + 1)|l| −
∑

(i,j)∈A

τij

r∑
k=1

|lk|

= (T + 1)|l| −
∑

(i,j)∈A

τij lij

Example 3. Consider the dynamic network given in Figure 3 where each arc has capacity and transit time.
Let us assume that each arc has optimal flow value. Let us consider the paths in network as P1 = A0−B3−D5

, P2 = A0 − C5 − D10, P3 = A0 − C5 − B9 − D11. The dynamic flow can be determined with temporally
repeated paths in time T = 12. Path P1 reaches sink at time 5 with flow value | l1 |= 2 and it repeats
T − τ(P1) + 1 = 12− 5 + 1 = 8 times with the same amount of flow. Path P2 reaches sink at time 10 with flow
value | l2 |= 4 and it repeats T − τ(P2) + 1 = 12− 10 + 1 = 3 times with the same amount of flow. Similarly,
path P3 reaches sink at time 11 with flow value | l3 |= 2 and it repeats T − τ(P3) + 1 = 12− 11 + 1 = 2 times
with the same amount of flow. Therefore in time 12, maximum dynamic flow is 32 units.

In the following we denote the transmission time of a quickest flow of given value v by T (v) and the value of
a maximum dynamic flow in the given time IT ∈ [0, T ], T ∈ N0 by v(T ). The following lemma reflects the
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relationship between maximum dynamic flow and quickest flow.

Lemma 1. If v(T − 1) < v, then the dynamic flow x of value v in the time IT ∈ [0, T ], becomes a quickest flow
of value v, and the minimum transmission time T (v) becomes T , [1].

Lemma 2. Consider T0 = min{T ≥ 0 : v(T ) > 0}, the length of the shortest path from s to d with respect to
the transmission times. For all T ≥ T0, it holds v(T − 1) < v(T ), [1].

Lemma 3. Let LT be the class of all possible static flows that prompt a temporally repeated flow of maximum
value for the time IT ∈ [0, T ]. If lT ∈ LT and lT+1 ∈ LT+1, then the following properties hold for all T ≥ 0

1. | lT |≤| lT+1 | and

2. v(T )+ | lT |≤ v(T + 1) ≤ v(T )+ | lT+1 |, [1].

Proof. We prove the stated lemma as follows.

1. Since lT and lT+1 belong to the class of all static flows that induce a temporally repeated flow of maximum
value for the time IT ∈ [0, T ], | lT |≤| lT+1 | is obvious.

2. Let v(T ) be the value of maximum flow for the time IT ∈ [0, T ]. Therefore, we have
v(T ) ≥ v(T − 1)+ | lT−1 |> v(T − 1)

=⇒ v(T )− v(T − 1) ≥| lT−1 |.
Similarly, we have

v(T + 1)− v(T ) ≥| lT |
=⇒ v(T + 1) ≥ v(T )+ | lT |
=⇒ v(T )+ | lT |≤ v(T + 1)
Hence proved the left part of 2.
For the right part of the inequality, consider static flow lT+1 ∈ LT+1 where lT+1 induces a temporally
repeated flow of value v(T + 1)− | lT+1 | for the time IT ∈ [0, T ].

v(T + 1)− | lT+1 |≤ v(T )
=⇒ v(T + 1) ≤ v(T )+ | lT+1 |

The following theorem states the properties of the value v(T ) of maximum dynamic flow over the time period
T that helps to obtain an algorithm to solve the quickest flow problem.

Theorem 1. The function v(T ) of a maximum dynamic flow is monotonically increasing and for T ≥ T0 it
increases strictly. The difference function 4(T ) = v(T ) − v(T − 1) is increasing for all T > 0 with range
{0, 1, . . . , |lmax|}, where |lmax| is the value of an arbitrary maximum static flow [1].

Authors in [1] presented different algorithms for the single-source and single-sink network with polynomial as
well as pseudo-polynomial time complexities to solve the quickest flow problem. The first pseudo-polynomial
time algorithm starts with solving the parametric minimum cost circulation problem for T = 0, and stops as
soon as v(T ) ≥ v. Another polynomial time algorithm is an improved binary search which is described below
in details.

4 Improved Binary Search Algorithm (IBSA)

The improved binary search algorithm is described from Algorithm 1 to 3. The main procedure is in Algo-
rithm 1. It starts with lower time bound Tlb and upper time bound Tub and their corresponding maximum
flows v(Tlb) and v(Tub), respectively. These bounds are tightened using binary search which is enhanced by
methods of Newton and Regula-False. Minimum cost circulation problem or time expanded network is used
to evaluate maximum dynamic flow. Here, time expanded network is used to find maximum dynamic flow for
each time bounds. For finding maximum dynamic flow using minimum cost circulation problem, we refer to [1]
[9]. Further, it has a main loop to calculate v(Tlb) and v(Tub). Maximum dynamic flow v(T ) corresponding to
the time T is shown in Table 1.
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Algorithm 1 Improved Binary Search Algorithm

Input: G = (V,A)
Output: minimum number T (v) of time units to transmit (send) v units of flow in N

1. Run minimum cost circulation problem to solve v(Tlb) and v(Tub).

2. Calculate Tlb = max

{
To,

v − v(0)

| lmax |

}
. Calculation details is in Algorithm 2.

3. Calculate Tub =

{
Tlb +

v − v(Tlb)

|llb|

}
.

4. Repeat Algorithm 3 till, new Tlb =new Tub.

5. Thus obtained new Tlb =new Tub = T (v).

Algorithm 2 describes the process to obtain Tlb, Tub and their corresponding maximum flows v(Tlb), v(Tub).
Here v(T ) is monotonic increasing and time horizon T takes only integer values, initializing the interval such
that v(Tlb) < v < v(Tub) with T (v) ∈ [Tlb, Tub]. Maximum static flow value is denoted by | lmax |. Here llb is a
static flow that induces a temporally repeated flow of maximum value for Tlb.

Algorithm 2 Algorithm for calculating Tlb and Tub
Input: v

1. To = minimum of all τ(Pk). [For more details refer [13]]

2. v(0) = run maximum flow function for T = 0.

3. | lmax |= value of arbitrary maximum static flow in the given network.

4. Calculate Tlb = max

{
To,

v − v(0)

| lmax |

}
.

5. v(Tlb) = run maximum flow for T = Tlb.

6. | llb |= static flow that induces maximum TRF for T = Tlb.

7. Tub =

{
Tlb +

v − v(Tlb)

|llb|

}
.

Algorithm 3 describes the process to obtain new Tlb and new Tub. Here γ(Tlb, Tlb) is the x-coordinate of the
intersection point of the chord joining (Tlb, v(Tlb)), (Tub, v(Tub)) and ϑ = v. More precisely, ϑ = v is a line
parallel to the x-axis at height v, where v is the value of the quickest flow to be determined. Further, we denote
by Lsupp(Tlb) an arbitrary supporting line to v(T ) at the point (Tlb, v(Tlb) and σ(Lsupp(Tlb)) is the x-coordinate
of the intersection point of this supporting line with the line ϑ = v (i.e; tangent to v(T ) at the point (Tlb, v(Tlb))
with the line ϑ = v. If v(T ) is differentiable at point (Tlb, v(Tlb)), then the tangent at this point is the unique
supporting line, otherwise any sub gradient at this point is taken as slope of the supporting line Lsupp(Tlb).

The following improved bounds are obtained from Newton’s and Regula Falsi method respectively.

γ(Tlb, Tub) ≤ T (v)

T (v) ≤ min{σLsupp(Tlb), σLsupp(Tub)}
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Algorithm 3 Algorithm for calculating new Tlb and new Tub

1. Run maximum flow for T = Tlb and T = Tub.

2. Find intersection of chord joining (Tlb, v(Tlb)), (Tub, v(Tub)) and ϑ = v.

3. γ(Tlb, Tub) = x-coordinate obtained from step 2.

4. New Tlb = γ(Tlb, Tub).

5. Find intersection of chord joining (Tlb, v(Tlb)), (Tlb + 1, v(Tlb + 1)) and ϑ = v.

6. σ(Lsupp(Tlb)) = x-coordinate obtained from step 5.

7. Similarly, find σ(Lsupp(Tub)).

8. New Tub = min {σ(Lsupp(Tlb)), σ(Lsupp(Tub))}.

Lemma 4. The time complexity of the above algorithm is O(min(log v), | lmax |).O(MCCP ), where O(MCCP )
denotes the number of steps that are necessary to solve a minimum cost cirulation problem on a network.

In the following, we illustrate IBSA using an example.

Example 4. Let us consider the network model given in Figure 2. Using the improved binary search algorithm
mentioned above, the minimum transmission time for sending 20 evacuees to safer place is calculated. Time
expanded network is used to find maximum dynamic flow, see Figure 3. The model is solved by using IBSA and
the result is given in Figure 4.

Here, we briefly explained how to calculate the minimum possible time for sending predetermined evacuees.
First, we find the values of T0, v(0), lmax using the Figure 3. Here T0 is the length of the shortest path from s
to d with respect to the transmission times, v(0) is the maximum flow for T = 0 and lmax is value of arbitrary
maximum static flow in the given network. Therefore, from Figure 3 T0 = 5, v(0) = 0, lmax = 8.
To find the value of Tlb, use the formula,

Tlb = max

{
T0,

v − v(0)

| lmax |

}
= max{5, 20− 0

8
} = 5

.
After find Tlb, find the corresponding maximum flow v(Tlb) i.e; v(Tlb) = v(5) = 2.
To find the value of Tub, use the formula,

Tub =

{
Tlb +

v − v(Tlb)

| llb |

}
= {5 +

20− 2

2
} = 14

.
After finding Tub, find the corresponding maximum flow v(Tub) i.e; v(Tub) = v(14) = 48. Second, we have to
calculate new Tlb and new Tub. New Tlb = γ(Tlb, Tub), where γ(Tlb, Tub) is the x co-ordinate of the intersection
of chord joining (5, 2) and (14, 48) and the line parallel to x axis at a height 20. Therefore, in this case
γ(Tlb, Tub) = 8.6. Now σ(Lsupp(Tlb)) is the x co-ordinate of the intersection point of supporting line to
v(T ) at the point (Tlb, v(Tlb)) with the line ϑ = v. Hence σ(Lsupp(Tlb)) = 14, σ(Lsupp(Tub)) = 10.5. New
Tub = min {σ(Lsupp(Tlb)), σ(Lsupp(Tub))} = min{14, 10.5} = 10.5. Repeat the process to find v(Tlu) and
v(Tlb) for corresponding new Tlb and new Tub. Proceed the above steps till new Tlb = new Tub. Thus obtained
new Tlb = new Tub = T (v). Here new Tlb = new Tub = T (v) = 10.5 time units. Therefore, the flow reaches at
the destination node in 11 units of time.
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Table 1: Maximum flow v(T ) corresponding to time T

T (time) Flow at time T maximum flow v(T )

0 0 0

1 0 0

2 0 0

3 0 0

4 0 0

5 2 2

6 2 4

7 2 6

8 2 8

9 2 10

10 6 16

11 8 24

12 8 32

13 8 40

14 8 48

Figure 4: Dynamic flow value of v(T )

5 Conclusion

This paper presents the quickest flow problem and its existing improved binary search algorithm. The close
relationship of quickest flow problem with the maximum dynamic flows instigates to take a closer look at
the structure of the value function of a maximum dynamic flow. The time complexity of this algorithm is
O(min(log v, |lmax|).O(MCCP ), where O(MCCP ) denotes the number of steps that are necessary to solve a
minimum cost circulation problem on a given network [8]. The quickest flow problem is not only related to
evacuation planning, but also it is applicable in many realistic scenario like traffic flow problem, communication
network, internet production system, job scheduling and even in airline scheduling.
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