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Abstract 

        We give and follow (E.Ko,J.E,Lee[15] a characterization of a complex symmetric 

sequence of symbols of Toeplitz operator T∑φm on the Hardy space H2. Moreover, if 𝑇∑𝜑𝑚 is 

a complex symmetric sequence of symbols of Toeplitz operator, we provide a necessary and 

sufficient condition for 𝑇∑𝜑𝑚 to be normal. Finally, we investigate𝑇∑𝜑𝑚   with finite sequence 

of symbols. 

Introduction  

        For ℒ(ℋ) be the algebra of bounded linear operators on a separable complex Hilbert 

space ℋ. For an operator 𝑇 ∈ ℒ(ℋ), let 𝑇∗ denote the adjoint of 𝑇. An operator 𝑇 ∈

 ℒ(ℋ) is 𝑛𝑜𝑟𝑚𝑎𝑙 if 𝑇∗𝑇 =  𝑇𝑇∗, 𝑠𝑢𝑏𝑛𝑜𝑟𝑚𝑎𝑙 if there exists a Hilbert space 𝐾 containing ℋ 

and a normal operator 𝑁 on 𝒦 such that 𝑁ℋ ⊂ ℋ and 𝑇 =  𝑁|ℋ , and ℎ𝑦𝑝𝑜𝑛𝑜𝑟𝑚𝑎𝑙 if 

𝑇∗𝑇 −  𝑇𝑇∗  ≥  0.  

        A 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑖𝑜𝑛 on ℋ is an antilinear operator 𝐶 ∶ ℋ → ℋ with 𝐶2 =  𝐼 which satisfies 

〈𝐶𝑥,𝐶𝑦〉  =  〈𝑦, 𝑥〉 for all 𝑥, 𝑦 ∈ ℋ. For a conjugation C, there exists an orthonormal basis 

{𝑒𝑛}𝑛=0∞  for ℋ such that 𝐶𝑒𝑛  =  𝑒𝑛 for all 𝑛 (see [4] and [6]). We call an operator 𝑇 ∈

 ℒ(ℋ) complex symmetric if there exists a conjugation 𝐶 on ℋ such that 𝑇 =  𝐶𝑇∗𝐶. The 

class of complex symmetric operators includes all normal operators, Hankel operators, 

truncated Toeplitz operators, and Volterra integration operators. see [6,7,12,11]. Let 𝐿2 be the 

Lebesgue (Hilbert) space on the unit circle 𝜕𝔻, and let 𝐿∞ be the Banach space of all 

essentially bounded functions on 𝜕𝔻. Then it is well-known that {𝑒𝑛(𝑧)  =  𝑧𝑛 ∶  𝑛 =

 0, ±1, ±2, ±3, . . . } is an orthonormal basis for 𝐿2. If 𝑓𝑚  ∈  𝐿2, then the sequence of functions 

𝑓𝑚 is expressed as 𝑓𝑚(𝑧)  =  ∑  ∞
𝑛=−∞  ∑𝑓𝑚(𝑛)𝑧𝑛 where 𝑓𝑚(𝑛) denotes the nth Fourier 
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coefficient of the sequence of 𝑓𝑚. The Hilbert Hardy space, denoted by 𝐻2, consists of all 

functions 𝑓𝑚 analytic on the open unit disk 𝔻 with the power series representation  

𝑓𝑚(𝑧)  =  �  
∞

𝑛=0

 �𝑎𝑛𝑚𝑧𝑛  where �  
∞

𝑛=0

�  |𝑎𝑛𝑚|2  <  ∞, 

or equivalently, with sup0<𝑟< ∞  ( 1
2𝜋 ∫ ∑�𝑓𝑚(𝑟𝑒𝑖𝜃)�

2
𝑑𝜃2𝜋

0 ) < ∞. It is clear that 𝐻2  =

 span{𝑧𝑛 ∶  𝑛 =  0, 1, 2, 3, . . . }. For any 𝜑𝑚  ∈  𝐿∞, the Toeplitz operator  𝑇∑𝜑𝑚: 𝐻2  →  𝐻2 is 

defined by the formula  

𝑇∑𝜑𝑚𝑓𝑚  =  𝑃(�𝜑𝑚𝑓𝑚) 

for 𝑓𝑚  ∈  𝐻2 where 𝑃 denotes the orthogonal projection of 𝐿2 onto 𝐻2. It is known 

that 𝑇∑𝜑𝑚 is bounded if and only if 𝜑𝑚  ∈  𝐿∞ and, in which case, �𝑇∑𝜑𝑚�  =  ∑‖𝜑𝑚 ‖∞. A 

Toeplitz operator 𝑇∑𝜑𝑚 is called analytic if 𝜑𝑚  ∈  𝐻∞, i.e., 𝜑𝑚 is a sequence of bounded 

analytic functions on the unit disc 𝔻 and coanalytic if 𝜑𝑚  ∈  𝐻∞ where 𝜑𝑚 denotes the 

complex conjugate of 𝜑𝑚. For 𝜆 ∈ 𝔻, the reproducing kernel 𝐾𝜆 for 𝐻2 is given by 𝐾𝜆(𝑧): =
1

1−𝜆𝑧
 and 〈𝑓𝑚,𝐾𝜆〉  =  𝑓𝑚(𝜆) for all 𝑓𝑚  ∈  𝐻2.  

       The study of complex symmetric operators and Toeplitz operators provides deep and 

important connections with various problems in the field of quantum mechanics (see 

[5,13,1]). In 1960s, A. Brown and 𝑃. Halmos [2] proved that 𝑇∑𝜑𝑚  is normal if and only if 

𝜑𝑚  =  𝛼 + 𝛽𝜌 where 𝜌 is a real-valued function in 𝐿∞ and 𝛼,𝛽 ∈ ℂ. In 1970, P. Halmos [9] 

raised for the problem of characterizing subnormal Toeplitz operators. It is apparent that 

every normal or analytic 𝑇∑𝜑𝑚 is subnormal. In general, 𝑇∑𝜑𝑚may not be a complex 

symmetric operator. However, if 𝑇∑𝜑𝑚 is a complex symmetric and hyponormal operator, 

then 𝑇∑𝜑𝑚 is normal from [14]. Recently, K. Guo and S. Zhu [8] have raised the following 

interesting question.  

Question. Characterize a complex symmetric sequence of Toeplitz operator on the Hardy 

space 𝐻2 of the unit disk.  

       Eungil Ko , Gi Eun Lee (see {15}) study properties of complex symmetric sequence of 

Toeplitz operators 𝑇∑𝜑𝑚on the Hardy space 𝐻2. We provide a characterization of such an 

operator 𝑇∑𝜑𝑚and we give a necessary and sufficient condition for a complex symmetric 
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sequence of Toeplitz operators 𝑇∑𝜑𝑚to be normal. We examine these 𝑇∑𝜑𝑚with finite 

symbols.  

2. Complex symmetric sequence of Toeplitz operators  

       We study complex symmetric sequence of Toeplitz operators 𝑇∑𝜑𝑚on the Hardy space 

𝐻2. In particular, we give a characterization of such operators. We first start with the 

following theorem (see {15}).  

Theorem 2.1. For 𝜑𝑚  ∈  𝐿∞, let 𝑇∑𝜑𝑚 be a complex symmetric operator on 𝐻2. If 𝑇∑𝜑𝑚is 

analytic or coanalytic, then 𝜑𝑚 is either identically zero on 𝔻 or a nonzero constant function 

on 𝔻 .  

Proof. Let 𝜑𝑚 be not identically zero on 𝔻 and let 𝑇∑𝜑𝑚  be analytic. If ∑𝜑𝑚(𝜆)  =  0 for 

some 𝜆 in 𝔻, then ∑𝜑𝑚(𝑧)  ≠  0 for all 𝑧 in some open set 𝑈 of 𝔻 which does not contain 𝜆. 

Since 𝑇∑𝜑𝑚
∗ 𝐾𝜆  =  ∑𝜑𝑚(𝜆)��������𝐾𝜆  =  0, �𝑇∑𝜑𝑚𝐶𝐾𝜆�  =  �𝑇∑𝜑𝑚

∗ 𝐾𝜆�  =  0, and so 

𝑇∑𝜑𝑚𝐶𝐾𝜆(𝑧)  =  0 for all 𝑧 ∈ 𝔻. Moreover, since 𝜑𝑚  ∈  𝐻∞,∑𝜑𝑚(𝑧)𝐶𝐾𝜆(𝑧)  =  0 for all 

𝑧 ∈ 𝔻. This means that 𝐶𝐾𝜆(𝑧)  =  0 for all 𝑧 ∈  𝑈 and hence 𝐶𝐾𝜆  ≡  0 on 𝔻 by the identity 

theorem, which is a contradiction. Hence 𝜑𝑚 does not vanish on 𝔻.  

       Now fix 𝛼 ∈ 𝔻. Then  

𝐶𝑇∑𝜑𝑚
∗ 𝐾𝛼  −  𝑇∑𝜑𝑚𝐶𝐾𝛼  =  𝐶�𝜑𝑚(𝛼)���������𝐾𝛼  −  𝑇∑𝜑𝑚𝐶𝐾𝛼   

=  �𝜑𝑚(𝛼)𝐶𝐾𝛼  −  �𝑃(𝜑𝑚𝐶𝐾𝛼) 

=  �[𝜑𝑚(𝛼) −  𝜑𝑚]𝐶𝐾𝛼  =  0.                                           (1) 

Since 𝐾𝛼 does not vanish on 𝔻, it follows that 𝐶𝐾𝛼 does not vanish on D either. Hence 

𝜑𝑚  ≡  𝜑𝑚(𝛼) for the fixed 𝛼 ∈ 𝔻 from (1) and therefore, 𝜑𝑚 is a nonzero constant function 

on 𝔻. On the other hand, if 𝑇∑𝜑𝑚 is coanalytic, then 𝜑𝑚 is in 𝐻∞. Hence 𝜑𝑚 must be a 

constant function or 𝜑𝑚  =  0 by a similar argument.  

