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Abstract: We defined the new notion called vertex neighborhood signed graph and studied some properties, also we 

have discussed the switching equivalence characterizations for vertex neighborhood signed graph. Further we have 

presented the structural characterization vertex neighborhood signed graph. 

Keywords: Neighborhood Graphs; Vertex Neighborhood Signed Graphs 

1. INTRODUCTION 
 

Suppose G= (V, E) be a graph with p vertices and q edges. The set 𝑁(𝑢) = {𝑣 ∈ 𝑉:𝑢𝑣 ∈ 𝐸} is called the open 
neighborhood set of a vertex u of G and S be the set of all open neighborhood sets of the vertices of G. Let 𝐷 ⊆ 𝑉 
and every vertex in VD is adjacent to some vertex in D, and then D is called a dominating set of G. Any vertex 
𝑣 ∈ 𝑉, 𝑖𝑓 𝑑 − {𝑣} is not a dominating set then D is said to be minimal and 𝑆1 be the set of all minimal dominating 
sets of 𝐺. Let 𝐺 = (𝑉,𝐸) be any graph, 𝐷(𝐺) be the dominating graph with 𝑉 ∪  𝑆1 as vertex set and vertices 𝑝 and 
𝑞 in dominating graph are adjacent if and only if 𝑞 is a minimal dominating set in G containing 𝑝. (See [1]) 

In [2,3], the author introduced the new notion called neighborhood graph of a graph by the motivation of dominating 
graph. Let 𝐺 = (𝑉,𝐸) be any graph, the graph 𝑁(𝐺) is called neighborhood graph with vertex set 𝑉 ∪ 𝑆 and any two 
vertices 𝑝 and 𝑞 in neighborhood graph are adjacent if and only if 𝑞 is an open neighborhood set containing 𝑝. The 
above figure illustrates the concept of neighborhood graph.   
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From the definition of neighborhood graph of a graph, we can clearly observe that 𝑁(𝐺) is always bipartite. 

However, 𝑁(𝐺) is disconnected, if 𝐺 is bipartite. In [1], the author remarked that: Let 𝐺 = (𝑉,𝐸)with |𝑉| =
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𝑚, |𝐸| = 𝑛 and for each 𝑣 ∈ 𝑉, deg(𝑣) ≥ 1,then neighborhood graph of G contains 

𝑉�𝑁(𝐺)� = 2𝑚 𝑎𝑛𝑑 𝐸�𝑁(𝐺)� = 2𝑛. Also, the neighborhood graph of any tree T with at least two vertices is 2T. 

The neighborhood graphs any complete bipartite graph 𝐾𝑚,𝑛 𝑖𝑠 2𝐾𝑚,𝑛 . 

Let 𝐺 = (𝑉,𝐸) be any graph with 𝑣 is an end vertex, then the corresponding vertices 𝑣 𝑎𝑛𝑑 𝑁(𝑣) in neighborhood 

graph are also end vertices. The neighborhood graph of graph is a complete graph is a complete graph if and only if 

𝐺 contains only one vertex. Let 𝐺 = (𝑉,𝐸) be a one component graph with |𝑉| ≥ 2, then the neighborhood graph of 

one such graph will not a complete. Suppose 𝐺 = (𝑉,𝐸) be any graph with each vertex 𝑣 ∈ 𝑉, deg(𝑣) = 𝑘, then the 

corresponding neighborhood graph will have the same property (i.e each vertex 𝑝 ∈  𝑉�𝑁(𝐺)�, deg(𝑝) = 𝑘). If 𝐺 is 

connected and each vertex of 𝐺 has even degree, then neighborhood graph of one such graph is not Eulerian. For 

example, cycle with four vertices is Eulerian but its neighborhood graph is 2𝐶4 which is not Eulerian. In [1], the 

author characteristics the neighborhood graphs which are Eulerian. 

2. VERTEX NEIGHBORHOOD SIGNED GRAPHS 
By the motivation of neighborhood graph introduced by Kulli [1, 3, 10], in this section we defined the new notion 

called vertex neighborhood signed graph of signed graph as: the vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆) =

(𝑁(𝐺),𝜎′) of a signed graph 𝑆 = (𝐺,𝜎) is a signed graph, the sign of any edge 𝑝𝑞 ∈ 𝐸(𝑉𝑁𝐷(𝑆)) is the product of 

canonical marking of the vertices 𝑝 and 𝑞. If any signed graph 𝑆 is isomorphic to vertex neighborhood signed graph 

of some signed 𝑆′ (𝑖. 𝑒. ,𝑉𝑁𝐷(𝑆) ≅ 𝑆′), then 𝑆 is called a vertex neighborhood signed graph. 

