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Abstract
In this paper, the divisor cordial labeling of S'(Kynm),
S'(Kynn), double fan P,+2K;, cone C,+2K, Jewel graph
Jny Pm(+) K, , (K, UPL)+2K; and (P UP,)+2K; are
presented.
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1. Introduction

By a graph, we mean a finite, undirected graph without
loops and multiple edges, for terms not defined here, we
refer to Harary [4]. For standard terminology and notations
related to number theory we refer to Burton [2] and graph
labeling, we refer to Gallian [3]. In [1], Cahit introduce the
concept of cordial labeling of graph. In [14], Varatharajan
et al. introduce the concept of divisor cordial labeling of
graph. The divisor cordial labeling of various types of
graph are presented in [5-13,15]. The brief summaries of
definition which are necessary for the present investigation
are provided below.

2. Definitions

Definition :2.1

A graph labeling is the assignment of unique identifiers to
the edges and vertices of a graph.

Definition :2.2

A mapping f :V(G)—{0,1} is called binary vertex labeling
of G and f(v) is called the label of the vertex v of G under
f. If for an edge e = uv, the induced edge labeling
f* : E(G) — {0,1} is given by f*(e) = | f(u) — f(v) |. Then
v¢(i) = number of vertices of having label i under f and
e¢(i) = number of edges of having label i under f*.

Definition :2.3

A binary vertex labeling f of a graph G is called a cordial
labeling if [v¢(0) — v¢(1)] < 1 and | es(0)—e¢(1) | < 1. A
graph G is cordial if it admits cordial labeling.

Definition :2.4

Let a and b be two integers. If a divides b means that
there is a positive integer k such that b = ka. It is denoted
by a | b. If a does not divide b, then we denote a } b.

Definition :2.5

Let G = (V(G), E(G)) be a simple graph and
f:V(G) — {1,2,..|V(G)[} be a bijection. For each edge
uv, assign the label 1 if f(u) | f(v) or f(v) | f(u) and the label
0 otherwise. The function f is called a divisor cordial
labeling if |ef(0) — e+(1)| < 1. A graph with a divisor cordial
labeling is called a divisor cordial graph.

Definition :2.6

For a graph G, the splitting graph S'(G) of a graph G is
obtained by adding a new vertex v’ corresponding to each
vertex v of G such that N(v) = N(V').

Definition :2.7

The graph P, (+) K, is a graph with the vertex set V(G) =
{uiv; :1<i<m 1<j<n}and the edge set E(G) =
{Uilisg, UV, UpVj i 1<i<m-1,1<j<n}

Definition :2.8
The join G; + G, of G; and G, consists of G; U G, and
all lines joining V; with V,. The graph P, + 2K is called

the double fan. The graph C, + 2K, is called the double
cone.

226


http://www.ijiset.com/

3. Main Results

Theorem 3.1
The graph S'(K,m) is divisor cordial graph.
Proof :
Let Xy, X2, V1, Vo, ..., Vi De the vertices of Ky .
Then X1,X2,V1,Va, ..y Vi, X'1, X'2, V/1, V9, ...,V are

the vertices of S'(K, ) and [V(G )| = 2m+4 and | E(G) | =
6m.
p. and p, are the largest and next largest prime
numbers.
Define f: V(G) - {1, 2, 3, ..., 2m+4} by
f(x1) = 1,
f(xz) = ps,
f(x'1) =2,
f(X'2) = p2,
f(v;) = 2+2i,
f(v'im) = 2m+4,
Label the vertices V', V', ..., V1 With odd numbers
from 3, 5, ..., 2m+3 other than p; and p,.
Then e¢(0) = e¢(1) = 3m for any m.
Therefore, |es(0) —e¢(1)| < 1.
Hence G is divisor cordial graph.

1<i<m.