        We recall that for 𝑢𝑚  ∈  𝐻2 with the power series representation 𝑢𝑚(𝑧)  =

 ∑  ∞
𝑛=0  ∑𝑎𝑛𝑚𝑛𝑧

𝑛, we define the function 𝑢�𝑚 on the boundary of 𝔻 by 𝑢�𝑚(𝑒𝑖𝜃) ∶=

 ∑  ∞
𝑛=0  ∑𝑎𝑛𝑚𝑒𝑖𝑛𝜃. A function 𝑢𝑚  ∈  𝐻2 is called inner if ∑ |𝑢�𝑚(𝑒𝑖𝜃)|  =  1 for almost all 𝜃. 

We remark that if 𝜑𝑚  ∈  𝐻∞, then 𝑇∑𝜑𝑚is subnormal. Moreover, in this case, if 𝑇∑𝜑𝑚 is 
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complex symmetric, then it must be normal from [14, Lemma 3.1]. Hence, from [2, 

Corollary, p. 98], 𝜑𝑚  =  𝛼 + 𝛽𝜌 where 𝜌 is a real-valued function in 𝐿∞ and 𝛼,𝛽 ∈ ℂ. 

From Theorem 2.1, we know that 𝛼 =  𝛽 =  0 or 𝛼 =  0 and 𝛽 =  0.  

Corollary 2.2. (see[15]) If 𝜑𝑚 is a nonconstant inner function on 𝔻, then 𝑇∑𝜑𝑚is not a 

complex symmetric operator with conjugation ℂ.  

Proof. If 𝜑𝑚 is a constant function on 𝔻, then 𝑇∑𝜑𝑚is clearly a complex symmetric operator. 

Otherwise, the proof immediately follows from Theorem 2.1.  

         We denote by (𝜑𝑚)+ and (𝜑𝑚)− the positive and negative parts of 𝜑𝑚, respectively:  

(𝜑𝑚)+(𝑧)  =  �  
∞

𝑛=1

 �𝜑�𝑚(𝑛)𝑧𝑛 , (𝜑𝑚)−(𝑧)  =  �  
∞

𝑛=1

 �𝜑�𝑚(−𝑛)�����������𝑧𝑛 , and �(𝜑𝑚)0(𝑧)

=  �𝜑�𝑚(0)𝑒0. 

 Hence 𝜑𝑚  =  (𝜑𝑚)+  +  (𝜑𝑚)Ο  +  (𝜑𝑚������)−. In the following lemma, we give a new 

conjugation on the Hardy space 𝐻2. (see[15]) 

Lemma 2.3. For every 𝜉 and 𝜃, let 𝐶𝜉,𝜃 ∶  𝐻2  →  𝐻2 be defined by  

𝐶𝜉,𝜃 ��𝑓𝑚(𝑧)�  =  𝑒𝑖𝜉�𝑓𝑚(𝑒𝑖𝜃𝑧). 

 Then 𝐶𝜉,𝜃 is a conjugation on 𝐻2. Moreover, 𝐶𝜉,𝜃 and 𝐶𝜉,𝜃 are unitarily equivalent where 

�𝜉,𝜃� satisfies the equation 𝜉  −  𝑘𝜃�   =  −𝜉 +  𝑘𝜃 −  2𝑛𝜋 for every 𝑘 ∈ ℕ and 𝑛 ∈ ℤ.  

Proof. Let 𝐶𝜉,𝜃 ∶  𝐻2  →  𝐻2 be defined by 𝐶𝜉,𝜃(∑𝑓𝑚(𝑧))  =  𝑒𝑖𝜉 ∑ 𝑓𝑚(𝑒𝑖𝜃𝑧) for all 𝜉 and 𝜃. 

Then 𝐶𝜉,𝜃 is clearly antilinear. Since  

𝐶𝜉,𝜃
2 �𝑓𝑚(𝑧)  =  𝐶𝜉,𝜃 ��𝑒𝑖𝜉𝑓𝑚(𝑒𝑖𝜃𝑧)�  =  𝑒𝑖𝜉𝑒𝑖𝜉�𝑓𝑚(𝑒𝑖𝜃𝑒𝑖𝜃𝑧)  = �  𝑓𝑚(𝑧), 

it is involutive. Moreover, we get that  

〈𝐶𝜉,𝜃�𝑓𝑚(𝑧) ,𝐶𝜉,𝜃�𝑔𝑚(𝑧)〉  =  〈𝑒𝑖𝜉𝑓𝑚(𝑒𝑖𝜃𝑧), 𝑒𝑖𝜉𝑔𝑚(𝑒𝑖𝜃𝑧)〉  

=   �  
𝜕𝔻

 �𝑔𝑚�𝑒𝑖𝜃𝑧�𝑓𝑚(𝑒𝑖𝜃𝑧)𝑑𝑚(𝑧).                            (2) 
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 Define a map Φ on 𝜕𝔻 as        Φ(𝑧)  =  𝑒𝑖𝜃𝑧. 

Then Φ(𝑧) is continuous on 𝜕𝔻 and equation (2) becomes  

 �  
𝜕𝔻

 �𝑔𝑚�Φ(𝑧)�𝑓𝑚�Φ(𝑧)� 𝑑𝜇 =  �  
𝜕𝔻

 �𝑔𝑚(𝑧)𝑓𝑚(𝑧)𝑑𝜇 ° Φ−1  =  �〈𝑔𝑚(𝑧),𝑓𝑚(𝑧)〉  

due to the fact that Φ−1(𝜕𝔻)  =  𝜕𝔻. Thus 𝐶𝜉,𝜃 is isometric and hence 𝐶𝜉,𝜃 is a conjugation 

on 𝐻2. On the other hand, if we define 𝑉 ∶  𝐻2  →  𝐻2 by 𝑉 ∑ℎ𝑚(𝑧)  =  𝑒𝑖𝜉 ∑ ℎ𝑚�𝑒𝑖𝜃𝑧� for 

every 𝜉 and 𝜃, then 𝑉∗ ∑ℎ𝑚(𝑧)  =  𝑒−𝑖𝜉ℎ𝑚�𝑒−𝑖𝜃𝑧� so that 𝑉 becomes unitary. Since �𝜉,𝜃� 

satisfies the equation 𝜉 − 𝑘𝜃�   =  −𝜉 + 𝑘𝜃 − 2𝑛𝜋, it follows that for 

ℎ𝑚(𝑧)  =  ∑  ∞
𝑗=0  ∑𝑎𝑗𝑚 𝑧𝑗  ,  

〈[𝑒𝑖𝜉ℎ𝑚(𝑒−𝑖𝜃𝑧)  −  𝑒−𝑖𝜉   ℎ𝑚(𝑒𝑖𝜃  𝑧)], 𝑧𝑘〉  

=  �〈�𝑒𝑖𝜉�  
∞

𝑗=0

 𝑎𝑗𝑚 �𝑒−𝑖𝜃𝑧�
𝑗

 −  𝑒−𝑖𝜉   �  
∞

𝑗=0

 𝑎𝑗𝑚  �𝑒𝑖𝜃  𝑧�
𝑗
 � , 𝑧𝑘〉  

=  〈�𝑒𝑖𝜉�  
∞

𝑗=0

 �𝑎𝑗𝑚 𝑒−𝑖𝑗𝜃𝑧𝑗  −  𝑒−𝑖𝜉  �  
∞

𝑗=0

 �𝑎𝑗𝑚 𝑒𝑖𝑗𝜃  𝑧𝑗  � , 𝑧𝑘〉  

=  �𝑎𝑘𝑚 �𝑒𝑖(𝜉−𝑘𝜃)  −  𝑒𝑖�−𝜉 +𝑘𝜃� � = 0  

when 𝑎𝑘𝑚 is nonzero. Thus we have ∑𝑒−𝑖𝜉ℎ𝑚(𝑒−𝑖𝜃𝑧)  =  ∑𝑒𝑖𝜉  ℎ𝑚(𝑒𝑖𝜃  𝑧) and therefore 

𝑉∗𝐶𝜉,𝜃𝑉 ℎ𝑚(𝑧)  =  𝑉∗𝐶𝜉,𝜃 ∑�𝑒𝑖𝜉ℎ𝑚�𝑒𝑖𝜃𝑧��  =  𝑉∗ ∑[𝑒𝑖𝜉𝑒𝑖𝜉ℎ𝑚 �𝑒𝑖𝜃𝑒𝑖𝜃𝑧�]  

=  𝑉∗�ℎ𝑚(𝑧̅)��������  =  𝑒−𝑖𝜉�ℎ𝑚(𝑒−𝚤𝜃𝑧̅)�������������  =  �𝐶𝜉� ,𝜃�  ℎ𝑚(𝑧)  

for all ℎ𝑚  ∈  𝐻2. This means that 𝑉 𝐶𝜉� ,𝜃�   =  𝐶𝜉� ,𝜃�𝑉 for all ξ and θ. Hence 𝐶𝜉,𝜃 and 𝐶𝜉� ,𝜃�   are 

unitarily equivalent.  

