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ABSTRACT

In this paper, we establish stability of quartic double centralizers and quartic multipliers on Banach
algebras. We also prove the superstability of quartic double centralizers on Banach algebras which are quartic
commutative and quartic without order, and of quartic multipliers on Banach algebras which are quartic
without order.
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1.INTRODUCTION

The stability problem of functional equations originated from a question of Ulam [14] in 1940,
concerning the stability of group homomorphisms. Let (G, =) be a group and let (G,, ») be a metric group
with the metric d(.,.). Given & > 0, does there exista & > 0, such that if a mapping h:G; — G, satisfies the

inequality d(h(x,y), h(x)*h(y) <¢ forall x,y € G, then there exists a homomorphism H : G; - G, with

d(h(x), H(x))<e for allx eG;? In the other words, Under what condition does there exist a

homomorphism near an approximate homomorphism? The concept of stability for functional equation arises
when we replace the functional equation by an inequality which acts as a perturbation of the equation. In
1941, D.H. Hyers [6] gave a first affirmative answer to the question of Ulam for Banach space.

In 1950, T. Aoki [1] was the second author to treat this problem for additive mapping. Finally in 1978, Th. M.
Rassias [13] proved the following Theorem:

Theorem (Th. M. Rassias). Let f : E — E’ be a mapping from a norm vector space E into a Banach space
E'subject to the inequality

p p
CERRRORNC) B AR V)
for all x,y e E where ¢and p are constants with & >0and p <1. Then there exists a unique additive
mapping T : E — E’such that

2¢ P
[roo-T00 [s—= M
2-2
forall x € E . Also, if the function t — f(tx) from R into E' is continuous for each fixed x in E , then T is
linear.
This stability phenomenon of this kind is called the Hyers-Ulam-Rassias stability. In 1991, Z. Gajda [3]
answered the question for the case p <1, which was raised by Rassias. In 1994, a generalization of the

Rassias' theorem was obtained by Gavruta as follows [4].
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The functional equation is called stable if any function satisfying that functional equation "approximately" is
near to a true solution of functional equation. We say that a functional equation is superstable if every

approximately solution is an exact solution of it.
The functional equation

f2x+y)+ f(2x-y)=4f(x+y)+4f(x-y)+24f(x)-6f(y) (1.1)

is called the quartic functional equation, since the function f(x) = x4 is a solution of this functional equation.
Note that f is called quartic because of the identity

(2x + y)4 +(2x - y)4 =4(x+ y)4 +4(x - y)4 + 24x4 - Gy4 1.2)
Every solution of the quartic functional equation is said to be a quartic mapping. It is In proved in [8] that a
function f : X — Y between real normed spaces is quartic if and only if there exists a symmetric biquadratic
function f : X x X — Y such that f(x) = F(x, x)for all x e X . The first result on the stability of the quartic

functional equation was obtained by J. M. Rassias [12]. Also L. Cadariu [2].H. -M. Kim [7], S. H. Lee, S. M.
Imand I. S. Hwang [8], Najati [10] and C. Park [11] investigated the stability of quartic functional equation.
Moslehian, Rahbarnia and Sahoo [9] established the stability of double centralizers to Cauchy functional
equations in the framework of Banach algebras. They also proved the superstability of double centralizers on
Banach algebras which are strongly without order.

Gordji, Ebadian, Ramezani and Park [5] proved the stability quadratic double centralizers on Banach
algebras.

In this paper, we introduce the quartic double centralizers and quartic multipliers on Banach algebras, and we
establish the stability of both of them. We also prove the superstability of quartic double centralizers on
Banach algebras which are quartic without order and quartic commutative, and of quartic multipliers on
quartic without order Banach algebras.