Example 3.1

The divisor cordial labeling of S'(K,4) is given in figure
3.1

Figure 3.1
Theorem 3.2
The graph S'(Ky ) is divisor cordial graph.
Proof .
Let X, V1, Vo, ..., Vi, Vinsts Vioso, ..., Voo De the vertices
of Ky

Then Xa Vly V21 ey Vny Vn+11 Vn+2; ey V2ny X’y V’la V’Zy
v Vi, Ve, Vo, -.., Vo are the vertices of S'(Kynn).
Then V(G )| = 4n+2 and | E(G) | = 6n.
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Define f: V(G) > {1, 2,3, ..., 4n+2} by

f(x) = 1,
f(x') = 2,

f(v;) = 4+(i - 1), 1<i<n,
f(Vnsi) = 5+(i — 1), 1<i<n,
f(v';) = 6+(i — 1), 1<i<n,
(V' ei) = 3+(i - 1), 1<i<n,

Then e¢(0) = e¢(1) = 3n for any n.
Therefore, |es(0) —es(1)| < 1.
Hence G is divisor cordial graph.

Example 3.2

The divisor cordial labeling of S'(Kis4) is given in

/
Wz
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1

3 7
Figure 3.2

Theorem 3.3

The double fan P, + 2K is divisor cordial graph.
Proof.
Let uy,u,,...,u, be the vertices of path P,,.
Let G be agraph P, + 2K.
Let V(G) = {u;,v,w:1<i<n}and
E(G) ={ uijljs1, vuj, wu;: 1<i<n-1,1<j<n}
Then V(G )|=n+2 and | E(G) | = 3n-1.
Define f: V(G) —» {1, 2, 3, ..., n+2} by

f(v) =1,
fw) =2,
f(u,) = 3+ (i - 1), 1<i<n
Thus, n is odd, then e;(0) = eq(1) = 3n2—1 and
n is even, then e¢(0) = 3n-2 and ef(1) = S?n

Therefore, |es(0) —es(1)| < 1.
Hence G is divisor cordial graph.

227


http://www.ijiset.com/

Example 3.3
The divisor cordial labeling of Pg+2K; is given in
figure 3.3. 2
3 7
1
Figure 3.3
Theorem 3.4

The double cone C,, + 2K is divisor cordial graph.
Proof.
Let u,U,,...,u, be the vertices of path C,,.
Let G be agraph C, + 2K;.
Let V(G) = {u;,v,w: 1 <i<n}and
E(G) = { Uiljs1, VUj, WUj, UpUup 1 1<i<n-1,1<j<n

}
Then V(G )|=n+2 and | E(G) | = 3n.
Define f: V(G) —» {1, 2,3, ..., n+2} by
f(v) = 1,
f(w) = 2,
and f(u,) = p, were p is the largest prime and p < n+2.
Label the vertices uj,Up,...,u,; continuously with
numbers from 3 to n+2 other than p.

3n+1 and e(1) = 3n-1

Thus, n is odd, then e¢(0) =

and n is even, then e¢(0) = e¢(1) = S?n

Therefore, |es(0) —e¢(1)| < 1.
Hence G is divisor cordial graph.

Example 3.4

The divisor cordial labeling of Cs+2K; is given in
figure 3.4.
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Figure 3.4

Theorem 3.5

The Jewel graph J, is divisor cordial graph.

Proof.
Let G be Jewel graph J, .
Let V() ={u,x,v,y,u; : 1<i<n}and
E(J,) = {ux, vx, uy, vy, Xy, uu;, vu; : 1 <i<n}.
Then [V(G )| = n+4 and |E(G)| = 2n+5.
Define f:V(J,) — {1,2,..., n+4} as follows

f(x) = 2,
fly) =3,
fu) =1,

and f(v) = p, where p is the largest prime number and
p < n+4 and label the vertices uq, Uy, ..., u, with numbers
from 4 to n+4 other than p.

Thus, e¢(0) = n+3 and e¢(1) = n+2.

Therefore, |es(0) —es(1)| < 1.
Hence G is divisor cordial graph.

Example 3.5

The divisor cordial labeling of J5 is shown in figure 3.5.

Figure 3.4
Theorem 3.6

The graph P, (+) K, is divisor cordial graph.
Proof.

Let uy, Uy, ..., Uy, be the vertices of the path P,,.

Let vy, vy, ..., V, be the vertices of the path Rn.

Let G = P, (+) K, be the graph with the vertex set
V(G) = {ui,v; : 1 <i<m, 1<j<n}and the edge set
E(G) = {uiliz1, U1Vj, Upvj:1<i<m-1,1<j<n}

Then [V(G )| = m+n and |E(G)| = m+2n-1.

Define f: V(G) — {1, 2, ..., m+n} as follows

p is the largest prime number and p < m+n.
Case(i):p<m-1.
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f(un) = p and label the vertices uy, Uy, ... , Upng With Example 3.6

following order other than p.

1, 2, 2%, .., 2%
3, 3x2 3x2? .. 3x2%,
5, 5x2 5x2% .. 5x2%,

where (2t—1)2" <mandt >1, k,>0.

Observe that (2t — 1)2* divides (2t — 1)2° (a < b) and
(2t—1)2" does not divide (2t+1) and 2(2t+1).

In the above labeling, see that the consecutive adjacent
vertices having the labels even numbers and consecutive
adjacent vertices having labels odd and even numbers
contribute 1 to each edge.

Similarly, the consecutive adjacent vertices having the
labels odd numbers and consecutive adjacent vertices
having labels even and odd numbers contribute 0 to each
edge.

f(vj)=m+j, 1<j<n
Case (ii) : m<p<m+n.

f(un) = p and label the vertices uy, Uy, ...
following order.

, Um1 With

1, 2, 2% .., 2w
3, 3x2 3x2? .. 3x2%,
5, 5x2 5x2% .. 5x2%,

where (2t—1)2" <m-landt >1, k,>0.

Observe that (2t — 1)2* divides (2t — 1)2° (a < b) and
(2t—1)2% does not divide (2t+1).

In the above labeling, see that the consecutive adjacent
vertices having the labels even numbers and consecutive
adjacent vertices having labels odd and even numbers
contribute 1 to each edge.

Similarly, the consecutive adjacent vertices having the
labels odd numbers and consecutive adjacent vertices
having labels even and odd numbers contribute 0 to each
edge.

Label the vertices vy, Vs, ...
m+1 to m+n other than p.

In both cases, m is odd, then e¢{(0) = esl) =

20+M=1 hd mis even, then e(0) = W and

, V, with numbers from

2n+m

er(1) =

Therefore, |es(0) —es(1)| < 1.
Hence G is divisor cordial graph.

The divisor cordial labeling of P, (+) K, is shown in

figure 3.6.
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Figure 3.6

Theorem 3.7

The graph (K, U Py,) + 2K, is divisor cordial graph.
Proof :

Let x, Y, Uy, Uy, ..., Uy and vy, Vo, ..., Vi, be the vertices
of K, and P, respectively.

Let G be the graph (K, UP;,)+2K; and let vertex set
V(G) = {x,y,u;,v;j : 1<i<n, 1<j< m} and the edge set E(G)
= {Xuj YUi, ViVier, XVj, W1 <i<n, 1<j<m, 1<k<
m-1}.

Then |V(G)| = n+m+2 and |E(G)| = 2n+3m-1.

Define vertex labeling f : V(G) — {1, 2, ..., n+m+2} as
follows

f(x) = 1, f(y) = p, where p is the largest prime
number.
Case (i) : p<m+1.

Label the vertices vy, V,, ... , Vi, with following order
other than 1 and p.
1, 2, 2%, .., 24
3, 3x2 3x2% .., 3x2f,
5, 5x2 5x2% .. 5x2%,

ey

where (2t-1)2" <m+2andt >1,k >0.

Observe that (2t — 1)2* divides (2t — 1)2° (a < b) and
(2t—1)2" does not divide (2t+1) and (2t+3).

In the above labeling, see that the consecutive adjacent
vertices having the labels even numbers and consecutive
adjacent vertices having labels odd and even numbers
contribute 1 to each edge.

Similarly, the consecutive adjacent vertices having the
labels odd numbers and consecutive adjacent vertices

229


http://www.ijiset.com/

having labels even and odd numbers contribute 0 to each
edge.
Label the vertices uy, Uy, ..., u, from m+3 to n+m+2.

Thus, n is odd, then e¢(0) = e¢(1) = w and
n is even, then e;(0) = 2N +3M e(1) = W
Therefore, |es(0) —es(1)| < 1.
Case (ii) : p > m+1.
Label the vertices vy, vy, ..., Vi, with following order
other than 1.
1, 2, 2%, ., 2«
3, 3x2 3x2% .., 3x2'%,
5, 5x2 5x2% .. 5x2%,

where (2t-1)2" <m+1landt >1, k >0.

Observe that (2t — 1)2° divides (2t — 1)2° (a < b) and
(2t—1)2% does not divide (2t+1) and (2t+3).

In the above labeling, see that the consecutive adjacent
vertices having the labels even numbers and consecutive
adjacent vertices having labels odd and even numbers
contribute 1 to each edge.

Similarly, the consecutive adjacent vertices having the
labels odd numbers and consecutive adjacent vertices
having labels even and odd numbers contribute 0 to each
edge.

Label the vertices uy, Uy, ..., U, from m+2 to n+m+2
other than p.

Thus, n is odd, then e(0) = e¢(1) = w and n

2n+3m 2n+3m-2

is even, then e¢(0) = >

and e¢(1) =

Therefore, |es(0) —e¢(1)| < 1.
Hence G is divisor cordial graph.

Example 3.7

The divisor cordial labeling of (K, P,) + 2K; is given
in figure 3.7. 1
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Figure 3.7
Theorem 3.8

The graph (P, v Py, ) + 2K, is divisor cordial graph,
where n,m > 2.
Proof :

Let x, Y, Uy, Uy, ..., Uy and vy, Vo, ..., Vi, be the vertices
of P, and P,, respectively.

Let G be the graph (P, U Py, ) + 2K; and let vertex set
V(G) = {x,y,uj,vj : 1 <i<n, 1<j<m}and the edge set
E(G) = {XUi YUi, Urlrs1, ViVier, XV, YVj:1<i<n 1<) <
m,1<r<n-1,1<k<m-1}.

Then [V(G)| = n+m+2 and |E(G)| = 3n+3m-2.

Define vertex labeling f: V(G) — {1, 2, ..., n+m+2} as
follows

f(x) =1,
f(y) = p, where p is the largest prime number.

Label the vertices u,, ..., U,, Vi, V2, .., Vy in the
following order other than p and n+m+1.

2 22 28, .., 2%
3, 3x2 3x2% .. 3x2%,
5, 5x2 5x22 .., 5x2%,

where (2s—1)2% <n+m+2 ands>1, k, > 0.

In the above labeling, see that the consecutive adjacent
vertices having the labels even numbers and consecutive
adjacent vertices having labels odd and even numbers
contribute 1 to each edge.

Similarly, the consecutive adjacent vertices having the
labels odd numbers and consecutive adjacent vertices
having labels even and odd numbers contribute 0 to each
edge.

Case (i) : n+m is odd and f(v,) is even.
Then, e4(0) = (1) +1 = —nr3M=1

Case (ii) : n+mis odd and f(v;) is odd.
Then, e¢(1) = e¢(0)+1 :%.

Case (iii) : n+mis even and f(v,) is even.

Then, e¢(0) = e5(1) = w

Case (iv) : n+m is even and f(v,) is odd.

Subcase (a) : n+m = 6 and f(v,) is odd.
Interchange the labels of u; and v;.
Then, es(0) = e¢(1) =8

Subcase (b) : n+m = 6 and f(v,) is odd.
Interchange the labels of v, and v,,.
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3n+3m-2
5 .
Therefore, |es(0) —ef(1)| < 1.
Hence G is divisor cordial graph.

Then, e+(0) = e¢(1) =

Example 3.8

The divisor cordial labeling of (P4, U P,) + 2K,
is given in figure 3.8.

Figure 3.8

4. Conclusions

In this paper, we prove the divisor cordial labeling of
S'(Kam), S'(Kinn), double fan P,+2K;, cone C,+2K,,
Jewel graph J,, P, (1) K, , (K, U Py ) + 2K; and
(PhUPm)+2K ;.
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	A mapping f :V(G)→{0,1} is called binary vertex labeling of G and f(v) is called the label of the vertex v of G under f. If for an edge e = uv, the induced edge labeling                      f* : E(G) → {0,1} is given by f*(e) = | f(u) − f(v) |. Then ...