        We next investigate conditions for a Toeplitz operator 𝑇∑𝜑𝑚 to be complex symmetric 

with the conjugation 𝐶𝜉,𝜃 on 𝐻2. (see[15]) 

Note that 𝐶𝜉,𝜃�∑𝑇∑𝜑𝑚 𝑓𝑚� = 𝐶𝜉,𝜃𝑃(∑ 𝜑𝑚𝑚 (∑ 𝑓𝑚(𝑛)∞
𝑛=−∞ 𝑧𝑛) 
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Theorem 2.4. For 𝜑𝑚(𝑧) = ∑  ∞
𝑛=−∞  ∑𝜑�𝑚(𝑛)𝑧𝑛  ∈  𝐿∞, let 𝑇∑𝜑𝑚 be a Toeplitz operator on 

𝐻2. Then the following statements are equivalent:  

    (i) 𝑇∑𝜑𝑚is complex symmetric with the conjugation 𝐶𝜉,𝜃.  

    (ii) ∑𝜑𝑚(−𝑛) =  ∑𝜑�𝑚(𝑛)𝜆𝑛 for all 𝑛 ∈ ℤ with |𝜆|  =  1.  

    (iii) ∑𝜑𝑚(𝑧)  =  ∑(𝜑𝑚)0  +  ∑  ∞
𝑛=1  ∑𝜑𝑚(𝑛)(𝑧𝑛  +  𝜆𝑛𝑧

𝑛) with |𝜆|  =  1.  

    (iv) ∑𝜑𝑚(𝑧)  =   ∑(𝜑𝑚)+(𝑧)  +   ∑(𝜑𝑚)0 +  ∑(𝜑𝑚)+(𝑒𝑖𝜃𝑧̅) for  (𝜑𝑚)+  ∈  𝑧𝐻2 and 

some 𝜃.  

Proof. (i) ⇔ (ii): Let 𝐶𝜉,𝜃(∑𝑓𝑚(𝑧))  =  𝑒𝑖𝜉 ∑𝑓𝑚(𝑒𝑖𝜃𝑧) for all 𝜉 and 𝜃. Then  

𝐶𝜉,𝜃  � �  
∞

𝑘=0

 �𝑎𝑘𝑚𝑧𝑘�  =  𝜇�  
∞

𝑘=0

 �𝜆𝑘𝑎𝑘𝑚𝑧𝑘  

for all ∑  ∞
𝑘=0  ∑𝑎𝑘𝑚𝑧𝑘  ∈  𝐻2 with |𝜆|  =  |𝜇|  =  1. Assume that 𝑇∑𝜑𝑚  is complex symmetric 

with the conjugation 𝐶𝜉,𝜃. Since  

𝐶𝜉,𝜃 (𝑇∑𝜑𝑚𝑧
𝑘)  =  𝐶𝜉,𝜃 𝑃 � �  

∞

𝑛=−∞

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘�  =  𝐶𝜉,𝜃 � �  
∞

𝑛=−𝑘

�  𝜑�𝑚(𝑛)𝑧𝑛+𝑘�  

=  𝜇 �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝜆𝑛+𝑘𝑧𝑛+𝑘 

 (3)  

and  𝑇∑𝜑𝑚
∗ 𝐶𝜉,𝜃𝑧𝑘  =  𝑇∑𝜑𝑚(𝜇𝜆𝑘𝑧𝑘)  =  𝑃�∑  ∞

𝑛=−∞  ∑𝜑�𝑚(𝑛)���������𝜇𝜆𝑘𝑧−𝑛+𝑘�  

=  𝑃 � �  
∞

𝑛=−∞

 �𝜑�𝑚(−𝑛)�����������𝜇𝜆𝑘𝑧𝑛+𝑘�  =  𝜇 �  
∞

𝑛=−𝑘

�  𝜑�𝑚(−𝑛)�����������𝜆𝑘𝑧𝑛+𝑘     (4) 

 for all nonnegative integers k, it follows that 𝜑�𝑚(−𝑛)  =  𝜑�𝑚(𝑛)𝜆𝑛 for all 𝑛 ∈ ℤ  with 

|𝜆|  =  1. Conversely, suppose that 𝜑�𝑚(−𝑛)  =  𝜑�𝑚(𝑛)𝜆𝑛 for all 𝑛 ∈ ℤ with |𝜆|  =  1. 

Since |𝜇|  =  1, it follows that μ is nonzero. From (3) and (4), we have  

�𝐶𝜉,𝜃𝑇∑𝜑𝑚  −  𝑇∗∑𝜑𝑚 𝐶𝜉,𝜃�𝑧𝑘  

=  �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝜇𝜆𝑛+𝑘𝑧𝑛+𝑘  −  �  
∞

𝑛=−𝑘

�  𝜑�𝑚(−𝑛)𝜇𝜆𝑘𝑧𝑛+𝑘  

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 10 Issue 01, January 2023  

ISSN (Online) 2348 – 7968 | Impact Factor – 6.72 

www.ijiset.com  

159 
 

=  �  
∞

𝑛=−𝑘

 ��𝜑�𝑚(𝑛)𝜆𝑛+𝑘   −  𝜑�𝑚(−𝑛)𝜆𝑘� 𝜇𝑧𝑛+𝑘  

=  �  
∞

𝑛=−𝑘

 ��𝜑�𝑚(𝑛)𝜆𝑛+𝑘  −  𝜑�𝑚(𝑛)𝜆𝑛+𝑘� 𝜇𝑧𝑛+𝑘  =  0. 

 Hence 𝑇∑𝜑𝑚 is a complex symmetric operator with the conjugation 𝐶𝜉,𝜃.  

       (i) ⇔ (iii): Let 𝑇∑𝜑𝑚 be complex symmetric with the conjugation 𝐶𝜉,𝜃. Then, from 

assertion (ii),  

𝜑𝑚(𝑧) =  �  
∞

𝑛=1

�  𝜑�𝑚(𝑛)𝑧𝑛  +  �(𝜑𝑚)0  + �  
∞

𝑛=1

 �  𝜑�𝑚(−𝑛)𝑧𝑛 

 =  �  
∞

𝑛=1

 �  𝜑�𝑚(𝑛)𝑧𝑛  + �(𝜑𝑚)0  +  �  
∞

𝑛=1

 �  𝜑�𝑚(𝑛)𝜆𝑛𝑧𝑛  

=  �(𝜑𝑚)0  +  �  
∞

𝑛=1

 �  𝜑�𝑚(𝑛)�𝑧𝑛  +  𝜆𝑛𝑧𝑛�                                         (5) 

 with |𝜆|  =  1, and therefore we have the statement (iii).  

       Conversely, if ∑𝜑𝑚(𝑧)  = ∑(𝜑𝑚)0  +  ∑  ∞
𝑛=1   ∑𝜑�𝑚(𝑛)�𝑧𝑛  +  𝜆𝑛𝑧𝑛� with |𝜆|  =  1, 

then (5) implies that  

𝜑�𝑚(−𝑛) = �  〈𝜑𝑚, 𝑒−𝑛〉  = 〈 ��(𝜑𝑚)0  +  �  
∞

𝑛=1

�  𝜑�𝑚(𝑛)�𝑧𝑛  +  𝜆𝑛𝑧𝑛�� , 𝑒−𝑛〉 

=  �〈� �  
∞

𝑛=1

 𝜑�𝑚(𝑛)𝑧𝑛  +  �(𝜑𝑚)0  +  �  
∞

𝑛=1

 𝜑�𝑚(𝑛)𝜆𝑛𝑧𝑛� , 𝑒−𝑛〉  =  𝜆𝑛�𝜑�𝑚(𝑛)  

for all 𝑛 ∈ ℤ. By (i) ⇔ (ii), 𝑇∑𝜑𝑚  is complex symmetric with the conjugation 𝐶𝜉,𝜃.  

      (i) ⇔ (iv): Since 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, it follows from 

(ii) that  

(𝜑𝑚)−(𝑧)  =  �  
∞

𝑛=1

�  𝜑�𝑚(𝑛)𝜆𝑛𝑧̅𝑛  =  �  
∞

𝑛=1

 �𝜑�𝑚(𝑛)𝑒𝑖𝜃𝑛𝑧𝑛  =  �(𝜑𝑚)+(𝑒𝑖𝜃𝑧̅)  
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for some 𝜃. Therefore,∑𝜑𝑚(𝑧)  =  ∑(𝜑𝑚)+(𝑧)  + ∑(𝜑𝑚)0 +  ∑(𝜑𝑚)+(𝑒𝑖𝜃𝑧̅). 

 Conversely, assume that ∑𝜑𝑚(𝑧)  =  ∑(𝜑𝑚)+(𝑧)  +  ∑(𝜑𝑚)0  + ∑(𝜑𝑚)+(𝑒𝑖𝜃𝑧) for some 

𝜃. Then  

𝜑�𝑚(−𝑛) =  �〈� (𝜑𝑚)+ + (𝜑𝑚)0  +  (𝜑𝑚)+�𝑒𝑖𝜃𝑧̅��, 𝑒−𝑛〉  

=  �〈� �  
∞

𝑛=1

 𝜑�𝑚(𝑛)𝑧𝑛  +  (𝜑𝑚)0  +  �𝜑�𝑚(𝑛)𝜆𝑛𝑧𝑛
∞

𝑛=1

 � , 𝑒−𝑛〉  =  𝜆𝑛�𝜑�𝑚(𝑛)  

for all 𝑛 ∈ ℤ. By (i) ⇔ (ii), we know that 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 

𝐶𝜉,𝜃.  