2.Stability of quartic double centralizer

In this section, let A be a complex Banach algebra. We establish the stability of quartic double
centralizers.
Definition 2.1. A mapping L: A — Ais a quartic left centralizer if L satisfies the following properties:
1) L isaquartic mapping,

2) L isaquartic homogeneous, that is, L(1a) = /14L(a) forall a ¢ Aand 1 €C,
4
3) L(ab) = L(a)b fOI’ a“ a,b € A

Definition 2.2. A mapping R: A — A is a quartic right centralizer if R satisfies the following properties:
1) R is aquartic mapping,

2) R is quartic homogeneous, that is, R(4a) = A4R(a) forall ae Aand 21 eC,

4
3) R(ab) = a R(b) for all a,be A
Definition 2.3. A quartic double centralizer of an algebra A is a pair (L,R), where L is a quartic left

centralizer, R is a quartic right centralizer and a4L(b) = R(a)b4 forall a,be A.

The following example introduces a quartic double centralizer.

Example 24. Let(a, ||||) be a Banach algebra. Let B=AxAxAxAxA.We define
a a

el = e+ = g
20173l %4l s

a banach space for arbitrarily elements a = (a ,a
1

forall a=(a,a ,a ,a ,a )in B.Itis not hard to see that (B,|||.|||) is
12 3 4 5

,a_,a ,a)and b=( ,b ,b ,b ,b )in B, we define

3 4" 5 123 45

a |+ + + +
1

2

ab = (0, ale, a2b4 , a3b3 ,0) . since A is a Banach algebra, we conclude that B is a Banach algebra.

It is easy to see that 35 = {abcde ta,b,c,d,ec B} = {0} But B4 = {abcd ta,b,c,d e B} is not zero. Now we
consider the mapping T : B — B defined by

Ta)=a’(acB).

Then T is a quartic mapping and quartic homogeneous. Since B° - {0} , we get
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T(ab) = (ab)* = 0 = a*b* = T(a)b” = a*T(b)
and
a* 1) = a** —0=T@b*
Forall a,b € B. Hence (T,T) is a quartic double centralizer of B.
In the above example, B is a quartic commutative algebra, but it is not commutative.

Theorem 2.5. Suppose thats e {— 1,1} and that f : A — Ais a mapping with f(0) = 0 for which there exist a

mapping g : A » Awith g(0) = 0and functions ¢j Wi AxA > [0,00) (1< j<21<i<3) suchthat

w ¢.(2%a,2%p)

diaby= ¥ - e a<jc<2 2.1)
k=0 165
. (2%"a,b) v (a,2°"b)
lim —4———=-0= Im —+—— 1< j<3),
n— w 165N n— o 165"
H f(24a+ 4b) + f(22a - 4b) — 47 f(a+b) — 44" f (a—b) — 244 f (a) + 61" f (b) < ¢y (a,b) 22)
Hg(lea +b) + g(22a - ab) — 44" g(a+b) - 44 g(a —b) - 244 g(a) + 64" g (b)|| < ¢ (a, b)
Hf(ab) —f(@p’| <yi(ab) (2.3)
o - a*ow)| < vy
Ha4f(b) ~g(a)b”|| < w3(ab) (2.4)

forall a,be Aandall 1eT = {i eT: |/1| = 1}. Also, if for each fixed a e Athe mappings t — f(ta)and

t —» g(ta) from R to A are continuous, then there exists a unique quartic double centralizer (L,R)on A
satisfying

| @ - L@ < 15 @a (2.5)
321

o) - Re@)| < =7 (2., (26)
32 2

forall a e A.
Proof: Let s =1.Putting b=0and 2 =1in (2.2), we have

1
|f(2a)-161(a)| <=4 (aa)
21
forall a € A. One can use induction to show that

it a1 nge it

2.7)
16" 16M y_m 16
f(2"a)
forall n>m=>0andall a e A. It follows from (2.7) and (2.1) that sequence n is Cauchy. Since
16
A is a banach algebra, this sequence is convergent. Define
f(2"a)
L(a):= lim — (2.8)
n—-o 16
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Replacing a and b by 2"a and 2"b , respectively, in (2.2), we get
f"@a+ ) f@"@a-m) 4@ @+b) 4 2" (@-b)
I — 4 — 4

+
16" 16" 16" 16"
n n
n n
s 1@%) 4 f@"a) 42 32D
- 241 + 64 n s n
16 16 16
Taking the limit as n — o, we obtain
4 4 4 4
L(24a + Ab) + L(24a — Ab) = 44 L(a+b) + 44 L(a—b) + 244 L(a) — 64 L(b)
(2.9)

forall a,b e Aandall 2 T . Putting 4 =1in (2.9), we obtain that L is a quartic mapping. Setting b := 0 in
(2.9), we get

L(24a) = 16/14L(a)
forall ae A, 2T .But L isaquartic mapping. So

L(sa) = 2L (a)
forall a e Aand all 2 e T . Under the assumption that f (ta) is continuous in t e R for each fixed a € A, by

the same reasoning as in the proof of [16], L(1a) = /14|_(a) forall a e Aandall 2 € R. Hence

A /14 /14 4
L(2a) = L= |2]a) = — L(2a) = —5|4| L(a)
@ 2 2
forall a e Aand A € C(4 = 0). This means that L is quartic homogeneous. It follows from (2.3) and (2.8)
that
n
. 1 . w.(2"a,b)
HL(ab) - L(a)b4H = lim —‘ f(2"ab) - f(2"a)b4||< 1im L ———0
n— 16" n—ow 16"

forall a,b e A.Hence L isa quartic left centralizer on A. Applying (2.7) with m = 0, we get

1 -
”L(a) - f(a)” < Eqﬁl(a,a)for all a € A. Itiswell known that the quartic mapping L satisfying (2.5) is

unique. A similar argument gives us a unique quartic right centralizer R defined by

n
R(a):= lim M
n—oo 16N
which satisfies (2.6). Now we let a,b e Aarbitrarily. Since L is a quartic homogeneous, it follows from (2.4)
and (2.5) that

a4L(b) - R(a)b4H - ey —16R(a)b4H

16"

<2 [la4L@ ) - a4 1 (2M)

16"

+

a% £ (2"b) - g(a)(6" b4)H

+ 16" g (a)b? - 16" R(a)b4H]

1 4 yya2"h) 4
< rh’nds B+ =5 - nal W

The right hand side of the last inequality tends to ||g(a) - R(a)” ||b||4 asn— .
By (2.6), we obtain

atL(b) - R(a)b4H _Lsaa b4H.
322
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Since R is a quartic mapping, we thus obtain

1
a4L(b)7R(a)b4H:—
16"

16na4L(b)—R(2na)b4H
< Li"a2"s Jof

L @ ¢2(2ka,2ka)

32

b4H.
k—n 16K

Passing to the limit as n — «, we conclude a4L(b) = R(a)b4 . Thus (L, R)is a quartic double centralizer.
The proof for s = —1lissimilarto s =1.

Corollary 2.6. Suppose that f : A — Ais a mapping for which there exist a mapping g: A— Aand
constants ¢ > 0 and 0 < p < A such that

” f(24a+ Ab) + f(24a— ab)— 42 F(a+b) 42" f(a—b) - 242t (@) + 627 £ (o)|| < e([fa]|® + [Io]| ).

||g(2/1a 4 2b) + g(24a - ab) - 42" g(a+b) 42 g(a-b) - 242% g(a) + 62" g (v)]| < £(lla]|® + Ib]| .

< eall® ol

” f (ab) - f (a)b”

< efall [l

Joca oo

< e[al] [ll]®

forall a,b e Aand all 1 €T .Also, if for each fixed a € Athe mappings t —» f(ta)and t —» g(ta) from R
to A are continuous, then there exists a unique quartic double centralizer (L, R)on A satisfying

”a4 f(b) - g(a)b”

@ - @]« ——]a[".
|16 - 2P |

lo@ - re@| « ——[°
|16 — 2P |
forall ae A.

Proof: For j =12, putting ¢j(a,b) = g(”a”p +||b||p yand fori = 1,2, putting y/i(a,b) = g”a”p”b”p in

Theorem 2.5, we get the desired results.

3. Stability of quartic multipliers

Throughout this section, assume that A is a complex Banach algebra.
Definition 3.1. We say that a mapping T : A — Ais a quartic multiplier if T satisfies the following
properties:
1) T isaquartic mapping,

2) T is quartic homogeneous, that is, T(4a) = 14T(a)for allaeAand 2€C,

3) a4T(b) =T(a)b4f0r all a,be A

Example 2.4 introduces a quartic multiplier. We investigate the stability of quartic. multipliers.

Theorem 3.2. Suppose that s e {7 1,1} and that f : A — Ais a mapping with f(0) = 0 for which there exist

functions, v : Ax A - [o,oo) such that
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N ) 2sk a,ZSkb
Japm = Yy 22D (3.1)
k—o  16%
- y(2%a,b) - y(a2b)
lIim ———=0= lim —_—,
n-o>ow 169N n—oow 165N
H f(24a+ Ab) + f(24a— Ab) — 427 f(a+b)— 44 f(a—b)— 244" f(a) + 64" f (b)” < 4(a,b),
4 4
Ha f(b)-f(a) | <w(ab) (32)

for alla,b € Aand all 2T . Also, if for each fixeda e Athe mappings t —» f(ta) from R to A are
continuous, then there exists a unique quartic multiplier T on A satisfying

|t @ -7 < 1@a), (3.3)
32

forall ae A.
Proof. Let s =1. By the same reasoning as in the proof of Theorem 2.5, there exists a unique quartic

mapping T : A — A defined by

1 -
with satisfying T(1a) = A4T(a)for all aec Aandall A € C . Also, ||f(a)7T(a)|| < gqﬁ(a,a)for all ae A

Let a,b € Abe arbitrarily. Then T is quartic homogeneous.
By using (3.2) and (3.3), we have

a%T (b) —T(a)b4H - a4t 2"y —16”T(a)b4H
16"
<2 latt@"b) - a4t 2 b)| + a4 £ 2"b) - f(a)(16nb4)H
16"

+

16" f(a)b? - 16”T(a)b4H]

n
gm%;(znb,zn@ o] %ém a o

It follows from (3.1) that

1 ~ 4
a4T(b)—T(a)b4H=3—2 (aa) [p] -
Finally, we obtain

16" a%T (b) —T(Zna)b4H

1
a%T (b) —T(a)b4H - —‘
16"

< Lhea2 [

1 & gKa2kay 4
L § skedtay

k=n

-0 as n — oo,

So a4T(b) = T(a)b4 . Hence T is a quartic multiplier.
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The proof for s = —1is similar.
Corollary 3.3. Suppose that f : A — Ais a mapping for which there exist nonnegative real numbers ¢ and
p with p = 4such that

Hf(2/1a+/1b)+ f(24a—Ab) 44 f(a+b)—4i f(a-b)—244"f(a)+64 f(b)

< ol " bl

<ol " + bl *

Ha“f(b)- f(a)®

for alla,b e Aand all 1T . Also, if for each fixeda e A the mappings t — f(ta) from R to A are
continuous, then there exists a unique quartic multiplier T on A satisfying

O e
|16 — 2P |
forall ae A

Proof: Putting ¢(a,b) = g(”a”ID + ||b||p yand y(a,b) = g”a”p”b”p in Theorem 3.2, we get the desired results.

4. Superstability of quartic double centralizers

In this section, we prove the super stability of quartic double centralizers on Banach algebras which
are quartic without order and quartic commutative.
Theorem 4.1. Suppose that Ais a Banach algebra quartic without order and quartic commutative and

se {— 1,1}. Let L,R: A — Aare mappings for which there exists a function y : Ax A —» [o,oo)such that

-4 —4
lim n s1,//(n3x,y):0: lim n Sy/(x,nsy)
nN—o0 n—oo

<y(xy)

[t - ren®

forall x,y e A. Then (L,R) isa quartic double centralizer.
Proof: We first show that L is a quartic homogeneous. To do this, pick 2 eCand x,y € A. We have

n4sz4(L(/1x) - /14L(x)) = n4sz4L(/1x) - /14n4sz4L(x)

< [n¥8z24L0x) - R(NS2)(x) 4| + [[2*R(nS2)x* — 24043241 (x)

s 4 s
<y(n z,ix)+|ﬁ| w(n z,Xx).
So

24 (L(ax) = 2AL(0)|| < n_4sz//(nsz, AX) + ﬁ4n_45y/(nsz, X).

Since A is quartic without order, we conclude that L(Ax) = 14 L(x) The quarticity of L follows from
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24(L(2x +y)+L(2x—-y)—4L(x+Yy) —4L(x—y) — 24L(X) + 6L(y))H

—4s

=n n4Sz4L2x + y) + n4S24L(2x — y) — 4n?SZAL(x + y) - 4n?SZAL(x — y)

—24n4S74L(x) + 6n4sz4L(y)H

< n_4s[ n4S24L(2x + y) - R(nS2)(2x + y)4|| +

n4Sz4L(2x - y) - R(nSz)(2x - y)4H

+ARMSZ)(x + y)4 - n4S24L(x + y)|[ + 4

R(NSZ)(x — y)* — n4Sz4L(x - y)H

+ 24HR(nSz)x4 —n¥8z4L(x)|| + 6

R(nSz)y4 —n4sZ4L(Y)H]
<n B0’z 2x e y) +p(n°z2x- y) + Ay (02 x+ y) + Ay (02 x - y)

+ 241//(nsz, X) + 61//(nsz, W]

forall x,yeA
Finally, since Ais a quartic commutative Banach algebra, we have

24 (Lxy) - Loy4) ‘ —n

n4sz4L(xy) - n4524L(x)y4H

< n—4s[

n4S24L(xy) - R(nsz)(xy)4H

+

R(nsz)x4y4 - n4sz4L(x)y4H]

<0 Pz 4wzl

forall x,ye A.So L(xy)= L(x)y4 . Thus L is a quartic left centralizer. One can similarly prove that R is

a quartic right centralizer. Since L is quartic homogeneous, L(x) = n_4SL(nSx) forall neNand xe A.
Thus

x4 (L(y) - R(x)y“)” —n B |AL(nsy) - R(x)(n4sy4)H

<n " pxny)

and hence by (4. 1) we infer that x4L( y)= R(x)y4 forall x,y e A.Thus (L, R)is a quartic centralizer.

Corollary 4.2. Suppose A is a Banach algebra quartic without order and quartic commutative and
L,R: A — Aare mappings for which there exist a nonnegative real number ¢ and a real number p either

greater than 4 or less than 4, such that

b= < ebPb?

forall x,y e A.Then (L,R)is aquartic double centralizer.

Proof: Using Theorem 4.1 with y(x,y) < g”x” P ||y|| P we get the desired result.
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5. Superstability of quartic multipliers

In this section, we prove the superstability of quartic multipliers on Banach algebras which are quartic
without order.
Theorem 5.1. Suppose that A is a Banach algebra with quartic without order and s {— 1,1}. LetT: A A

are mappings for which there exists a function y : Ax A » [o,oo)such that
lim n Sy (nx,y)=0= lim n pxn’y)
n—o0 n—oo

*Liy) - ROy’
forall x,y e A.Then (L,R) isa quartic multiplier.

Proof: By the same reasoning as in the proof of Theorem 4.1, putting L = R =T, we can show that the
mapping T is a quartic multiplier.

Corollary 5.2. Suppose that A is a quartic without order Banach algebra and that T : A — A is a mapping

for which there exist a nonnegative real number & and a real number p either greater than 4 or less than 4,
such that

<y(xy)

béren=reoy| < P °

forall x,y e A. Then T isa quartic multiplier.

Proof: Using Theorem 5.1 with w(x,y) = g”x” P ||y|| P ,we get the result.
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