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Abstract: In this paper we subject the coefficients of a polynomial and their real
and imaginary parts to certain restrictions and give bounds for the number of zeros
in a specific region. Our results generalize many previously known results and
imply a number of new results as well.
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1. Introduction
A large number of research papers have been published so far on the location
in the complex plane of some or all of the zeros of a polynomial in terms of the
coefficients of the polynomial or their real and imaginary parts. The famous
Enestrom-Kakeya Theorem states [6] that if the coefficients of the polynomial

P(z) =) a,z’ satisfy
j=0
0<a,<a <...<a,<a,
then all the zeros of P(z) lie in the closed disk |z|<1. By putting a restriction on
the coefficients of a polynomial similar to that of the Enestrom-Kakeya Theorem,

Mohammad [7] proved the following result:

Theorem A: Let P(z) = Zn:ajzj be a polynomial such that

j=0

O<a,<a <...<a,,<a,.

n

Then the number of zeros of P(z) in |z < %does not exceed

37


http://www.ijiset.com/

IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 2, April 2014.

www.ijiset.com

ISSN 2348 - 7968

For polynomials with complex coefficients, Dewan [1] proved the following
results:

Theorem B: Let P(z) = Zn:ajzi be a polynomial such that
j=0

for some real «and g and

0<lap| < ay] < .oo. < Ja, 4] <Jay]-

Then the number of zeros of P(z) in |7| < %does not exceed

n-1
la, |(cos & +sin a +1) + 2sin aZ‘aj‘
=0

log 2 ‘o9 a,|

Theorem C: Let P(z) = Zn:ajzj b e a polynomial of degree n with Re(a;) =,

=0
Im(a;) = B;,j=012,....,n such that

O<oy<a<...<q,,<a,.

Then the number of zeros of P(z) in |z < %does not exceed

1 o, + Z‘,Bj‘
j=0
+ log
log2 a, |

Regarding the number of zeros of P(z) in |z| < 5,0 <5 <1, Gulzar [4,5] proved the

1

following generalizations of the above results:

Theorem D: Let P(z) = Zn:ajzj b e a polynomial of degree n with Re(a;) = ;,

j=0
Im(a;) = B;,j=0212,....,n such that for some 0<k<10<z<1 and 0<l<n,
K, <oy <. <o <o 2o, 220 2T0,.

Then for 0< 5 <1 the number of zeros of P(z) in |z <5 does not exceed
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where

M =2¢q, + k(|an|—an)+2|a0|—r(|ao|+ao)+22‘ﬁj‘.
=0

Theorem E: : Let P(z2) = Zn:ajz" b e a polynomial of degree n with Re(a;) =«;,

j=0
Im(a;) = B, j=0212,....,n such that for some 0<k;,k, <1,0<7,7,<1,0<I<n
and 0<m<n,
Kia, <a,; <. <o <o 2o 220 2170,
KpBy S Py S oo S Py S B 2 Py 22 B 27,3,
Then for 0< s <1 the number of zeros of P(z) in |z| <5 does not exceed
1 M’

where
M’ = |an| + (1_ k1)|an|+ (1_ k2)|ﬁn|+ 2(O[I + ﬂm) - (klan + kzﬂn) + (1_ z'1)|050|

—na, +(1- 2'2)|,80| 7,05
Recently, Gardner and Sheilds [2] proved the following results:

Theorem F: Let P(z) = Zn:ajzi be a polynomial of degree n such that for some t>0,

j=0

0<Il<n and for some real numbers «, 3,

and
t"[a,| <t"Ha, | <. <tMay, <tfa| 2t a2 2 tay | 28y > 0.
Then the number of zeros of P(z) in |z|<&,0< & <1 is less than 1 1ogM where
Iogl |a0|
o
M™ =|a,|t(l—cosa —sina) + 2Ja |t'"* cosa +|a, [t (1+sin & — cos &) + 2sin ani‘aj (R
=1

j
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Im(a;) = B;,j=0212,....,n such that for some t>0, and some 0<I<n,

t"a, <t"'a,, <. <tMo, <t'e 2t7'e L > 2t > a, 20.