Notation 2.5. We denote by 𝐶1 and 𝐶2 𝐶1  =  𝐶0,0 and 𝐶2  =  𝐶0,𝜋 

from Lemma 2.3. (Note that 𝐶0,0 and 𝐶0,𝜋 are unitarily equivalent from Lemma 2.3.) Since 

𝐶1𝑒𝑛(𝑧)  =  𝑒𝑛(𝑧)  =  𝑒𝑛(𝑧) for all nonnegative integers 𝑛, 𝑒𝑛(𝑧)  =  𝑧𝑛 is a 𝐶1-real 

orthonormal basis for 𝐻2. We also know that 𝑈 =  𝐶1𝐶2 is a unitary operator with 𝑈∗  =

 𝐶2𝐶1. Furthermore, 𝑈 is complex symmetric with both conjugations 𝐶1 and 𝐶2. If 𝜉 =

 𝜋, 𝜃 =  0 and 𝜉 =  𝜋,𝜃 =  𝜋 in Lemma 2.3, we denote 𝐶𝜋,0 and 𝐶𝜋,𝜋 by 𝐶3 and 𝐶4, 

respectively.  

        We obtain the precise forms of symbol functions with respect to conjugations 𝐶1 and 𝐶2, 

respectively.  

Corollary 2.6. For 𝜑𝑚(𝑧) =  ∑  ∞
𝑛=−∞  ∑𝜑�𝑚(𝑛)𝑧𝑛  ∈  𝐿∞, let 𝑇∑𝜑𝑚 be a Toeplitz operator on 

𝐻2. Then the following statements hold:  

       (i) 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶1 if and only if  

𝜑𝑚(𝑧)  =  �(𝜑𝑚)0  +  2�  
∞

𝑛=1

 �𝜑�𝑚(𝑛)Re{𝑧𝑛}.  

        (ii) 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶2 if and only if  

𝜑𝑚(𝑧)  =  �(𝜑𝑚)0  +  2�  
∞

𝑘=1

𝜑�𝑚(2𝑘)Re{𝑧2𝑘}  +  2𝑖 �  
∞

𝑘=1

 𝜑�𝑚(2𝑘 −  1)Ι𝑚{𝑧2𝑘−1}.  
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Corollary 2.7. (see[15]) under the same hypotheses as in Theorem 2.4, the following 

statements hold:  

       (i) If 𝑇∑𝜑𝑚 is a complex symmetric operator with conjugations 𝐶1 and 𝐶2, then 

∑𝜑�𝑚(2𝑘 −  1) =  0 for all positive integers 𝑘.  

       (ii) If 𝜑𝑚(𝑧)  = 𝜙𝑚(𝑧)  +  𝛼 + 𝜙𝑚(𝑧̅) and 𝜓𝑚(𝑧)  = 𝜙𝑚(𝑧)  +  𝛽 + 𝜙𝑚(−𝑧) for 

𝜙𝑚  ∈  𝑧𝐻2 and 𝛼,𝛽 ∈ ℂ, then 𝑇∑𝜑𝑚and 𝑇∑𝜓𝑚are complex symmetric operators on 𝐻2.  

Proof. (i) By Theorem 2.4, we have ∑𝜑�𝑚(𝑛)[1 −  (−1)𝑛]  =  0 so that ∑𝜑�𝑚(2𝑘 −  1)  =

 0 for all positive integers 𝑘.  

       (ii) The proof directly follows from Theorem 2.4.  

        We know from Theorem 2.4 that the matrices (𝑎𝑖𝑗𝑚 ) and (𝑎𝚤𝚥𝑚�  ) for complex symmetric 

operators 𝑇∑𝜑𝑚 with conjugation 𝐶1 and 𝐶2 with respect to the basis {𝑧𝑛 ∶  𝑛 =  0, 1, 2, . . . } 

are given by  

�𝑎𝑖𝑗𝑚� =

⎝

⎜⎜
⎛

𝑎0 𝑎1 𝑎2 𝑎3 … …
𝑎1 𝑎0 𝑎1 𝑎2 ⋱ …
𝑎2
𝑎3…
…

𝑎1
𝑎2
⋱
⋱

𝑎0 𝑎1 ⋱ ⋱
𝑎1 𝑎0 ⋱ ⋱
⋱ ⋱ ⋱ ⋱
⋱ ⋱ ⋱ ⋱ ⎠

⎟⎟
⎞

𝑚

, �𝑎𝚤𝚥𝑚� � =

⎝

⎜⎜
⎛

𝑎0 −𝑎1 𝑎2 −𝑎3 … …
𝑎1 𝑎0 −𝑎1 𝑎2 ⋱ …
𝑎2
𝑎3…
…

𝑎1
𝑎2
⋱
⋱

𝑎0 −𝑎1 ⋱ ⋱
𝑎1 𝑎0 ⋱ ⋱
⋱ ⋱ ⋱ ⋱
⋱ ⋱ ⋱ ⋱ ⎠

⎟⎟
⎞

𝑚

, 

where 𝑎𝑘𝑚  = 𝜑�𝑚(𝑘) for positive integer 𝑘. In this case, �𝑎𝑖𝑗𝑚�
𝑡

 =  �𝑎𝑖𝑗𝑚� and �𝑎𝚤𝚥𝑚� �
𝑡

 ≠

 �𝑎𝚤𝚥𝑚� � where 𝑡 denotes the transpose. A simple observation of these matrices immediately 

gives us the following corollary (see[15]).  

Corollary 2.8. If �𝑎𝑖𝑗𝑚� and �𝑎𝚤𝚥𝑚� � are matrices in the previous notes, then the following 

properties hold:  

(i) �𝑎𝑖𝑗𝑚� is self-adjoint if and only if 𝑎𝑘𝑚  =  𝑎𝑘𝑚 for all 𝑘 =  0, 1, 2, . . ..  

(ii) �𝑎𝚤𝚥𝑚� � is self-adjoint if and only if 𝑎2𝑘𝑚  =  𝑎2𝑘𝑚  and 𝑎2𝑘+1𝑚  =  −𝑎2𝑘+1𝑚  for all 𝑘 =

 0, 1, 2, . . ..  

Remark 2.9. For any 𝜑𝑚  ∈  𝐿∞, let 𝑇∑𝜑𝑚be a Toeplitz operator on 𝐻2. Then we get the 

same results as in Corollary 2.6:  

(i) 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶3 if and only if  
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𝜑𝑚(𝑧)  =  �(𝜑𝑚)0  +  2�  
∞

𝑛=1

 �𝜑�𝑚(𝑛)Re{𝑧𝑛}.  

(ii) 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶4 if and only if  

𝜑𝑚(𝑧)  =  �(𝜑𝑚)0 +  2�  
∞

𝑘=1

 �𝜑�𝑚(2𝑘)Re{𝑧2𝑘}  +  2𝑖 �  
∞

𝑘=1

 �𝜑�𝑚(2𝑘 −  1)Ι𝑚{𝑧2𝑘−1}. 

        We observe from Theorem 2.4 that if 𝜑�𝑚(𝑛) =  𝜑�𝑚(𝑛) for all 𝑛 ∈ ℤ, then the bilinear 

form∑�𝑇𝜑𝑚𝑓𝑚,𝑔𝑚� defined by ∑�𝑇𝜑𝑚𝑓𝑚,𝑔𝑚� =  ∑〈𝑇𝜑𝑚𝑓𝑚,𝐶𝜉,𝜃𝑔𝑚〉 is bounded and 

symmetric. Indeed,  

��𝑇𝜑𝑚𝑓𝑚,𝑔𝑚�  =  �〈𝑇𝜑𝑚𝑓𝑚,𝐶𝜉,𝜃𝑔𝑚〉  =  �〈𝑇𝜑𝑚
∗ 𝑓𝑚,𝐶𝜉,𝜃𝑔𝑚〉 =  �〈𝑓𝑚,𝐶𝜉,𝜃𝑇𝜑𝑚𝑔𝑚〉

=  ��𝑓𝑚,𝑇𝜑𝑚𝑔𝑚� 

 from Theorem 2.4. Moreover, we have 

 ���𝑇𝜑𝑚𝑓𝑚,𝑔𝑚��  =  ��〈𝑇𝜑𝑚 𝑓𝑚,𝐶𝜉,𝜃𝑔𝑚〉�  ≤  ��𝑇𝜑𝑚𝑓𝑚� �𝐶𝜉,𝜃𝑔𝑚�  

≤  ��𝑇𝜑𝑚� ‖𝑓𝑚‖‖ 𝑔𝑚‖  =  �‖𝜑𝑚 ‖∞ ‖𝑓𝑚‖‖ 𝑔𝑚‖ .  

If (𝜑𝑚)−  =  (𝜑𝑚)+ in Theorem 2.10, then 𝑇∑𝜑𝑚 is clearly normal from [2] or [10, p. 157]. 

In the following theorem, for a complex symmetric operator 𝑇∑𝜑𝑚  with the conjugation 𝐶𝜉,𝜃, 

we provide a necessary and sufficient condition for 𝑇∑𝜑𝑚to be normal. Furthermore, we 

examine symbol functions of normal and complex symmetric sequence of Toeplitz operators. 

