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Abstract: This work presents a theoretical analysis of Lagrange Interpolation Formula. In order
to analyze the method, power series, basis function and quadratic interpolation using basis
function and cubic interpolation are chosen. Also to check the performance of the considered
method an error associated with Lagrange interpolation has considered. Errors are analyzed by
comparing the actual sampled values with the values obtained by Lagrange’s interpolation
formula.
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1. Introduction:

From very ancient time interpolation is being used for various purposes. Sir Edmund Whittaker,
a professor of numerical mathematics at the University of Edinburgh from 1913 to 1923,
observed “The most common form of interpolation occurs when we seek data from a table which
does not have the exact values we want”. Liu Zhuo used the equivalent of second order Gregory-
Newton interpolation to construct an “Imperial Standard Calendar”. In 625 AD, Indian
astronomer and mathematician Brahmagupta introduced a method for second order interpolation
of the sine function and, later on, a method for interpolation of unequal-interval data. Numerous
researchers study the possibility of interpolation based on the Fourier transformer, the Hartley
transformer and the discrete cosine transform. In 1983, Parker et al. published a first comparison
of interpolation technique in medical image processing. They failed, however to implement cubic
B-spline interpolation correctly and arrive at erroneous conclusion concerning this technique[1].
In present days, several algorithms are used for image resizing [2] based on Lagrange’s
Interpolation Formula[3].

In this paper, Lagrange’s interpolation formula is used for reconstructing power series fitting to
analyze its performance. This paper is organized as follows: in section 2, we explain the
mathematical principal of Lagrange’s Interpolation method. The implementation is devised in
section 3. In section 4 the experimental results are given. The conclusion is summarized in

section 5.
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2.1 Lagrange Interpolation:

We consider the problem of approximating a given function by a class of simpler functions,
mainly polynomials. There are two main uses of interpolation or interpolating polynomials.
The first use is reconstructing the function f(x) when it is not given explicitly and only the
values of f(x) and/or its certain order derivatives at a set of points, called nodes, tabular
points or arguments are known. The second use is to replace the function f(x) by an
interpolating polynomial p(x) so that many common operations such as determination of
roots, differentiation and integration etc. which are intended for the function f(x) may be
performed using p(x). A polynomial p(x) is called an interpolating polynomial if the value of
p(x) and/or its certain order derivatives coincides with those of f(x) and/or its same order
derivatives at one or more tabular points. In general, if there are N+1 distinct points

a< X, <X <X, <X;<..<X, <h,then the problem of interpolation is to obtain p(x) satisfying

the conditions
p(x)=f(x),i1=L2,..,n (1)
Substituting the conditions, we obtain the system of equations

Ay +a X, + X +..+ax) = f(x)

8y +aX +a,X +.+aX = f(x)
__________________ 2)

a, +a X, +a,x +..+ax = f(x,)

This system of equation has a unique solution. The interpolation points or nodes are given as:

———————— ©)
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There exists only N™ degree polynomial that passes through a given set of N+1 points. Its form is

expressed as a power series:
g(x)=a, +ax+a,x +..+a,x" 4)
Where a; = unknown coefficients, i = 1,2,3,...,N.

It does not matter how we define the N™ degree polynomial whether by Fitting power series,
Lagrange Interpolation functions or by Newton forward or backward interpolation. The resulting
polynomial will always be the same.

2.2 Power Series Fitting to Define Lagrange Interpolation:

g(x) must match f(x) at the selected data points.

a(x,) = f, = a, +ax, +a,x +..+a,x = f(x,)

g(x1): fl:ao"'a'lxl"'azxf"‘---"'anxﬂ[1 = f(xl)

—————————————————— (5)
a(xy) = fy = a,+ax, +a,x +..+ax’ = f(x,)
Solve the simultaneous equation we get:
1%, ¢ . X e ] [ fo]
XX cox el |
=| . (6)
11Xy Xy Xﬂ__aN_ R

It is relatively computationally costly to solve the coefficients of the interpolating function g(x).

2.3 Lagrange Interpolation Using Basis Functions:

We note that in general g(x;) = f;.

Let 900= w00 )
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Where vi(x) = polynomial of degree N associated with each node i such that

vi<x,-)=[° ' j] (8)

1 i=j
For example we have 5 interpolation points or nodes, then
g(X;) = Vo (X5) + Fv (%) + TV, (%) + v (%) + f,v, (%) 9)
Using the definition for v,(x;), we have g(x;) = f,.

i.e the sum of polynomial of degree N is also a polynomial of degree N. g(x) is equivalent to

fitting the power series and computing coefficient a,,a,,a,,...,a, .

3. Analysis and Implementation

3.1  Lagrange Linear Interpolation Using Basis Functions:

Linear Lagrange (N = 1) is the simplest form of Lagrange interpolation:
1
g(x) = Z fivi ()
i=0

That is g(x) = fv,(x)+ f,v,(X) (10)

Where v, (x) = (X=%) g v, (X) = (x=%)
(% —%) (% —Xp)

Example: Given the following data:
Xo=2,fo=15
X1 =51, =40

find the linear interpolating function g(x).

Solution: Lagrange basis functions are:

(x=2)

and v,(x) = 3

Vo (X) = (5;3)()

The interpolating function g(x) =1.5v,(x)+4.0v,(x).
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3.2 Lagrange Quadratic Interpolation Using Basis Functions:
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For Quadratic Lagrange interpolation, N = 2
900 =3 1w
That is g(x) = f,v,(X) + f,v, (X)+ f,v,(x) (11)
(X=%)(x=%)
(X = %) (X% —%;)

Where v,(x) = (X=%)(x=X,) .
(Xl_xo)(xl_xz)

v, (X) — (X B XO)(X - Xl)
(Xz - Xo)(xz - Xl)
Note that location of the roots of v,(x), v,(x) and v, (x) are defined such that the basic
premise of interpolation is satisfied, namely that g(x;) = f;.

4. Errors Associated with Lagrange Interpolation

Vo (X) =

Using Taylor series analysis, the error can be shown to be given by:
E(x) = f(x) - 9(x)
E(x) =L(x) fM(8), % <& < xy (12)

Where f ™ (£) =N +1derivatives of f w.r.t. x evaluated at &.

and L(x) = (X=X)(X=X) (X =X0) _ o Naqth degree polynomial.
(N+)!

Now if f(x) is a polynomial of degree M <N, then
f N (x) = 0= E(x) = 0for all x.
Therefore g(x) will be exact representation of f(x).

5. Conclusion

In this paper, according to the analysis the performance of Lagrange

interpolation formula on different types of function is presented. Experimental
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results show that it works better for a function whose value will increase or

remain constant with the independent variable.
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