Then for 0 < 5 <1 the number of zeros of P(z) in |z/< & is less than —— L Iog a
Iog— 0

where

j+l

M™ = (|050|—050)t+205,t'+l +(|05n|—05n)t”+l +22n:‘,8j t
-0

Theorem H: Let P(z) = Zn:ajz" b e a polynomial of degree n with Re(a;) =,

j=0
Im(a;) = B, j=012,....,n such that for some t>0, ,0<l<nand 0<m<n,

n n-1 1+1 | 1-1
tha, <t a,; <.... <tTag,<to 2t7a 2. 2ta 20, %0

t"B <t"B L < MR SETB TR > tB > By

Fokk

1M
1g|

Then for 0 <5 <1 the number of zeros of P(z) in |z/ <& is less than |
log—= 0
5

where
M - = (|0[0| - ao)t + 2aItIJrl +1 (|an|_0(n)trHl + (|ﬂ0| _ﬂo)t + zﬁmtm+l + (|ﬂn| - ﬂn)tmrl .
In this paper, we prove the following results:

Theorem 1: Let P(z) = Zn:ajzi be a polynomial of degree n such that for some t>0,

j=0
0<1<n,0<k<10<z<1 and for some real numbers o, 3,
‘argaj—ﬂ‘s(xs%,jzo,l,z, ..... N,

and
kt"[a,| <t"fa, <. .<t™

a‘I+1

<t'la)|2t"Ya > ... 2 tfa| > 7|a,[ > 0.

Then the number of zeros of P(z) in |z <&,0< 5 <1 is less than —— L Iog a | where
Iog— 0

1+1

M, = 2Ja,|t — 7|a |1+ cosa —sina) + 2Ja, [t'* cos e + [a, [t"* (1 + ksin & — k cos )
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tj+1

+(1-k)|a,[t" + 2sin ani‘aj
j=1

Remark 1: For different values of the parameters, we get many interesting results.
For example for k=1, =1, Theorem 1 reduces to Theorem F . For t=1, it reduces
to Theorem D .

Theorem 2: Let P(z2) = Zn:ajzi b e a polynomial of degree n with Re(a;) =«;,
j=0

Im(a;) = B;,j=0212,.....,n such that for some t>0,0 <k <1,0<z<1 and 0<lI<n,
kt"e, <t"'a, , <...... <t"ea,, <t'og, 2t >...>ta, > 10, 2 0.

Then for 0 < 5 <1 the number of zeros of P(z) in |z/ <& is less than —— L Iog

Iog— | 0|

where

j+l

M, = 2ayt - 7|+ g )t + 20t + 2, 7 k(| + e, 1™ + 2| |
j=0

Remark 2: For different values of the parameters, we get many interesting results.
For example for k=1, r =1, Theorem 2 reduces to Theorem G . For t=1, it reduces
to the following result:

Corollary 1: Let P(z) = iajzj b e a polynomial of degree n with Re(a;) =«;,

j=0
Im(a;) = 8;,j=0212,.....,n such that for some 0<k<10<z<1 and 0<lI<n,

ke, <a, ;<. <o, Lo 20,220 210, #0.

Then for 0< s <1 the number of zeros of P(z) in |z| <5 does not exceed

1 oM

where
" = 2ty ~ 7l + o) + 24, +z|an|_k(|an|+an)+zjo\ﬂj\.
Applying Theorem 2 to the polynomial —iP(z) , V\J/e get the following result:
Corollary 2: Let P(z) = Zn:ajz" b e a polynomial of degree n with Re(a;) =«;,
i
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*ok

L ogM:
|og£ |
9

Then for 0 <5 <1 the number of zeros of P(z) in |z] <& is less than

]
o

where

M," = 20, ft 2| + B )t + 28" + 2B, " k(B[ + It +2D e,
j=0

tj+l

If a; isreali.e. g, =0,vj, Theorem 2 gives the following result:

Corollary 3: Let P(z) = Zn:ajz" b e a polynomial of degree n such that for some
j=0

t>0,0<k<10<7r<1 and 0<l<n,

n n-1 1+1 | 1-1
kt"a, <t""a,; <. <t"a,<ta xtTa 2>...2ta, >m, #0.

Fokk

Then for 0.<4 <1 the number of zeros of P(z) in [z|< & is less than ——-log '\f B
log— %
5

where

M, =2ayft — 7(a,| + a,)t + 2a,t"™ + 2a [t"* —k(a,|+a,)t"".

Theorem 3: Let P(z) =) a;z’ b e a polynomial of degree n with Re(a;) = «;,
j=0

Im(a;) = B;,j=0212,.....,n such that for some t>0,0 <k;,k, <1,0< 7,7, <1 ,0<I<n

and 0<m<n,
kt'a, <t"a,, <. <t"a,, <t'og, 2t >..>ta, >0, %0
Kt"B, <t"'B  <...<tMp <t >t"B > >tB >1,p,.
1 M,
Then for 0.< 4 <1 the number of zeros of P(z) in [z|< & is less than ——-log— | |
a
log—~ 0
95
where

M, = et — 7, (oo |+ @)t + 2yt + e, t™ =k (|, | + o )™

+2|ﬂ0|t_Tl(|ﬁ0|+ﬁ0)t+2ﬂmtm+l +|ﬂn|tn+l _k2(|ﬂn|+ﬁn)tn+l'
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Remark 3: For different values of the parameters, we get many interesting results.
For example for k=1, r =1, Theorem 3 reduces to Theorem H . For t=1, it reduces
to Theorem E .

2. Lemmas
For the proofs of the above results, we need the following results:

Lemma 1: Let z,,z, e Cwith [z]>|z,| and Jargz, —ﬂ‘SaS%, j =12 for some real

numbers «and g.Then
|2, — 7, < (|2)] =]z, cos x + (|, | + |z, ])sinex .
The above lemma is due to Govil and Rahman [3].
Lemma 2: Let F(z) be analytic in || <R, |F(z)] <M for |z <Rand F(0)=0. Then
for 0< 5 <1 the number of zeros of F(z) in the disk |z| < ¢t is less than
1 M

For the proof of this lemma see [8, P.171].

3. Proofs of Theorems
Proof of Theorem 1: Consider the polynomial
F(z)=(t-2)P(z) = (t-2)(a, +a,z) +a,2° +..+a,,z2" " +az +a,,2" +.a,_,2"" +a,z"
=at+(at-a)z+..+(@t-a_)z' +(a,t-a)z"" +..+(at-a, )z"—az""

=at+[(at—m,)+ (@, —a,)]z+(a,t—a,)z° +...+(at-a,)z' +(a,t—a)z"™"

+ot[(kat—a, )—(ka t—at)]z" —a, z""
For |z|=t, we have by using the hypothesis and Lemma 1,
F(2)| <ayt +|r, —apt +|at — 7t +[a,t —ay t* +.....+[a,t —a,,|t' +[a, .t —a |t
+ot Kt —a, o [t" +]ka t —a [t" +[a, [t
1

=lapft + A —7)[apt + |ast — @yt +]at —aft® +....+|at—a [t' +]a,t—alt

ot kAt —a, [t + (A—K)[a, t" +[a, [t
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+[(a,t —|a,)) cosa + ([a,[t + |a, ) sina]t? +......
+[(a [t —|a, ;) cosa + (|a |t — [a, ) sin ]t
+[(a |- |a,.[t) cos a +[a, |+ [a,.[t) sin ]t +......

+[(a,4| —kfa, ) cose + (|, |+ k|a,[t) sina]t" + - K)|a, [t" +|a, [t"

= 2Ja |t — 7]a |1+ cos & —sin &) + 2Ja, |t cos  +|a, [t"* (1 + ksina —k cos )

tj+l

+(1-k)|a,[t" + 2sin ani‘aj
j=1
=M,.

Since F(z) is analytic for |z| <t and |F(z)| <M, for |z/=t, it follows by Lemma 2 and
Maximum Modulus Theorem that the number of zeros of F(z) and hence of P(z) in

Llog& and the theorem follows.

|z| < &t is less than or equal to
Iogl |a0|
o

Proof of Theorem 2: Consider the polynomial
F(z)=(t-2)P(z) = (t-2)(a, +a,z) +a,2° +..+a,,z2" " +a,z +a,,2" +.a,_,2"" +a,z"
=at+(at-a)z+..+(at-a,)z +(a,t-a)z"" +..+(at-a,)z"—a,z"

=at+[(at—m,)+ (@, —a,)]z+(a,t —a,)z° +...+(at-a,,)z' +(a,t—a)z™"

+.t[(ka,t—a, ) —(ka,t—a,t)]z" —a,z"
= (o, +if It +[{(o, +1 )t —1(a, +18,)}+{r (e, +18,) — (ay +15,)}z
Fov+ [, 1B = (,, +iB )12 + (e, +iBL I~ (o, +1B)]2'
Fot [{k(e, +ip Nt —(a,, +1B, )} {k(ea, +iB It — (o, +i5,)}Z"

_(an _l—iﬂn)zm-l
= apt +[(aut — 1) + (taty — @)z + o+ ()t — 1) 2" + ()t — )2

tot (ke t—a, ) — (ko t —a, 1)]2" —a, 2" +i[ Bt + (Bt — B,)z
T +(ﬂnt_ﬂn—1)zn _ﬂnzn+l]'

For |z|=t, we have by using the hypothesis
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|F(Z)| < |a0 |t + |ra0 - a0|t + |a1t - 101, |t + |a2t - 051|t2 ot |a|t —0{,_1|tI + |a|+1t -q |t'+l

o K t =t + ket — " + e, [0 | Bolt + (Bt + | Bo Pt + ...
(B, [t+18,aDt" + [

et + @ = 7)|aoft + (gt — o)t + (art — @ )t + oo+ (2t — e )

tj+1

tj+l

= (2|a0| —a)t— z'|ao|t + 20t + 2|05n|tn+l - k(|an| +a "+ ZZH:‘,BJ-
-0

=M,.
The theorem now follows as in the proof of Theorem 1.
Proof of Theorem 3: As in the proof of Theorem 2,

F(2) = apt +[(at —ry0,) + (r,0y — )2+ oo+ ()t — )2 + ()t — ) 2™

+ (1,8, = B)Y + o+ (Bt = B )" + (Bt — B )™+,
+{(k2ﬂnt _ﬁn—l) - (kzﬂnt - ﬁnt)}zn _ﬁnzml]'

For |z|=t, we have by using the hypothesis,

|F(Z)| < |a0 |t + |ra0 - a0|t + |a1t - 101, |t + |a2t - 051|t2 ot |a|t —05,_1|tI + |a|+1t -q |tI+l

o K t = [t H Ky t = T o [t + | Byt + | Bt — 7, Bt
+ 7,80 = Bolt + oo # | Bt = B at™ +|Bat = Buft™ e+ K Bt = Bt
+ [k, Bt = Butt" +|B, [t

= |a0|t +(1- rl)|a0|t + (gt — o)t + (et —a )t + .+ (gt — o Ot

+ (o = ™ e+ (@ — Ko O+ (= K|, [t +|Bolt + A —7,)| ot
+ (ﬂ1t - Tzﬁo )t + (:th - :Bl)t2+ ------ + (ﬁmt - ﬂm—1)tm + (/Bm - :Bm+1t)t "
+ (ﬂn—l - kzﬂnt)tn + (1_ k2)|ﬂn |tn + |ﬂn |thrl

45


http://www.ijiset.com/

A&r*"“"*\);‘ IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 1 Issue 2, April 2014.
SN, |

( (I,]ISI-,};Q
; Yy www.ijiset.com

o S

ISSN 2348 - 7968

= 2|a0 |t -7, (|a0| +ag)t+ 2ot + |05n|tn+l -k, (|an| +a )t

+ 2| Bo[t = 7. (|Bo| + Bt + 2B, t™ +| B, " =k, (B, + B
=M,.

The result now follows as in the proof of Theorem 1.
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