(see[15])  

Theorem 2.10. Let 𝜑𝑚 be in 𝐿∞ such that ∑𝜑𝑚  =  ∑(𝜑𝑚)+ +  ∑(𝜑𝑚)0  +  ∑(𝜑𝑚)− where 

(𝜑𝑚)+ and (𝜑𝑚)− are defined previously. If 𝑇∑𝜑𝑚 is complex symmetric with the 

conjugation 𝐶𝜉,𝜃, then 𝑇∑𝜑𝑚is normal if and only if for some ζ, 𝜑�𝑚(𝑛)  =  𝑒𝑖(𝜁+𝑛𝜃) 𝜑�𝑚(𝑛) 

for all positive integers  

Proof. If 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, then it follows from 

Theorem 2.4 that 𝜑�𝑚(−𝑛)  =  𝜑�𝑚(𝑛)𝑒𝑖𝑛𝜃 for some 𝜃. It is known from [2] or [10, p. 157] 

that if 𝜑𝑚  ∈  𝐿∞, then  

𝑇∑𝜑𝑚 is normal if and only if (𝜑𝑚)− = 𝜆(𝜑𝑚)+ for some 𝜆 ∈  𝐶 with  
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|𝜆| =  1.                                                                                                             (6) 

 From this, we conclude that 𝑇∑𝜑𝑚  is normal if and only if for some  ζ,𝜑�𝑚(𝑛)  =

 𝑒𝑖(𝜁+𝑛𝜃) 𝜑�𝑚(𝑛) for all positive integers 𝑛.  

        In the corollary stated below, the symbols 𝜑𝑚 of (i) and (ii) are exactly the Brown and 

Halmos type functions of [2] (see[15]).  

Corollary 2.11. Let 𝜑𝑚 be in 𝐿∞ such that ∑𝜑𝑚  =  ∑(𝜑𝑚)+  +  ∑(𝜑𝑚)0 + ∑(𝜑𝑚)−. Then 

the following statements hold:  

(i) If 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶1, then 𝑇∑𝜑𝑚is normal if and only if 

∑𝜑𝑚(𝑧)  =  ∑(𝜑𝑚)0 +  2𝑒−𝑖
𝜃
2  Re � ∑  ∞

𝑛=1  ∑𝑒𝑖
𝜃
2𝜑�𝑚(𝑛)Re(𝑧𝑛)� for some 𝜃.  

(ii) If 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶2, then 𝑇∑𝜑𝑚 is normal if and only 

if a symbol function 𝜑𝑚 has the form:  

𝜑𝑚(𝑧)  =  �(𝜑𝑚)0  +  2𝑒−𝑖
𝜃
2  Re � �  

∞

𝑘=1

 �𝑒𝑖
𝜃
2  𝜑�𝑚(2𝑘)Re(𝑧2𝑘)�  

+  2𝑖𝑒−𝑖
𝜃
2  𝐼𝑚 � �  

∞

𝑘=1

�  𝑒𝑖
𝜃
2  𝜑�𝑚(2𝑘 −  1)Ι𝑚(𝑧2𝑘−1)�. 

Proof. (i) Assume that 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶1. It follows from 

Theorem 2.10 that 𝑇∑𝜑𝑚 is normal if and only if 𝜑�𝑚(𝑛)  =  𝜆𝜑�𝑚(𝑛) for all positive integers 

n and for some 𝜆 with |𝜆|  =  1. By Corollary 2.6(i), we get that 𝜑𝑚(𝑧)  =  ∑(𝜑𝑚)0  +

 2∑  ∞
𝑛=1 ∑𝜑�𝑚(𝑛)Re{𝑧𝑛}. Moreover, since 𝑇∑𝜑𝑚is normal, it follows that  

𝜑𝑚(𝑧) =  �(𝜑𝑚)0  +  2�  
∞

𝑛=1

 �𝜑�𝑚(𝑛)Re{𝑧𝑛}  

=  �(𝜑𝑚)0  +  2�  
∞

𝑛=1

 �𝜑�𝑚(𝑛)Re{𝑧𝑛}  +  �  
∞

𝑛=1

 �𝑒𝑖𝜃𝜑�𝑚(𝑛)Re{𝑧𝑛}  

=  �(𝜑𝑚)0  +  2𝑒−𝑖
𝜃
2  Re ��  

∞

𝑛=1

 �𝑒𝑖
𝜃
2  𝜑�𝑚(𝑛)Re(𝑧𝑛)�  

for some 𝜃. The converse statement follows from [2].  
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       (ii) Let 𝑇∑𝜑𝑚 be complex symmetric with the conjugation 𝐶2. Then, by Theorem 2.10, 

𝑇∑𝜑𝑚 is normal if and only if (−1)𝑛𝜑�𝑚(𝑛)  =  𝜆𝜑�𝑚(𝑛) for all positive integers n and for 

some 𝜆 with |𝜆|  =  1. From Corollary 2.6(ii), we obtain that 

 𝜑𝑚(𝑧)  =  �(𝜑𝑚)0  +  2�  
∞

𝑘=1

 �𝜑�𝑚(2𝑘)Re{𝑧2𝑘}  

+  2𝑖 �  
∞

𝑘=1

 �𝜑�𝑚(2𝑘 −  1)Ι𝑚{𝑧2𝑘−1}.  

Moreover, since 𝑇∑𝜑𝑚 is normal,  

𝜑𝑚(𝑧) =  �(𝜑𝑚)0  +  2�  
∞

𝑘=1

 �𝜑�𝑚(2𝑘)Re{𝑧2𝑘} +  2𝑖 �  
∞

𝑘=1

 �𝜑�𝑚(2𝑘 −  1)Ι𝑚{𝑧2𝑘−1}  

=  �(𝜑𝑚)0  + �  
∞

𝑘=1

 �𝜑�𝑚(2𝑘)Re{𝑧2𝑘}  + �  
∞

𝑘=1

 �𝑒𝑖𝜃𝜑�𝑚(2𝑘)Re{𝑧2𝑘}  

+ 𝑖 �  
∞

𝑘=1

 �𝜑�𝑚 (2𝑘 −  1)Ι𝑚{𝑧2𝑘−1} −  𝑖 �  
∞

𝑘=1

 �𝑒𝑖𝜃𝜑�𝑚(2𝑘 −  1) Ι𝑚{𝑧2𝑘−1}  

=  (𝜑𝑚)0  +  2𝑒−𝑖
𝜃
2  Re � �  

∞

𝑘=1

�  𝑒𝑖
𝜃
2  𝜑�𝑚(2𝑘)Re(𝑧2𝑘)�  

+  2𝑖𝑒−𝑖
𝜃
2  𝐼𝑚 � �  

∞

𝑘=1

 �𝑒𝑖
𝜃
2  𝜑�𝑚(2𝑘 −  1)Ι𝑚(𝑧2𝑘−1)� 

 for some 𝜃. The converse statement follows from [2].  

       We consider some more applications of Theorem 2.10. (see[15]).  

Corollary 2.12. For 𝜑𝑚(𝑧)  =  ∑  ∞
𝑛=−∞  ∑𝜑�𝑚(𝑛)𝑧𝑛  ∈  𝐿∞, let 𝑇∑𝜑𝑚  be a Toeplitz operator 

on 𝐻2. If 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, then 𝑇∑𝜑𝑚 is unitary if and 

only if for some ζ, 𝜑�𝑚(𝑛)  =  𝑒𝑖(ζ+𝑛𝜃)𝜑�𝑚(𝑛) for all positive integers 𝑛 and  

�  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝜑�𝑚(𝑛 +  𝑘 −  𝑙)  =  �  
∞

𝑛=−𝑘

 �𝜑�𝑚(−𝑛)𝜑�𝑚�−(𝑛 +  𝑘 −  𝑙)�  

=  �1 if 𝑘 =  𝑙,
0 if 𝑘 ≠  𝑙    
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for all positive integers 𝑙,𝑘.  

Proof. Let 𝑇∑𝜑𝑚 be complex symmetric with the conjugation 𝐶𝜉,𝜃. If 𝑇∑𝜑𝑚is unitary, then 

𝜑�𝑚(𝑛)  =  𝑒𝑖(ζ+𝑛𝜃) 𝜑�𝑚(𝑛) for some ζ and for all positive integers n from Theorem 2.10. 

Since T∑φm
∗ T∑φm  =  Ι, it follows that 

 1 =  〈𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚𝑧

𝑘 , 𝑧𝑘〉  =  〈𝑃 � �  
∞

𝑛=−∞

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘� ,𝑃 � �  
∞

𝑚=−∞

 �𝜑�𝑚(𝑚)𝑧𝑚+𝑘�〉  

=  〈 �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘 , �  
∞

𝑚=−𝑘

 �𝜑�𝑚(𝑚)𝑧𝑚+𝑘〉  =  �  
∞

𝑛=−𝑘

 �|𝜑�𝑚(𝑛)|2          (7) 

 and if 𝑘 ≠  𝑙, then  

0 =  〈𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚𝑧

𝑘, 𝑧𝑙〉 =  〈𝑃 � �  
∞

𝑛=−∞

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘� ,𝑃 � �  
∞

𝑚=−∞

 �𝜑�𝑚(𝑚)𝑧𝑚+𝑙 �〉  

=  〈 �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘 , �  
∞

𝑚=−𝑙

 �𝜑𝑚(𝑚)𝑧𝑚+𝑙〉   

=  �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝜑�𝑚(𝑛 +  𝑘 −  𝑙)          (8)  

for all positive integers 𝑘, 𝑙. Similarly, since 𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗   =  𝐼, we get that 

∑  ∞
𝑛=−𝑘  ∑|𝜑�𝑚(−𝑛)|2  =  1 and ∑  ∞

𝑛=−𝑘  ∑𝜑�𝑚(−𝑛)𝜑�𝑚�−(𝑛 +  𝑘 −  𝑙)�  =  0 if 𝑘 ≠  𝑙.  

      Conversely, let  

 ∑  ∞
𝑛=−𝑘  ∑𝜑�𝑚(−𝑛)𝜑�𝑚�−(𝑛 +  𝑘 −  𝑙)�  =   �1 if 𝑘 =  𝑙,

0 if 𝑘 ≠  𝑙   for all positive integers 𝑙,𝑘, and 

∑𝜑�𝑚(𝑛)���������  =  𝑒𝑖(𝜁+𝑛𝜃) ∑𝜑�𝑚(𝑛) for all positive integers 𝑛. By Theorem 2.10, we conclude 

that 𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚  =  𝑇∑𝜑𝑚𝑇∑𝜑𝑚

∗ . Moreover, we have  
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�〈𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚𝑧

𝑘 , 𝑧𝑙〉   =  �  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝑧𝑛+𝑘 , �  
∞

𝑚=−𝑙

 �𝜑�𝑚(𝑚)𝑧𝑚+𝑙   

=

⎩
⎪
⎨

⎪
⎧  �  

∞

𝑛=−𝑘

 �|𝜑�𝑚(𝑛)|2  =  1 if 𝑘 =  𝑙,

�  
∞

𝑛=−𝑘

 �𝜑�𝑚(𝑛)𝜑�𝑚(𝑛 +  𝑘 −  𝑙)  =  0 if 𝑘 ≠  𝑙

 

for all positive integers 𝑘, 𝑙. Hence 𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗  =  𝐼 and therefore 𝑇∑𝜑𝑚 is isometric and 

unitary. If 𝑇∑𝜑𝑚 = 𝑇∗∑𝜑𝑚  there is self-adjoint, if �𝑇∑𝜑𝑚� ≤ 1 then it is a contraction and if  

𝑇∗∑𝜑𝑚𝑇∑𝜑𝑚 − 𝑇∑𝜑𝑚𝑇
∗
∑𝜑𝑚 ≥ 0 then it is hyponormal.  

 

Corollary 2.13. (see[15]) for 𝜑𝑚(𝑧)  =  ∑  ∞
𝑛=−∞ ∑  𝜑�𝑚(𝑛)𝑧𝑛  ∈  𝐿∞, let 𝑇∑𝜑𝑚 be a Toeplitz 

operator on 𝐻2. Then the following arguments hold:  

(i) If 𝜑�𝑚(−𝑛) =  𝜑�𝑚(𝑛) for all 𝑛 ≥  1 and 𝜑�𝑚(𝑘) =  𝑒𝑖𝜃𝜑�𝑚(𝑘)for some positive integer k 

and for all 𝜃, then 𝑇∑𝜑𝑚 is nonnormal and complex symmetric.  

(ii) If 𝜑�𝑚(−𝑛) =  𝜑�𝑚(𝑛)(−1)𝑛 for all 𝑛 ≥  1 and (−1)𝑛𝜑�𝑚(𝑘) =  𝑒𝑖𝜃𝜑�𝑚(𝑘)for some 

positive integer 𝑘 and for all 𝜃, then 𝑇∑𝜑𝑚 is nonnormal and complex symmetric.  

Proof. The proof follows from Corollaries 2.6 and 2.11.  

        We now investigate complex symmetric Toeplitz operators with an arbitrary conjugation 

𝐶 on 𝐻2. Moreover, we compare an arbitrary conjugation C of a complex symmetric operator 

𝑇∑𝜑𝑚 with 𝐶𝜉,𝜃.  

Theorem 2.14. [15] let 𝜑𝑚 be in 𝐿∞ such that ∑𝜑𝑚  =  ∑(𝜑𝑚)+  + ∑(𝜑𝑚)0  +  ∑(𝜑𝑚)−. If 

𝐶 is a conjugation on 𝐻2 and 𝑇∑𝜑𝑚  is a complex symmetric operator with conjugation 𝐶, 

then  

�  
𝑘 −1

𝑖=0

 ��𝜑�𝑚(𝑘 −  𝑖)𝑎𝑖𝑚  −  𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑘𝑚�  𝛾𝑘�  

=  �  
∞

𝑛=1

 ��𝜑�𝑚(𝑛)𝑎𝑛+𝑘𝑚�  𝛾𝑘  −  𝑎𝑛+𝑘𝑚 𝜑�𝑚(−𝑛)�                     (9)          
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for all 𝑘 where 𝑎𝑘𝑚  =  〈𝑓𝑚, 𝑧𝑘〉, 𝑎𝑘𝑚�  =  〈𝐶𝑓𝑚, 𝑧𝑘〉, and 𝛾𝑘  =  〈𝐶𝑧𝑗  , 𝑧𝑘〉 for all 𝑓𝑚  ∈  𝐻2.  

Proof. Let 𝐶 be a conjugation on 𝐻2 and 𝑇∑𝜑𝑚 be a complex symmetric operator with 

conjugation 𝐶. Direct calculation shows that  

(𝜑𝑚)+𝑓𝑚  +  𝑃(𝜑𝑚−𝑓𝑚)(=  𝐶𝑃((𝜑𝑚)+𝐶𝑓𝑚)  +  𝐶((𝜑𝑚)−𝐶𝑓𝑚)               (10) 

 where 𝑃 denotes the orthogonal projection of 𝐿2 onto 𝐻2. Now, put 

𝑓𝑚(𝑧)  =  ∑  ∞
𝑗=0  ∑𝑎𝑗𝑚 𝑧𝑗  ∈  𝐻2 and 𝐶𝑓𝑚(𝑧)  =  ∑  ∞

𝑗=0  ∑𝑎𝚥𝑚�  𝑧𝑗  ∈  𝐻2 where 𝑎𝑗𝑚  =

 ∑〈𝑓𝑚, 𝑧𝑗〉  and 𝑎𝚥𝑚�  =  ∑〈𝐶𝑓𝑚, 𝑧𝑗〉 . Since (𝜑𝑚)+(𝑧)  =  ∑  ∞
𝑛=1  ∑𝜑�𝑚(𝑛)𝑧𝑛 and (𝜑𝑚)−(𝑧)  =

 ∑  ∞
𝑛=1  ∑𝜑�𝑚(−𝑛)𝑧𝑛, it follows that 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ (𝜑𝑚)+𝑓𝑚  =  �  

∞

𝑘=1

� �  
𝑘−1

𝑖=0

 �𝜑�𝑚(𝑘 −  𝑖)𝑎𝑖𝑚� 𝑧𝑘,

𝑃(𝜑𝑚−𝑓𝑚)  =  �  
∞

𝑘=1

� �  
∞

𝑛=1

 �𝑎𝑛+𝑘𝑚 𝜑�𝑚(−𝑛)� 𝑧𝑘,

𝑃((𝜑𝑚)+𝐶𝑓𝑚)  =  �  
∞

𝑘=1

��  
∞

𝑛=1

�  𝑎𝑛+𝑘𝑚�𝜑�𝑚(𝑛)� 𝑧𝑘,

((𝜑𝑚)−𝐶𝑓𝑚)  =  �  
∞

𝑘=1

� �  
𝑘−1

𝑖=0

 �  𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝚤𝑚� � 𝑧𝑘.

  (11) 

 Equation (10) implies that  

�〈𝜑𝑚+𝑓𝑚(𝑧), 𝑧𝑗〉 + �〈𝑃 �𝜑𝑚−𝑓𝑚(𝑧)� , 𝑧𝑗〉   

= �〈𝐶𝑃 �𝜑𝑚+𝐶𝑓𝑚(𝑧)� , 𝑧𝑗〉 +  �〈𝐶�(𝜑𝑚)−𝐶𝑓𝑚(𝑧)�, 𝑧𝑗〉 (12)    

for all 𝑗. Next, from (11), equation (12) becomes 

�  
𝑗−1

𝑖=0

 �𝜑�𝑚(𝑗 −  𝑖)𝑎𝑖𝑚  +  �  
∞

𝑛=1

 𝑎𝑛+𝑗𝑚 𝜑�(−𝑛) 

=  �〈𝐶𝑃�𝜑𝑚���� + 𝐶𝑓𝑚(𝑧)�, 𝑧𝑗〉   +  �〈𝐶 �𝜑𝑚−𝐶𝑓𝑚(𝑧)� , 𝑧𝑗〉   

=  �〈𝐶𝑧𝑗  ,𝑃(𝜑𝑚 + 𝐶𝑓𝑚(𝑧))〉  +  �〈𝐶𝑧𝑗  ,𝜑𝑚−𝐶𝑓𝑚(𝑧)〉                           (13) 
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 for all 𝑗. Since {1, 𝑧, 𝑧2, . . . } is an orthonormal basis for 𝐻2, {𝐶1,𝐶𝑧,𝐶𝑧2, . . . }  is also an 

orthonormal basis for 𝐻2. Moreover, since 𝐶𝑧𝑗  ∈  𝐻2, set 𝐶𝑧𝑗  =  ∑  ∞
𝑠=0  𝛾𝑠𝑧𝑠  where 

∑  ∞
𝑠=0  |𝛾𝑠|2  =  1. Then equation (13) becomes  

�  
𝑘 −1

𝑖=0

 �𝜑�𝑚(𝑘 −  𝑖)𝑎𝑖𝑚  +  �  
∞

𝑛=1

 �𝑎𝑛+𝑘𝑚 𝜑�𝑚(−𝑛) 

=  �〈�  
∞

𝑠=0

𝛾𝑠𝑧𝑠,�  
∞

𝑘=1

 � �  
∞

𝑛=1

 �𝑎𝑛+𝑘𝑚�𝜑�𝑚(𝑛)� 𝑧𝑘〉  

+  〈�  
∞

𝑠=0

 𝛾𝑠𝑧𝑠,�  
∞

𝑘=1

 � �  
𝑘 −1

𝑖=0

 �𝜑�𝑚�−(𝑘 −  𝑖)� 𝑎𝑘𝑚� � 𝑧𝑘〉   

=  �  
∞

𝑛=1

 �𝜑�𝑚(𝑛)𝑎𝑛+𝑘𝑚�  𝛾𝑘  +  �  
𝑘 −1

𝑖=0

 �𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑘𝑚�𝛾𝑘               (14) 

 for all k. Hence we conclude that  

�  
𝑘 −1

𝑖=0

�  � 𝜑�𝑚(𝑘 −  𝑖)𝑎𝑖𝑚  −  𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑘𝑚�  𝛾𝑘�  

=  �  
∞

𝑛=1

 �� 𝜑�𝑚(𝑛)𝑎𝑛+𝑘𝑚�𝛾𝑘  −  𝑎𝑛+𝑘𝑚 𝜑�𝑚(−𝑛)�  

for all 𝑘 where 𝑎𝑘𝑚  =  ∑〈𝑓𝑚, 𝑧𝑘〉 ,𝑎𝑘𝑚�  =  ∑〈𝐶𝑓𝑚, 𝑧𝑘〉, and 𝛾𝑘  =  〈𝐶𝑧𝑗  , 𝑧𝑘〉 for all 𝑓𝑚  ∈  𝐻2.  

Corollary 2.15. (see [15]) under the same hypotheses as in Theorem 2.14, if 𝑇∑𝜑𝑚  is a 

complex symmetric operator with the conjugation 𝐶𝜉,𝜃, then  

�  
𝑘 −1

𝑖=0

 ��𝜆𝑘−𝑖 𝜑�𝑚�−(𝑘 −  𝑖)� −  𝜑�𝑚(𝑘 −  𝑖)� 𝑎𝑖𝑚  

=  �  
∞

𝑛=1

 �� 𝜑�𝑚(−𝑛) −  𝜆𝑛𝜑�𝑚(𝑛)� 𝑎𝑛+𝑘𝑚 ,    (15) 

 where |𝜆|  =  1.  

 

Proof. Let ℎ𝑚(𝑧)  =  ∑  ∞
𝑘=1  ∑𝛼𝑚𝑧𝑘 and 𝑔𝑚(𝑧)  =  ∑∑  ∞

𝑘=1  𝛽𝑚𝑧𝑘, where  
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𝛼𝑚  =  �  
∞

𝑛=1

 �𝑎𝑛+𝑘𝑚� = �𝜑�𝑚(𝑛)  and 𝛽𝑚  =  �  
𝑘 −1

𝑖=0

 �𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝚤𝑚� .  

Then 𝐶ℎ𝑚(𝑧)  =  ∑  ∞
𝑘=1 ∑  𝛼�𝑚𝑧𝑘 and 𝐶𝑔𝑚(𝑧)  =  ∑  ∞

𝑘=1  ∑𝛽�𝑚𝑧𝑘 . If 𝐶 =  𝐶𝜉,𝜃 in Theorem 

2.14, then 𝑎𝚥𝑚�  =  𝜇𝜆𝑗𝑎𝑗𝑚 with |𝜇|  =  |𝜆|  =  1 and so  

𝛼𝑚 = �  
∞

𝑛=1

 �𝜇𝜆𝑛+𝑘𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛)  = and 𝑎𝑘𝑚 �  
𝑘 −1

𝑖=0

 �𝜇𝜆𝑖 𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑖𝑚.  

Then 𝛼𝑚�  =  〈�𝐶𝜉,𝜃  ∑  ∞
𝑘=1  � ∑  ∞

𝑛=1  ∑𝜇𝜆𝑛+𝑘𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛)� 𝑧𝑘� , 𝑧𝑘〉 

=  〈𝐶𝜉,𝜃  �  
∞

𝑘=1

 � �  
∞

𝑛=1

 �𝜇𝜆𝑛+𝑘𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛)�  𝑧𝑘〉 

=  〈𝜇𝜆𝑘𝑧𝑘,�  
∞

𝑘=1

 � �  
∞

𝑛=1

�  𝜇𝜆𝑛+𝑘𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛)�  𝑧𝑘〉 = �  
∞

𝑛=1

�𝜆
𝑛
𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛) 

and, similarly, 𝛽�𝑚  =  ∑  𝑘 −1
𝑖=0  ∑𝜆𝑘−𝑖 𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑖𝑚. 

Now, equation (9) implies that  

�  
𝑘 −1

𝑖=0

 ��𝜆𝑘−𝑖 𝜑�𝑚�−(𝑘 −  𝑖)� −  𝜑�𝑚(𝑘 −  𝑖)� 𝑎𝑖𝑚  

=  �  
∞

𝑛=1

 ��𝜑�𝑚(−𝑛) −  𝜆
𝑛
𝜑�𝑚(𝑛)� 𝑎𝑛+𝑘𝑚   

 where |𝜆|  =  1. Since 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, we know from 

Theorem 2.4 that equation (15) always holds. 

Remark 2.16. If we put 𝐶𝜉,𝜃  =  𝐶1 in Corollary 2.15, then 

𝑎𝚥𝑚 � =  𝑎𝑖𝑚,𝑎𝑘𝑚�  =  ∑  ∞
𝑛=1  ∑𝑎𝑛+𝑘𝑚 𝜑�𝑚(𝑛), and 𝛽�𝑚  =  ∑  𝑘−1

𝑖=0  ∑𝜑�𝑚�−(𝑘 −  𝑖)�𝑎𝑖𝑚 . Then 

equation (9) implies that  

�  
𝑘 −1

𝑖=0

 ��𝜑�𝑚�−(𝑘 −  𝑖)� −  𝜑�𝑚(𝑘 −  𝑖)� 𝑎𝑖𝑚  

=  �  
∞

𝑛=1

 �[𝜑�𝑚(−𝑛) −  𝜑�𝑚(𝑛)]𝑎𝑛+𝑘𝑚               (16) 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 10 Issue 01, January 2023  

ISSN (Online) 2348 – 7968 | Impact Factor – 6.72 

www.ijiset.com  

170 
 

 Since 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶1, we know from Corollary 2.6 that 

equation (16) always holds.  

Example 2.17. [15] If 𝑇𝑧 is a unilateral shift on 𝐻2, then 𝑇𝑧 is not a complex symmetric 

sequence of Toeplitz operator with conjugation 𝐶1. Indeed, since 𝜑𝑚(𝑧)  =  𝑧, it follows that 

∑𝜑�𝑚(1)  =  1 and ∑𝜑�𝑚(𝑛)  =  0 for all 𝑛 =  1. Then we obtain from (16) that 

 �  
𝑘 −1

𝑖=0

 ��𝜑�𝑚�−(𝑘 −  𝑖)� −  𝜑�𝑚(𝑘 −  𝑖)� 𝑎𝑖𝑚  −  �  
∞

𝑛=1

 �[𝜑�𝑚(−𝑛) −  𝜑�𝑚(𝑛)]𝑎𝑛+𝑘𝑚  

= ��𝜑�𝑚�−(𝑘)� −  𝜑�𝑚(𝑘)� 𝑎0𝑚  + ···  +�[𝜑�𝑚(−1) −  𝜑�𝑚(1)]𝑎𝑘−1𝑚   

−  �[𝜑�𝑚(−1) −  𝜑�𝑚(1)]𝑎1+𝑘𝑚  −  �[𝜑�𝑚(−2) −  𝜑�𝑚(2)]𝑎2+𝑘𝑚  −···  

=  �𝜑�𝑚(1)(𝑎𝑘+1𝑚  −  𝑎𝑘−1𝑚 )  ≠  0  

for some 𝑘. Thus (16) does not hold. 

 

3. Complex symmetric sequence of Toeplitz operators with a finite symbol  

       We examine complex symmetric sequence of Toeplitz operators with finite symbols 

(see[15]).  

Theorem 3.1. Let 𝜑𝑚(𝑧)  =  ∑  𝑁
𝑛=−𝑚0  ∑𝑎𝑘𝑚𝑧𝑛 where 𝑁 ≥  𝑚0  >  0 and 𝑎𝑛𝑚  ∈ ℂ  with 

nonzero 𝑚−𝑚0 ,𝑚𝑁 . Then 𝑇∑𝜑𝑚0
 is complex symmetric with the conjugation 𝐶𝜉,𝜃 if and only 

if  𝑚0 = 𝑁 and for some 𝜃,𝑎−𝑛𝑚  =  𝑎𝑛𝑚𝑒𝑖𝑛𝜃 for all 𝑛 =  1, 2, . . . ,𝑁. In particular, 𝑇∑𝜑𝑚 is 

normal if and only if 𝑎−𝑚0
𝑚  =  𝑎𝑚0

𝑚 𝑒𝑖𝑚0𝜃 and 𝑎−𝑚0
𝑚 𝑎𝑘𝑚  =  𝑒𝑖(𝑚0−𝑘)𝜃 𝑎𝑚0

𝑚 𝑎𝑘𝑚 for all 𝑘 =

 1, 2, . . . ,𝑚0  −  1. 

Proof. Let 𝐶𝜉,𝜃(∑𝑓𝑚(𝑧))  =  𝑒𝑖𝜉 ∑𝑓𝑚(𝑒𝑖𝜃𝑧). Then 

𝐶𝜉,𝜃( ∑  ∞
𝑘=0  ∑𝑎𝑘𝑚𝑧𝑘)  =  𝜇 ∑  ∞

𝑘=0  ∑𝜆𝑘𝑎𝑘𝑚𝑧𝑘 for all ∑  ∞
𝑘=0  ∑𝑎𝑘𝑚𝑧𝑘  ∈  𝐻2 with |𝜆|  =

 |𝜇|  =  1. Suppose that 𝑇∑𝜑𝑚is complex symmetric with the conjugation 𝐶𝜉,𝜃. Since 
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 𝐶𝜉,𝜃(�𝑇∑𝜑𝑚𝑧
𝑘)  = 𝐶𝜉,𝜃𝑃 � �  

𝑁

𝑛=−𝑚0 

�𝑎𝑛𝑚𝑧𝑛+𝑘�  = 𝐶𝜉,𝜃 � �  
𝑁

𝑛=−𝑘

 �𝑎𝑛𝑚𝑧𝑛+𝑘�

= 𝜇 �  
𝑁

𝑛=−𝑘

 �𝑎𝑛𝑚𝜆𝑛+𝑘𝑧𝑛+𝑘       (17) 

 and  

𝑇∑𝜑𝑚
∗ 𝐶𝜉,𝜃𝑧𝑘  =  𝜇𝑇∑𝜑𝑚(𝜆𝑘𝑧𝑘)  =  𝜇𝑃 � �  

𝑁

𝑛=−𝑚0

 �𝑎𝑛𝑚𝜆𝑘𝑧−𝑛+𝑘�  

=  𝜇𝑃 � �  
𝑚0

𝑛=−𝑁

 �𝑎−𝑛𝑚 𝜆𝑘𝑧𝑛+𝑘�  =  �  
𝑚0

𝑛=−𝑘

 �𝑎−𝑛𝑚�����𝜆𝑘𝑧𝑛+𝑘 , (18) 

 it follows that 𝑁 =  𝑚0 and 𝑎−𝑛𝑚  =  𝑎𝑛𝑚𝜆𝑛 for all 𝑛 =  1, 2, . . . ,𝑁 with |𝜆|  =  1.  

       Conversely, we assume that 𝑁 =  𝑚0 and 𝑎−𝑛𝑚 =  𝑎𝑛𝑚𝜆𝑛 for all 𝑛 =  1, 2, . . . ,𝑁 with 

|𝜆|  =  1. Let 𝜑𝑚(𝑧)  =  ∑  𝑁
𝑛=−𝑚0  ∑𝑎𝑛𝑚𝑧𝑛. Then  

(𝜑𝑚)+(𝑧)  =  �  
𝑁

𝑛=1

 �𝑎𝑛𝑚𝑧𝑛  and (𝜑𝑚)−(𝑧)  =  − �  
1

𝑛=−𝑚0

 𝑎𝑛𝑚𝑧𝑛  =  �  
 𝑚0

𝑛=1

 �𝑎−𝑛𝑚 𝑧𝑛. 

Since 𝑁 =  𝑚0 and 𝑎−𝑛𝑚  =  𝑎𝑛𝑚𝜆𝑛 for all 𝑛 =  1, 2, . . . ,𝑁 with |𝜆|  =  1, it follows from (17) 

and (18) that 

 ��𝐶𝜉,𝜃 𝑇∑𝜑𝑚  −  𝑇∑𝜑𝑚
∗  𝐶𝜉,𝜃� 𝑧𝑘  =  �  

𝑁

𝑛=−𝑘

 �𝑎𝑛𝑚𝜆𝑛+𝑘𝑧𝑛+𝑘  −  �  
𝑚0

𝑛=−𝑘

 𝑎−𝑛𝑚 𝜆𝑘𝑧𝑛+𝑘  

=  �  
𝑁

𝑛=−𝑘

 �[𝑎𝑛𝑚𝜆𝑛+𝑘  −  𝑎−𝑛𝑚 𝜆𝑘] 𝑧𝑛+𝑘  

=  �  
𝑁

𝑛=−𝑘

 �[𝑎𝑛𝑚𝜆𝑛+𝑘  −  𝑎𝑛𝑚𝜆𝑛+𝑘] 𝑧𝑛+𝑘  =  0.  

Hence 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃. For a trigonometric polynomial 

𝜑𝑚, it is well known from [3, Corollary 1.5] that 𝑇∑𝜑𝑚 is normal if and only if |𝑎−𝑚0
𝑚 |  =

 �𝑎𝑚0
𝑚 �  with 𝑎𝑚0

𝑚  ≠  0 and  
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𝑎𝑚0
𝑚 �

𝑎−1
𝑎−2
⋮

𝑎−𝑚

�

𝑚

= 𝑎−𝑚0
𝑚 �

𝑎1
𝑎2
⋮
𝑎𝑚

�

𝑚

                                       (19) 

Since 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, it follows from the first 

statement that 𝑎−𝑛𝑚  =  𝑎𝑛𝑚𝑒𝑖𝑛𝜃 for all 𝑛 =  1, 2, . . . ,  𝑚0. Hence from (19), we conclude that 

𝑇∑𝜑𝑚 is normal if and only if 𝑎−𝑚0
𝑚  =  𝑒𝑖𝑚0𝜃 ∑𝑎𝑚0

𝑚  and 𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  𝑒𝑖(𝑚0−𝑘)𝜃 ∑ 𝑎𝑚0

𝑚 𝑎𝑘𝑚 for 

all 𝑘 =  1, 2, . . . ,𝑚0  −  1.  

Corollary 3.2. (see[15]) let 𝜑𝑚(𝑧)  =  ∑  𝑚0
𝑛=−𝑚0  ∑𝑎𝑛𝑚𝑧𝑛 for 𝑎𝑛𝑚  ∈ ℂ with nonzero 

𝑎−𝑚0
𝑚 ,𝑎𝑚. If 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃, then 𝑇∑𝜑𝑚  is unitary if 

and only if 𝑎−𝑚0
𝑚  =  ∑𝑒𝑖𝑚0𝜃𝑎𝑚0

𝑚 ,∑𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  ∑𝑒𝑖(𝑚0−𝑘)𝜃𝑎𝑚0

𝑚 𝑎𝑘𝑚, and 

�  
𝑚0

𝑛=−𝑘

 �𝑎𝑛𝑚𝑎𝑛+𝑘−𝑙𝑚  =  �  
𝑚0

𝑛=−𝑘

 �𝑎−𝑛𝑚 𝑎−(𝑛+𝑘−𝑙)
𝑚  =  �1 if 𝑘 =  𝑙,

 0 if 𝑘 ≠  𝑙  

for all 𝑘, 𝑙 =  1, 2, . . . ,𝑚0.  

Proof. Assume that 𝑇∑𝜑𝑚 is complex symmetric with the conjugation 𝐶𝜉,𝜃. If 𝑇∑𝜑𝑚is unitary, 

then 𝑎−𝑚0
𝑚  =  ∑𝑎𝑚0

𝑚 𝑒𝑖𝑚0𝜃 and 𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  ∑𝑒𝑖(𝑚0−𝑘)𝜃𝑎𝑚0

𝑚 𝑎𝑘𝑚 for all 𝑘 =  1, 2, . . . ,𝑚0  −  1 

from Theorem 3.1. Since 𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚  =  𝐼, it follows that  

1 =  �〈𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚𝑧

𝑘, 𝑧𝑘〉  =  �〈𝑃� �  
𝑚

𝑛=−𝑚0

 �𝑎𝑛𝑚𝑧𝑛+𝑘� ,𝑃� �  
𝑚

𝑗=−𝑚0

 𝑎𝑗𝑚 𝑧𝑗+𝑘�〉 

=  �〈 �  
𝑚0

𝑛=−𝑘

 𝑎𝑛𝑚𝑧𝑛+𝑘, �  
𝑚0

𝑗=−𝑘

 𝑎𝑗𝑚 𝑧𝑗+𝑘〉  =  �  
𝑚0

𝑛=−𝑘

 �|𝑎𝑛𝑚|2          (20) 

 and, if 𝑘 ≠  𝑙, then  

0 =  �〈𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚𝑧

𝑘, 𝑧𝑙〉   =  �〈𝑃� �  
𝑚

𝑛=−𝑚0

 𝑎𝑛𝑚𝑧𝑛+𝑘� ,𝑃� �  
𝑚

𝑗=−𝑚0

 𝑎𝑗𝑚 𝑧𝑗+𝑙 �〉  

=  �〈�  
𝑚0

𝑛=−𝑘

 𝑎𝑛𝑚𝑧𝑛+𝑘, �  
𝑚0

𝑗=−𝑙

 𝑎𝑗𝑚 𝑧𝑗+𝑙〉   =  �  
𝑚

𝑛=−𝑘

 �𝑎𝑛𝑚𝑎(𝑛+𝑘−𝑙)
𝑚    (21) 
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 for all 𝑘, 𝑙 =  1, 2, . . . ,𝑚0. Conversely, if 

𝑎−𝑚0
𝑚  =  ∑𝑒𝑖𝑚0𝜃𝑎𝑚0

𝑚 ,𝑎𝑚0
𝑚 𝑎𝑘𝑚  = ∑  𝑒𝑖(𝑚0−𝑘)𝜃𝑎𝑚0

𝑚 𝑎𝑘𝑚, and  

�  
𝑚0

𝑛=−𝑘

 �𝑎𝑛𝑚𝑎(𝑛+𝑘−𝑙)
𝑚  =  �  

𝑚0

𝑛=−𝑘

 �𