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Abstract
We give and follow (E.Ko,J.E,Lee[15] a characterization of a complex symmetric

sequence of symbols of Toeplitz operator Ty, ., ON the Hardy space H?. Moreover, if Ty 0, is

a complex symmetric sequence of symbols of Toeplitz operator, we provide a necessary and

sufficient condition for Ty 0, 10 be normal. Finally, we investigateTy 0, with finite sequence

of symbols.
Introduction

For L(H) be the algebra of bounded linear operators on a separable complex Hilbert
space H. For an operatorT € L(H), letT* denote the adjoint of T. An operator T €
L(H)isnormal if T*T = TT*, subnormal if there exists a Hilbert space K containing H

and a normal operator N on X such that N < 3 and T = Ny, and hyponormal if

T"T — TT* = 0.

A conjugation on H is an antilinear operator C : £ — # with C? = I which satisfies
(Cx,Cy) = (y,x) for all x,y € H. For a conjugation C, there exists an orthonormal basis
{entm=o for H such that Ce, = e, for alln (see [4] and [6]). We call an operator T €
L(H) complex symmetric if there exists a conjugation € on H such thatT = CT*C. The
class of complex symmetric operators includes all normal operators, Hankel operators,
truncated Toeplitz operators, and Volterra integration operators. see [6,7,12,11]. Let L? be the
Lebesgue (Hilbert) space on the unit circle 0D, and let L* be the Banach space of all
essentially bounded functions on dD. Then it is well-known that {e,(z) = z,: n =
0,+1,42,43,...}is an orthonormal basis for L. If f,,, € L2, then the sequence of functions

fn is expressed as f,(z) = Y2 _o X fin(n)z™ where f,,(n) denotes the nth Fourier
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coefficient of the sequence of f;,,. The Hilbert Hardy space, denoted by H?, consists of all

functions f,,, analytic on the open unit disk D with the power series representation

[oe)

fn(2) = z Za,’{‘z” where Z Z [a|? < oo,
n=0

n=0

or equivalently, with supg<,< e (if02"2|fm(re"9)|2d9)<oo, It is clear that H? =

span{z®: n = 0,1,2,3,...}.Forany ¢,, € L%, the Toeplitz operator Ty, :H? — H?is
defined by the formula

TZ(pmfm = P(Z Omfm)

for f,, € H?> where P denotes the orthogonal projection of L? onto H2. It is known
that Ty, ., is bounded if and only if ¢,, € L and, in which case, ||T5,. || = Zllom lleo- A
Toeplitz operator Ty, is called analytic if ¢,, € H®, i.e., ¢, is a sequence of bounded
analytic functions on the unit disc D and coanalytic if ¢,, € H* where ¢,, denotes the

complex conjugate of ¢,,,. For 1 € I, the reproducing kernel K for H? is given by K; (z): =

—and (fy, K3) = fu (D) forall f,, € HZ

The study of complex symmetric operators and Toeplitz operators provides deep and
important connections with various problems in the field of quantum mechanics (see
[5,13,1]). In 1960s, A. Brown and P. Halmos [2] proved that Ty, is normal if and only if

¢m = a+ B, where p is a real-valued function in L* and a, 8 € C. In 1970, P. Halmos [9]

raised for the problem of characterizing subnormal Toeplitz operators. It is apparent that

every normal or analytic Ty, is subnormal. In general, Ty, may not be a complex
symmetric operator. However, if Ty, is a complex symmetric and hyponormal operator,
then Ty, is normal from [14]. Recently, K. Guo and S. Zhu [8] have raised the following

interesting question.

Question. Characterize a complex symmetric sequence of Toeplitz operator on the Hardy

space H? of the unit disk.

Eungil Ko , Gi Eun Lee (see {15}) study properties of complex symmetric sequence of

Toeplitz operators Ty, on the Hardy space H*. We provide a characterization of such an

operator Ty, and we give a necessary and sufficient condition for a complex symmetric
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sequence of Toeplitz operators Ty, to be normal. We examine these Ty, with finite

symbols.
2. Complex symmetric sequence of Toeplitz operators

We study complex symmetric sequence of Toeplitz operators Ty, on the Hardy space
H?. In particular, we give a characterization of such operators. We first start with the
following theorem (see {15}).

Theorem 2.1. For ¢,, € L*, let Ty, be a complex symmetric operator on H?. If Ty, is

analytic or coanalytic, then ¢, is either identically zero on D or a nonzero constant function
onD.

Proof. Let ¢, be not identically zero on D and let Ty,  be analytic. If ¥ ¢,,(4) = 0 for
some A in D, then Y, ¢,,(z) # 0 for all z in some open set U of D which does not contain A.