In general, signed graphs can be portioned into groups as: positive signed graphs (i.e., balanced signed graphs) and 

negative signed graphs (i.e., unbalanced signed graphs). Given signed graph 𝑆 = (𝐺,𝜎) is either positive or 

negative, the vertex neighborhood signed graph is always positive. 

THEOREM 2.2.1. 

 𝑇ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝑉𝑁𝐷(𝑆)𝑖𝑠 𝑜𝑏𝑡𝑎𝑖𝑛𝑒𝑑, 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ  

∑ = (𝜏,𝜎).  

𝑃𝑟𝑜𝑜𝑓:  Let 𝑆 = (𝐺,𝜎) be any signed graph and 𝑆𝑐 is a signed marked graph subsequently employ the canonical 

marking. Through the Elucidation of vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆), we examined in order that the sign 

of any edge 𝑢𝑣 in 𝑉𝑁𝐷(𝑆)𝑖𝑠 𝜎(𝑢𝑣) = 𝜁(𝑢)𝜁(𝑣). From Theorem 1.1.2, it follows that vertex neighborhood signed 

graph 𝑉𝑁𝐷(𝑆) is balanced. 

Consider the 𝑍+ and 𝑘 ∈ 𝑍+, the 𝑘𝑡ℎ iterated vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆) of S is defined as follows: 

𝑉𝑁𝐷0(𝑆) = 𝑆,𝑉𝑁𝐷𝑘(𝑆) = 𝑉𝑁𝐷�𝑉𝑁𝐷𝑘−1(𝑆)�. 
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COROLLARY 2.2.2. The 𝑘𝑡ℎ iterated vertex neighborhood signed graph 𝑉𝑁𝐷𝑘(𝑆) is always positive, for any 

signed graph ∑ = (𝜏,𝜎). 

THEOREM 2.2.3. 𝑇ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 𝑜𝑓 𝑆1 = (𝐺1,𝜎)𝑎𝑛𝑑 𝑆2 = (𝐺2,𝜎) 

𝑎𝑟𝑒 𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑛𝑔 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 �𝑖. 𝑒. ,𝑉𝑁𝐷(𝑆1)~𝑉𝑁𝐷(𝑆2)�, 𝑖𝑓 𝐺1 𝑎𝑛𝑑 𝐺2 𝑎𝑟𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐. 

𝑷𝒓𝒐𝒐𝒇: Consider two signed graphs 𝑆1 𝑎𝑛𝑑 𝑆2with their underlying graphs are isomorphic. Thereupon, the 

corresponding the vertex neighborhood signed graphs 𝑉𝑁𝐷(𝑆1) 𝑎𝑛𝑑 𝑉𝑁𝐷(𝑆2) are positive. From Theorem 1.1.3, it 

follows that 𝑉𝑁𝐷(𝑆1) and 𝑉𝑁𝐷(𝑆2) are switching equivalent. In [1, 5], the author proved that: If T is a tree with 

𝑉(𝑇) ≥ 2, 𝑡ℎ𝑒𝑛 𝑁(𝑇) ≅ 2𝑇. In view of this, we have the following: 

THEOREM 2.2.4. Let 𝑆 = (𝐺,𝜎) be any signed graph. Then 𝑉𝑁𝐷(𝐺)~2𝑆 if and only if G is a tree with at 

least two vertices. 

𝑷𝒓𝒐𝒐𝒇: Suppose 𝑉𝑁𝐷(𝑆)~2𝑆. Then 𝑉𝑁𝐷(𝐺) ≅ 2𝐺, form the above observation we have G is a tree with at least 

two vertices. 

Conversely, suppose that G is a tree with at least two vertices. Consider a signed graph with underlying graph as tree 

with at least two vertices. Then the corresponding vertex neighborhood signed graph is positive. Since G is a tree 

with at least two vertices, then 𝑁(𝐺) ≅ 2𝐺. From the structural characterization of Harary (Theorem 1.1.1), every 

graph with underlying graph as 2T is always positive. Hence, from Theorem 1.1.3, it follows that 𝑉𝑁𝐷(𝑆) and 2𝑆 

are cycle isomorphic. 

COROLLARY 2.2.5. 𝐿𝑒𝑡 𝑆 = (𝐺,𝜎) 𝑏𝑒 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ.𝑇ℎ𝑒𝑛 𝑉𝑁𝐷(𝑆)~2𝑆, 𝑖𝑓 𝐺 𝑖𝑠 𝑎𝑛𝑦  

𝑝𝑎𝑡ℎ 𝑤𝑖𝑡ℎ 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑡𝑤𝑜 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠.   

COROLLARY 2.2.6. 𝐿𝑒𝑡 𝑆 = (𝐺,𝜎) 𝑏𝑒 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ.𝑇ℎ𝑒𝑛 𝑉𝑁𝐷(𝑆)~2𝑆, 𝑖𝑓 𝐺 𝑖𝑠 𝑎𝑛𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒  

𝑏𝑖𝑝𝑎𝑟𝑡𝑖𝑡𝑒 𝑔𝑟𝑎𝑝ℎ 𝑤𝑖𝑡ℎ 𝑜𝑛𝑒 𝑣𝑒𝑟𝑡𝑒𝑥,𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠,𝑤ℎ𝑒𝑟𝑒 𝑛 ≥ 1.   

COROLLARY 2.2.7. 𝐿𝑒𝑡 𝑆 = (𝐺,𝜎) 𝑏𝑒 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ.𝑇ℎ𝑒𝑛 𝑉𝑁𝐷(𝑆)~2𝑆 (𝑉𝑁𝐷(𝑆)~ 𝑆), 𝑖𝑓 𝐺 𝑖𝑠  

𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 2𝐶𝑝, 𝑖𝑓 𝑝 𝑖𝑠 𝑒𝑣𝑒𝑛 �𝐺 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝐶2𝑝, 𝑖𝑓 𝑝 𝑖𝑠 𝑜𝑑𝑑�.  

In [1, 6], Kulli characterize the graphs for which the graphs and its corresponding neighborhood graphs are 

isomorphic. 

THEOREM 2.2.8. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑔𝑟𝑎𝑝ℎ 𝐺 = (𝑉,𝐸), 𝑡ℎ𝑒 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑔𝑟𝑎𝑝ℎ 𝑁(𝐺)  

𝑎𝑛𝑑 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝐺 𝑎𝑟𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ 𝐺 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 

𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑚𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑔𝑟𝑎𝑝ℎ 𝑤𝑖𝑡ℎ 𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 (𝑖. 𝑒. , 𝑘𝑛���).  
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In the context, we now characterize the signed graphs for which the signed graphs and vertex neighborhood signed 

graphs are cycle isomorphic. 

THEOREM 2.2.9. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝑆 = (𝐺,𝜎), 𝑡ℎ𝑒 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 

𝑎𝑛𝑑 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 𝑎𝑟𝑒 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 

𝑖𝑓 𝑆 𝑖𝑠 𝑏𝑎𝑙𝑎𝑛𝑐𝑒𝑑 𝑎𝑛𝑑 𝐺 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒  

𝑔𝑟𝑎𝑝ℎ 𝑤𝑖𝑡ℎ 𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 (𝑖. 𝑒. , 𝑘𝑛���)    

𝑷𝒓𝒐𝒐𝒇: Suppose S is balanced and G is isomorphic to the complement of the complete graph with 𝑛 vertices 

�𝑖. 𝑒.  𝑘𝑛����. Then, 𝐺 and 𝑁(𝐺) are isomorphic. Now the vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆)of a signed graph 

𝑆 with underlying graph is isomorphic to the complement of the complete graph with 𝑛 vertices, is positive. From 

the hypothesis, 𝑆 is positive and just now we have seen that 𝑉𝑁𝐷(𝑆) is also positive and hence 𝑆 and 𝑉𝑁𝐷(𝑆) are 

cycle isomorphic, from that Theorem 1.1.3. 

Conversely suppose that signed graph and its vertex neighborhood signed graph are cycle isomorphic. Then 

𝐺 ≅ 𝑁(𝐺). Therefore 𝐺 is isomorphic to the complement of the complete graph with 𝑛 vertices(𝑖. 𝑒., 𝑘𝑛���). Since 

𝑉𝑁𝐷(𝑆)𝑎𝑛𝑑 S are cycle isomorphic. This satisfies only when 𝑆 is positive. 

The concept negation of a signed graph introduced by Harary [3, 7] as follows: Consider a signed graph 𝑆 = (𝐺,𝜎), 

the negation of 𝑆 is denoted by 𝜂(𝑆) and the underlying graph of S and 𝜂(𝑆) are isomorphic. Further, the sign of any 

edge 𝑒 = 𝑢𝑣 in 𝜂(𝑆) is +(−), if the sign of the edge 𝑒 = 𝑢𝑣 in 𝑆 is −(+). 

In view of the negation operator introduced by Harary [9, 7], we have the following cycle isomorphic 

characterizations: 

COROLLARY 2.2.10.   

𝑇ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 𝑜𝑓 𝑆1 = (𝐺1,𝜎)𝑎𝑛𝑑 𝑆2 =

(𝐺2,𝜎) 𝑎𝑟𝑒 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 (𝑖. 𝑒. 𝜂�𝑉𝑁𝐷(𝑆1)�~𝜂�𝑉𝑁𝐷(𝑆2)�, 𝑖𝑓 𝐺1 𝑎𝑛𝑑 𝐺2 𝑎𝑟𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐.  

COROLLARY 2.2.11  

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑡𝑤𝑜 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 𝑆1 = (𝐺1,𝜎)𝑎𝑛𝑑 𝑆2 = (𝐺2,𝜎), �𝑉𝑁𝐷 𝜂(𝑆1)� 𝑎𝑛𝑑 

�𝑉𝑁𝐷 𝜂(𝑆2)� 𝑎𝑟𝑒 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐, 𝑖𝑓 𝐺1 𝑎𝑛𝑑 𝐺2 𝑎𝑟𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐. 

COROLLARY 2.2.12. 

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝑆 = (𝐺,𝜎),

𝑡ℎ𝑒 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝑆 𝑎𝑛𝑑 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ𝑠 𝑜𝑓 𝜂(𝑆)𝑎𝑟𝑒  
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𝑐𝑦𝑐𝑙𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑆 𝑖𝑠 𝑏𝑎𝑙𝑎𝑛𝑐𝑒𝑑 𝑎𝑛𝑑 𝐺 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡  

𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑔𝑟𝑎𝑝ℎ 𝑤𝑖𝑡ℎ 𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 �𝑖. 𝑒. 𝑘𝑛����.   

We have observed that, the signed graph is either positive or negative but the vertex neighborhood signed graph of 

one such signed graph is always positive. Using the concept negation in signed graphs introduced by Harary [7, 8], 

we have the following result to the vertex neighborhood signed graphs. 

THEOREM 2.2.13. 

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑔𝑟𝑎𝑝ℎ 𝑁(𝐺)𝑖𝑠 𝑏𝑖𝑝𝑎𝑟𝑡𝑖𝑡𝑒.𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑜𝑛 𝑜𝑓  

𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝜂�𝑉𝑁𝐷(𝑆)� 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒,𝑤ℎ𝑒𝑟𝑒 𝑆 𝑖𝑠 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ.    

𝑷𝒓𝒐𝒐𝒇: Since, by Theorem 2.1.1, vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆) is positive. Then all the cycles in 

vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆) are positive. By the hypothesis, the vertex neighborhood graph 𝑁(𝐺) is 

bipartite. Then each cycle 𝐶𝑛 (where n is even) in 𝑉𝑁𝐷(𝑆) is positive. Therefore, the negation of vertex 

neighborhood signed graph 𝑉𝑁𝐷(𝑆) is positive. 

2.3 Structural Characterization of Vertex Neighborhood Signed Graphs 

We now give the structural characterization of vertex neighborhood signed graphs. 

THEOREM 2.3.1.  

𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑆 = (𝐺,𝜎)  𝑏𝑒 𝑎𝑛𝑦 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ.𝑇ℎ𝑒𝑛 𝑆 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑖𝑡𝑠  

𝑢𝑛𝑑𝑒𝑟𝑙𝑦𝑖𝑛𝑔 𝑔𝑟𝑎𝑝ℎ 𝑖𝑠 𝑣𝑒𝑟𝑡𝑒𝑥 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑔𝑟𝑎𝑝ℎ (𝑖. 𝑒. ,𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑔𝑟𝑎𝑝ℎ)𝑁(𝐺)𝑖𝑓  

𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑆 𝑖𝑠 𝑎𝑛 𝑣𝑒𝑟𝑡𝑒𝑥  𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟ℎ𝑜𝑜𝑑 𝑠𝑖𝑔𝑛𝑒𝑑 𝑔𝑟𝑎𝑝ℎ 𝑉𝑁𝐷(𝑆).  

𝑷𝒓𝒐𝒐𝒇: Let us consider that S is a vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆). Then the signed graph ∑ and the 

vertex neighborhood signed graph of some signed graph 𝑆1 (𝑖. 𝑒. ,𝑉𝑁𝐷(𝑆1)) are isomorphic. Since, the vertex 

neighborhood signed graph of any signed graph is positive and we have 𝑆 ≅ 𝑉𝑁𝐷(𝑆1). Consequently, ∑ is positive 

and its underlying graph is a vertex neighborhood graph. 

Conversely, suppose that S is positive and its underlying graph is vertex neighborhood graph (i.e., neighborhood 

graph) 𝑁(𝐺). Since, the signed graph S is positive, then establish the 𝑆𝜁 . With the evidence of Sampathkumar’s 

result (Theorem 1.1.2), every edge 𝑝𝑞 in  𝑆𝜁  amuse 𝜎(𝑝𝑞) = 𝜁(𝑝)𝜁(𝑞). Deliberate, the signed graph ∑1 = (𝐺1,𝜎1) 

in which each edge 𝑒 = (𝑝𝑞) in 𝐺1,𝜎1(𝑒) = 𝜁(𝑝)𝜁(𝑞) Therefore, the signed graph and the vertex neighborhood 

signed graph of 𝑆1 are isomorphic. Hence, S is a vertex neighborhood signed graph 𝑉𝑁𝐷(𝑆). 
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