Since Ty, K2 = X omDKy = 0, || Ty, CK|| = |

Ty, Kal| = 0,and so
Ty, CKy(z) = 0forallz € D. Moreover, since ¢, € H*, Y. ¢,(2)CK;(z) = 0 forall
z € . Thismeans that CK;(z) = Oforall z € Uandhence CK; = 0 on D by the identity

theorem, which is a contradiction. Hence ¢,,, does not vanish on ID.

Now fix @ € D. Then
CTyy Ko — T5p, CKa = CZ(pm(a) Ko — T54,,CKs
= D om(@CKy = ) P(omCKS)

= D [om(@ = ¢l CKy = 0. (1)

Since K, does not vanish on D, it follows that CK, does not vanish on D either. Hence
Om = @m(a) for the fixed ¢ € D from (1) and therefore, ¢, is a nonzero constant function
on D. On the other hand, if Ty, is coanalytic, then ¢, is in H®. Hence ¢,, must be a

constant function or ¢,, = 0 by a similar argument.

We recall that for u,, € H?> with the power series representation wu,,(z) =
Yn=o Xan ,z", we define the function @, on the boundary of D by fiy, () :=
Y* , Yale™. A function u,, € H? is called inner if ¥ |ii,,(e‘?)| = 1 for almost all @.

We remark that if ¢,, € H®, then Ty, is subnormal. Moreover, in this case, if Ty, is
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complex symmetric, then it must be normal from [14, Lemma 3.1]. Hence, from [2,

Corollary, p. 98], ¢, = a + B, where p is a real-valued function in L* anda,B € C.

From Theorem 2.1, we know thata = f = Oora = Oand f = 0.

Corollary 2.2. (see[15]) If ¢,, is a nonconstant inner function on I, then Ty, is not a

complex symmetric operator with conjugation C.

Proof. If ¢, is a constant function on D, then Ty, is clearly a complex symmetric operator.

Otherwise, the proof immediately follows from Theorem 2.1.

We denote by (¢,,)+ and (¢,,)- the positive and negative parts of ¢,,, respectively:

(om)+(2) = i D on2", (o) () = i > Pz and Y (gdo(2)
n=1 n=1

= > onOes

Hence ¢, = (@m)+ + (@m)o + (@m)—. In the following lemma, we give a new

conjugation on the Hardy space H2. (see[15])

Lemma 2.3. For every ¢ and 6, let Cz g : H> — H? be defined by

oo (3 ) = 4 3 6D

Then Cg g is a conjugation on H?. Moreover, C¢ g and Cgﬁ are unitarily equivalent where

(&,0) satisfies the equation § — kf = —& + k@ — 2nm foreveryk € Nandn € Z,

Proof. Let Cgp : H?> — H? be defined by Ceo(T fin(2)) = €% X f,n(ei9Z) for all & and 6.

Then C¢ g is clearly antilinear. Since

C2o Y fn(®) = Cop () ¥ Fn(eD) = e¥eit ) f(e0e7) = ) f(2),

it is involutive. Moreover, we get that

(Ceo ) Fn(),Cen Y Gn(D) = (€Fn(e2), e gn(e?D)

[ S o
oD
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Define a map @ on 9D as d(z) = ez

Then ®(z) is continuous on @D and equation (2) becomes

fa ] D gn(@@)fn(®@) dpt = fa ) Y G D@ dit® D7 = (G2, fn ()

due to the fact that ®~1(dD) = 9D. Thus C¢ g is isometric and hence C; 4 is a conjugation
on H2. On the other hand, if we define V: H> - H? by V Y hy,(2) = e ¥ h,,(ez) for
every £ and @, then V* Y h,,(2) = e %h,,(e2) so that V becomes unitary. Since (£,6)
satisfies  the  equation -k = —& +k6 —2nm, it follows that for
hm(2) = Xi20 Xaf" 7,

([e€hm(e™7) — % hy,(e? 2)],7°)

= Z( eifz al (e‘ief)j — e ¥ z af" (eig E)j ,Z°)
=0 =0 ]

[o0] [o0] 1

. i _' _._ - _' _k

= ( e‘fz Za}"e oz _ g~i§ Z Za}" e 7 1, 7°)
j=0 j=0 ]

= Zaiﬂ [ei(s_"e) - ei(_EH‘E)] =0

when al* is nonzero. Thus we have Y e %h,,(e"1z) = ZeiE hm(ei5 z) and therefore

V'CeoV hm(2) = V'Ceplehn(e2)] = V" Zle¥etthy (e19eiz)]

= V*Zm = e‘ifzm = zcg,ia’ hin(2)

for all h,, € H?. This means that V Cz5 = CgpV for all & and 6. Hence Cgg and Cgy are

unitarily equivalent.

We next investigate conditions for a Toeplitz operator Ty, to be complex symmetric

with the conjugation Cg g on H?. (see[15])

Note that Cg,g (Z TZ Om fm) = Cf,GP(Zm Pm (Z?loz—oo fm(n) Zn)
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Theorem 2.4. For ¢,,(2) = Y70 X Pm(m)z™ € L, let Ty, be a Toeplitz operator on

H?. Then the following statements are equivalent:
(i) Ty o, is complex symmetric with the conjugation C; g.
(i)Y om(—n) = X (), foralln € Zwith |A] = 1.
(iii)) X pm(2) = Z(@mdo + Znzr LomM)(Z" + ,2) with 2] = 1.

(V) Zom@ = Z(en)+(@ + Z(@mlo + X(pm)+(e2) for (pn)s € zH?and
some 6.

Proof. (i) & (ii): Let C; (X fin(2)) = e Y £.,(eiZ) for all € and 6. Then

oo (Y. D) = uy. Y wap
k=0 k=0

forall Xi2, Yagz® € H? with [A] = |u| = 1. Assume that Ty,  is complex symmetric

with the conjugation C; ¢. Since

Ceo (Typ 2°) = Ceg p( i Z@m(n)znﬂc) — Cg,g< i Z @m(n)zmk)

n=—oo n=-k

= pu z Z{o\m(n)lnﬂczrwk

n=-k

(3)

and T3, Ceoz* = Ty g (ua'z%) = P(S5_w ¥ Pm(muakz ")

[oe)

_ P(i Zmlukzmk) =y Z Z P (—n)AkzHE  (4)

n=—oo n=-k

for all nonnegative integers k, it follows that @,,(—n) = @, (n)A™ for all n € Z with
|A] = 1. Conversely, suppose that @,,(—n) = @,,(n)A™ for all n € Zwith |A] = 1.

Since |u| = 1, it follows that p is nonzero. From (3) and (4), we have

(CeoTspm = T'som Cen)2"

=S N = 3 Gt

n=-k n=-k
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_ i Z[mﬂ'nﬂc _ mﬂ'k]‘uznﬂc

n=-k

_ z Z[m;{n+k _ lewk]ﬂzrwk — 0.

n=-k

Hence Ty, is a complex symmetric operator with the conjugation C; g.

(i) & (iii): Let Ty, be complex symmetric with the conjugation Cgg. Then, from

assertion (i),

om(2) = i z Pm(n)z™ + Z(Qom)o + i Z P (—m)Z"
= i D oz + ) (omdo + i D> 27"
n=1 n=1

= Z((pm)o + i z (,’o‘m(n)(z" + A"En) (5)

with |A| = 1, and therefore we have the statement (iii).

Conversely, if ¥ on(2) =X(0n)o + Yoer X dm(m)(z™ + AZ") with [4] = 1,
then (5) implies that

(=) = ) (Ome) =

D (@ndo + i D o + Anz”)],e_n>
= Z([i D7 + ) (omdo + i ¢m(n)anz"],e_n> = 1) ()
n=1 n=1

foralln € Z. By (i) < (ii), Ty, is complex symmetric with the conjugation C; .

(i) & (iv): Since Ty, is complex symmetric with the conjugation C¢ g, it follows from

(ii) that
()@ = i > onaz = i > onme®T" = > (9 (%)
n=1 n=1
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for some 6. Therefore,Y. ¢,,(2) = X(@m)+(2) + X(@m)o + X(@m)+(e?2).

Conversely, assume that Y. ¢,,,(2) = Y(0,)+(2) + Y(@n)o + X(@m)+(e9Z) for some
6. Then

(1) = D (@) + (omdo + (@m)+ (7)) e0)

X

forall n € Z. By (i) < (ii), we know that Ty, is complex symmetric with the conjugation

i Pn(Z" + (9mdo + i«ﬁm(n)znz"],e_n> = ") o)

CE’Q.
Notation 2.5. We denote by C; and C, C; = Cypand C, = Cp,

from Lemma 2.3. (Note that Cy, and C, , are unitarily equivalent from Lemma 2.3.) Since

Cien(z) = e (z) = e,(z) for all nonnegative integers n,e,(z) = z™is a C;-real
orthonormal basis for H2. We also know that U = C,C, is a unitary operator with U* =
C,C;. Furthermore, U is complex symmetric with both conjugations C; and C,. If & =
w6 =0and { =m0 = m in Lemma 2.3, we denote C,, and C,, by C3 and C,,

respectively.

We obtain the precise forms of symbol functions with respect to conjugations C; and C,,

respectively.

Corollary 2.6. For ¢,(2) = Yp-—e X Pm(m)z™ € L%, let Ty, be a Toeplitz operator on

H?. Then the following statements hold:

(i) Ty o, is complex symmetric with the conjugation C; if and only if

() = ) (Omdo + 25 D GmmRe(z,

(ii) Ty, is complex symmetric with the conjugation C; if and only if

Pm(2) = Z(q)m)o + szl Pm(2K)Re{z?} + 2i kZl P2k — DIm{z?k"1},.
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Corollary 2.7. (see[15]) under the same hypotheses as in Theorem 2.4, the following
statements hold:

(i) If Ty, is a complex symmetric operator with conjugations C; and C,, then

Y. dm(2k — 1) = 0 for all positive integers k.

(i) I on@) =dn(@ + a +dp(2) and Yp(2) = dp(2) + B + Pi(—2) for

¢m € zH*and a, B € C, then Ty o and Ty, are complex symmetric operators on H?,

Proof. (i) By Theorem 2.4, we have ). ¢,,(n)[1 — (—=1)"] = 0so that Y ¢§,,(2k — 1) =
0 for all positive integers k.

(i) The proof directly follows from Theorem 2.4,

We know from Theorem 2.4 that the matrices (a;} ) and ( ) for complex symmetric

operators Ty, Wwith conjugation C; and C, with respect to the basis {z" : n = 0,1,2,...}

are given by
ap aq a, das ey m a, —a, a, —das ey m
a; a @ dp ™ .. a, a, ~—a4 Qa \

(a a, 41 A a , (dT;, _la, @ a, —a, }
as a, a, aop as a, a, a,

where a* = ¢,,(k) for positive integer k. In this case, (a{’-‘ = (af}) and (aT? ) =

(a )where t denotes the transpose. A simple observation of these matrices immediately

gives us the following corollary (see[15]).

Corollary 2.8. If (af}) and (a]?') are matrices in the previous notes, then the following

properties hold:

(i) (ai) is self-adjoint if and only if af* = a forallk = 0,1,2,....

(i) (a) is self-adjoint if and only if at = aji and alt,, = —ajL,, for all k =
0,12,...

Remark 2.9. For any ¢,,, € L%, let Ty, be a Toeplitz operator on H?. Then we get the

same results as in Corollary 2.6:
(i) Ty ,,, is complex symmetric with the conjugation C; if and only if
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om(2) = ) (Omdo + 25 D Pm(mRe(z,
n=1

(i) Ty, is complex symmetric with the conjugation C, if and only if

e

0, (2) = 2(%)0 4 zi Z@m(zk)Re{ZZk} + 2i Z Z@m(Zk ~ DIm{z2c1),
k=1

k=1

We observe from Theorem 2.4 that if ¢,,(n) = @,,(n) for all n € Z, then the bilinear

formX[T, fm gm] defined by X[T, fm m|= 2AT,. fm Ceogm) is bounded and

symmetric. Indeed,

> pifin Gl = D T Co9m) = 9 Tpfon CeoGmd = P Ui CeoTp )
= Z[fm' qumgm]

from Theorem 2.4. Moreover, we have

> Tipfin gll = [ (Top s Ce9m)| < Y oyl ICe0ml
< D (1Tl Wfnllll gonll = D gm s Wfinllll gl

If (pm)- = (@m)+ in Theorem 2.10, then Ty, is clearly normal from [2] or [10, p. 157].
In the following theorem, for a complex symmetric operator Ty,  Wwith the conjugation C; g,
we provide a necessary and sufficient condition for Ty, to be normal. Furthermore, we

examine symbol functions of normal and complex symmetric sequence of Toeplitz operators.
(see[15])

Theorem 2.10. Let ¢,, be in L* such that ). ¢, = X(om)+ + 2(0m)o + X(@m)_ Where
(pm)+ and (@p,)_ are defined previously. If Ty, is complex symmetric with the
conjugation C; g, then Ty, is normal if and only if for some {, ¢, (n) = elC+n0) 5 (n)

for all positive integers

Proof. If Ty, is complex symmetric with the conjugation C;g, then it follows from

Theorem 2.4 that @,,(—n) = @, (n)e® for some 6. It is known from [2] or [10, p. 157]
that if ¢,,, € L™, then

Ty y,, is normal if and only if (¢,)- = A(¢,,) + forsome 1 € C with
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4] = 1. (6)

From this, we conclude that Ty, is normal if and only if for some ( @, (n) =

e!G+nd 4 (n) for all positive integers n.

In the corollary stated below, the symbols ¢,, of (i) and (ii) are exactly the Brown and

Halmaos type functions of [2] (see[15]).

Corollary 2.11. Let ¢, be in L* such that Y ¢,, = X (0n)+ + 2(@m)o + 2(@m)—_. Then
the following statements hold:

(i) If Ty, . is complex symmetric with the conjugation C;, then Ty, is normal if and only if

Y om(2) = X(om)o + 2¢7% Re { Yoo ¥ eigrﬁm(n)Re(zn)} for some 6.

(ii) If Ty, is complex symmetric with the conjugation Cs, then Ty, is normal if and only

if a symbol function ¢,,, has the form:

On(®) = Y (pudo + 2673 Re{Z et qsm(zme(z%)}
k=1

9 = 0
+ 2ie™2 Im{z Z e'z P2k — 1)Im(zz"‘1)}.
k=1

Proof. (i) Assume that Ty, is complex symmetric with the conjugation C;. It follows from
Theorem 2.10 that Ty, is normal if and only if @,,(n) = A@y,(n) for all positive integers

n and for some A with |A| = 1. By Corollary 2.6(i), we get that ¢,,(z) = X(@m)o +

2Yn=1 X @m(m)Re{z"}. Moreover, since Ty, is normal, it follows that

om(D) = ) (@ + 2§ D Pm(mRe(z")
n=1
= Z((pm)o + 25: Z(ﬁm(n)Re{Z"} + i Zew(ﬁm(n)Re{Zn}
n=1 n=1
= Z(fpm)o t2e72 Re{i Ze‘g gﬁm(n)Re(Z")}

for some 6. The converse statement follows from [2].

163


http://www.ijiset.com/

IISET - International Journal of Innovative Science, Engineering & Technology, Vol. 10 Issue 01, January 2023
ISSN (Online) 2348 — 7968 | Impact Factor — 6.72
Www.ijiset.com

(ii) Let Ty, be complex symmetric with the conjugation C,. Then, by Theorem 2.10,

Ty, is normal if and only if (=1)"@,,(n) = A¢,,(n) for all positive integers n and for

some A with |A] = 1. From Corollary 2.6(ii), we obtain that

om(2) = D (mdo + 2§ D Pm(@hORe(z)
k=1

e

+ 2i z Z(ﬁm(Zk — 1)Im{z2*1}.

k=1

Moreover, since Ty,  is normal,

0 (2) = Z(gom)o + szl Z(ﬁm(Zk)Re{zz"}+ 2i Z Z<ﬁm(2k _ DIm{z21)

k=1

= Z(«pm)o +i Zam(Zk)Re{zz"} +i Zei%m@k)Re{Z”‘}
k=1 k=1

+i Om 2k — DIm{z?k"1} — i e, (2k — 1) Im{z?1}
2 2 22
.0 - .0
= (pm)o + 272 Re{ e'z @m(Zk)Re(zz")}

0 = 9
+ 2ie ™2 Im{Z Z ez P2k — 1)Im(zz"‘1)}
k=1

for some 6. The converse statement follows from [2].

We consider some more applications of Theorem 2.10. (see[15]).

Corollary 2.12. For ¢ (2) = YXpt-o 2 Pm(n)z™ € L%, let Ty, be a Toeplitz operator
on H?. If Ty, is complex symmetric with the conjugation C; g, then Ty,  is unitary if and

only if for some &, @,,(n) = &G (n) for all positive integers n and

D D onmonn k=D = ) pu(-m)pm(~n + k = D)
n=—k n=-k

- (Lifk =

0ifk #

L
l
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Proof. Let Ty, be complex symmetric with the conjugation C¢ . If Ty, is unitary, then

Pm(n) = &9 5 (n) for some ¢ and for all positive integers n from Theorem 2.10.
Since Ty, “ Ty, = I, it follows that

1 =Ty, Tye,z"2") = (P( i Z([)m(n)zn+k),P( i Z(ﬁm(m)zm+k))
= <i > Gz, i D> Pm(m)zm) = i gl )
n=-k m=-k n=-k
and if k # [, then
0 = (Ty, Ty, 252 = (P( i Z([)m(n)z’”"),P( i Z([)m(m)zm” ))

- <§ D Pmmz, i D ommyz™)
m=-l1

n=-k

[o9)

= > D ot k=D (®

n=-=k

for all positive integers k,l. Similarly, since T2<me§<pm =1, we get that

52 lom(-mIF = 1and T2 T @m(-m)Pm(—(n + k — D) = 0ifk # L

Conversely, let

Yok 2Om(—n)Pm(—(n + k = D) = {%)llffll(c jt ll for all positive integers I, k, and

Y Pm(m) = €Oy 5 (n) for all positive integers n. By Theorem 2.10, we conclude

that Ty, Ts 0 = Ty om0, MoOreover, we have
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D T Topn 2 = D D G @z, Y mlm
n=-k m=—1
> D 1ontl = 1ifk = 1
— n=-k
lz Zcﬁm(n)cﬁm(n +k -1 =0ifk # 1

n=-k
for all positive integers k,l. Hence TZ<meZ*<pm = I and therefore Ty, is isometric and

unitary. If Ty, = T"s,, there is self-adjoint, if || T, || < 1 then it is a contraction and if

T*5 omTs om = T2 omT 'S 0y = 0 then it is hyponormal.

Corollary 2.13. (see[15]) for ¢,,(2) = Y7o X Pm(m)z™ € L%, let Ty, be a Toeplitz

operator on H2. Then the following arguments hold:

(i) If $p,(—1) = Py, (n) for alln > 1and @,,(k) = e®P,,(k)for some positive integer k

and for all 6, then Ty, is nonnormal and complex symmetric.

(i) If @,p(—n) = @, (M)(=D™ for all n > 1 and (=1)"@,,(k) = 9@, (k)for some

positive integer k and for all 8, then Ty, is nonnormal and complex symmetric.

Proof. The proof follows from Corollaries 2.6 and 2.11.

We now investigate complex symmetric Toeplitz operators with an arbitrary conjugation
C on H2. Moreover, we compare an arbitrary conjugation C of a complex symmetric operator

TZ Om with Cg'g.

Theorem 2.14. [15] let ¢,,, be in L* such that Y. ¢, = YX(@m)+ + 2(Om)o + X(@m)_. If
C is a conjugation on H? and Ty, is a complex symmetric operator with conjugation C,

then

k-1
D0 D omlk = Dal* = fn(=C - D)aF 1]
i=0

= > D o v — (-] 9)

n=1
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for all k where al* = (f,, z%),a* = (Cf,, z*),andy, = (Cz/,z¥) forall f,, € H2.

Proof. Let C be a conjugation on H? and Ty, be a complex symmetric operator with

conjugation C. Direct calculation shows that

(Pm)sfm + P(@m_fm)(= CP((Pm)+Cfm) + C((¢n)-Cfm) (10)

where P denotes the orthogonal projection of L? onto H? Now, put
fm(z) = X% Xa*z/ € H*and Cfy(2) = X%y Yaz/ € H* where aqf' =
Y{fn 2’y and @ = ¥(Cfim,2’) . Since (pm)+(2) = Xpz1 X Pm()z™ and () (2) =

Y2 NP, (—n)z™ it follows that

et - i [kZl D ol - par|
k=1 i=0 d

P(om_fm) = i [i Zarr{l+k@m(_n)- z¥,
k=1 Ln=1 4
P((@m)+Cfm) = Z [Z Z m(ﬁm(n)
n=1

k=1
(Pm)-Cfm) = Prn(—(k — 1) F:ﬁl .
(o) -Ch) Z[ > o=k - D)a ]z

(1D

7,

k-1
k=1

i=0

Equation (10) implies that

D O @) + Y P (G fn(D), 7))
= D (CP (T Chn@). 7)) + D (C((@m)-Chn(2)), 2 (12)

for all j. Next, from (11), equation (12) becomes

j-1

DD nl - Da + i SAIC
n=1

i=0
= Y (CP(@m + @), 2 + D (C(pm_Cn(), )

= D (CZ P@r + Chu@)) + ) (€2 g Chn(2) (13)
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for all j. Since{1,z,22...} is an orthonormal basis for H?,{C;,Cz Cz?%,...} is also an

orthonormal basis for H?. Moreover, since Cz/ € H?, set Cz/ = Y2, y.z° where

>2o l¥s|*> = 1.Then equation (13) becomes

RZ: D, ok = Dal* + 2 D @ m(-n)

- Zi Vszs'Z [i Y etm)
+ <§0 yszs,z [kzo > o~k - i))&zn]zk>

_ i > oM@ v + kzo S on(—lc - D)ve b

for all k. Hence we conclude that

z¥)

k-1
>0 D [omtk = D" = fm(~(k = D) vi]
i=0

Z Z[(Pm(n)anﬂcyk - arT+k¢m(_n)]

n=1

for all k where al* = Y(fy, z%),aq = Y(Cfn, z¥), andy, = (Cz/,z*)forall f,, € H2.

Corollary 2.15. (see [15]) under the same hypotheses as in Theorem 2.14, if Ty, is a

complex symmetric operator with the conjugation C; g, then

k-1
> D =k = D) = Gl — D] "
i=0

= > D [on(-m) = Fpm] aie, (15)

n=1

where |A| =

Proof. Let h,,(2) = Ypey Y apmzFand gn(2) = Y X5%, Bmz®, where
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o) k-1
= > = n) andfy = > Y G~k - D)
n=1 i=0

Then Chy(2) = oy ¥ @pz® and Cgp(z) = Yoy X PBmzF. If C = Cgp in Theorem
2.14,then a = pA;al™ with [u] = |A| = landso

k-1
Z D WG () =and @l D' Y =k — D)a"
i=0

Then @ = ((Ceo By | Ziza Zad™ al, fm(m)|2*), 2%)

= (Cs g i [Z Z!Mnﬂ( ap  Pmm)| z
k=1
= (uaz" 2 [Z D T fn ()| 2 = Z > 7 allfm()

and, similarly, 8, = Y&t T o (—(k — D)al™

z¥)

Now, equation (9) implies that
k-1
> D A (= = D) = Pl — D] "
i=0

B i D [onm) = 2" omm] i
n=1

where |A| = 1.Since Ty, is complex symmetric with the conjugation C; g, we know from

Theorem 2.4 that equation (15) always holds.

Remark 2.16. If we putCsg = C; in Corollary 2.15, then

Gt = aap = T Taldn(), and  fn = S Tom(—(k — D)al". Then
equation (9) implies that

k-1
> D [0~k = D) = pulic = D]ap
i=0

- i D o1 = pnlaf,  (16)
n=1
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Since Ty, is complex symmetric with the conjugation C;, we know from Corollary 2.6 that

equation (16) always holds.

Example 2.17. [15] If T, is a unilateral shift on H?, then T, is not a complex symmetric
sequence of Toeplitz operator with conjugation C;. Indeed, since ¢,,(z) = z, it follows that
2 Pm(1) = 1and ) @,,(n) = 0foralln = 1. Then we obtain from (16) that

kf D (@~ = 0) = @l = D]af" - i D (o1 = pnmlak,
i=0 n=1

=D [on(-(0) = o]+ + D oD = Pn(D]af,
= D o1 = Pn(DI @y = > [Fn(=2) — Pm(@)] aZi —

= D on(D(afy — @) # 0

for some k. Thus (16) does not hold.

3. Complex symmetric sequence of Toeplitz operators with a finite symbol

We examine complex symmetric sequence of Toeplitz operators with finite symbols
(see[15]).

Theorem 3.1. Let,,(z) = ﬁz_mo Yapz" whereN > m, > 0 anda)! € C with
NoNZero m_,, , my . Then Ty Pme is complex symmetric with the conjugation C¢ g if and only
if my =N and for some 6,a™, = ape™?for alln = 1,2,...,N. In particular, Ty, is
normal if and only if a™, = ale™® and a™, aft = elMo~KO gm G for allk =
1,2,...,my — 1.

Proof. Let Ceo (X fm(2) = €8 % fru(e'2). Then
Ceo( Yo Xagzh) = u¥i, XA%aizMfor all Y, Yap'zk € H>with || =

|lu| = 1. Suppose that Ty, is complex symmetric with the conjugation C¢ . Since
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oS Tpn®) = CeoP z S e _C$9< X m)
n=-mg n=-k
N
=u Z Zarrlnlln+kzn+k (17)
n=-k

and

Ts . Cegz* = uTy,, (A42¥) = pP Z Za,’{%kz‘"’fk

my mg
Z Z am Akt | = Z Z a™ Akztk o (18)
n=—N

n=-k
it followsthat N = mgyand a™, = aj'A" foralln = 1,2,...,N with |[1] =

Conversely, we assume that N = m, and a™, = ap'A" for alln = 1,2,...,N with

4] = 1.Let @ (2) = XN-—m, Xanz" Then

1

)+ @) = i > @z and (pn)-(2) = - Z Z > aman
n=1

n=—m

Since N = mgand a™, = aptA* foralln = 1,2,...,N with |1] = 1, it follows from (17)
and (18) that

mo

Z[CEQTZQDm TZ(,D ng Z Z m/1n+k n+k __ Z ar_nnlkzn+k

n=-k n=-

N
z Z[arrlnlvwk _ ar_nnlk] Zn+k

n=-k

Z Z amAn+k _ aTrIlAan] Zn+k = 0.

n=-k

Hence Ty, is complex symmetric with the conjugation C¢ . For a trigonometric polynomial
¢m, it is well known from [3, Corollary 1.5] that Ty, is normal if and only if [a”, | =

lam | with al # 0and
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—m
a_;\™m a,
a_; a,
m — ,m 2
amo E - a—mo . (19)
A_m am

Since Ty, Is complex symmetric with the conjugation C;g, it follows from the first
statement that a™, = a™e™® foralln = 1,2,..., m,. Hence from (19), we conclude that
Ty, is normal if and only if a™,, = e™® Y aR and all aft = Mo~ 3 g o7 for
alk = 1,2,...,my — 1.

Corollary 3.2. (see[15]) let @, (2) = Yn° , apz"for agt € C with nonzero
aly,, am. If Ty, is complex symmetric with the conjugation Cep, then Ty, is unitary if

and only if a™, = Ye'™a Y al aft = % el(mo=k)0gm gin and

mo
— 1ifk = [,
z zan Apik-1 = z zar—nnar—n(mk—l) = {Oifk + 1

n=-k n=-k

forall k,I = 1,2,...,m,.

Proof. Assume that Ty, is complex symmetric with the conjugation C; . If Ty, is unitary,
then a},, = Zar’ﬂoeimoe and ay ay' = Zei(mo‘k)eam ap for allk = 1,2,. -1

from Theorem 3.1. Since Ty, Ty, = I, it follows that

m
1 = Z(TZ“’ Ty 2%, 2%) = Z(P Z Z mntk Z a* z/*k )
j=-mg
my my
= Z apz™k, Y araty = 3 N lalk (0)
n=-—k j=—k n=-—k
and, if k # [, then
m m
0 = Z(Tf(meZ(mek,Zl> = Z(P Z a,’{’z"“‘ , P Z a}” Zj+l )
n=-mq Jj=-mg
mo m
z z m n+k Z a]m Zj+l> = Z Za;lna?rll+k—l) (21)
n=-k j==1 n=-k
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for all k,l = 1,2,...,m,. Conversely, if
am,, = Yemfan o g =3 elmo=ifgm gm and

mo mo
2 : 2 : — 2 : 2 : — 1ifk = I,
arrlnazlﬁk—l) = aTnaT(n+k—l) = {Oifk + 1

forallk,l = 1,2,...,mg, then Ty, Tsy,. = Ts 4, T5 ., from Theorem 3.1. Moreover, we

have

3 TS o =)
J=-1 Lz A ey = 0ifk # I
n=-k

forallk,l = 1,2,...,m,. Hence T2<me§<pm = [. Similarly, we obtain that

mo
Z Z|a@n|2 = 1ifk = I,

Z(TZ(PmTZ*(PmZk'Zl> = < n——k

Z Z amam o = 0ifk # I

\n=—k

forall k,l = 1,2,...,mq. Hence Ty, Ty, = I and therefore Ty,  is unitary.

Corollary 3.3. (see[15]) letgp,,(z) = -m, Xanz'for ay' €C with nonzero

a®i,, am,. If Ty, is complex symmetric with the conjugations C; and C, and it is normal,
then ap} aip' = amoﬁ when k + mgyiseven, ap* = Ofork = 2,4,6,...,my — 1 when

mg isodd, oray* = 0fork = 1,3,5,...,m, — 1 when m is even.
Proof. Since amoﬁ = (—1)™ +"am0ak by Theorem 3.1, it follows that my, + k is even
or ayt = 0 whenm, + kisodd. If k + m, is even, we get that a_,’,”loa}(” = amoﬁ. Now

assume that k + m, is odd. If m, is odd, then k is even and so (1 + (—1)")a_,’,,’{()akm = 0.

Since ap;, is nonzero, this implies that ai* = 0 for k = 2,4,6,..,my — 1.1f m, is even,
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then k is odd and hence (1 — (—1)"")a_,’,’{0a}(” = 0.Since azy, # 0, it follows that

IISET - International Journal of Innovative Science, Engineering & Technology, Vol. 10 Issue 01, January 2023

=0 fork = 1,3,5,...,my — 1.
Using Theorem 3.1, we give examples of nonnormal and complex symmetric sequence

of Toeplitz operators with a finite symbol (see[15]).

Example 3.4. Suppose that ¢, (z) = iz3 + z + z + iz> and Y, (2) =222 + z + i —
Z + 2Z°. Then the matrices for Toeplitz operators Ty, and Ty, ~With respect to the basis

B ={z":n=0,1,2,...}aregiven by

O RO
T ORrR OR o
RO RO~

Hence, by Theorem 3.1, Ty, and Ty, are complex symmetric with respect to the

conjugations C; and C,, respectively. But, since a —al 3a1 and a2 a™ —a™aitare

nonzero, both Ty, and Ty, are not normal from Theorem 3.1 or [3].

n+1

Example 3.5. (see[15]) let ¢, (2) = €9(3z™* + z" + z™ + 3z ) for some 6. Then

Ty .. is complex symmetric and normal from Theorem 3.1.
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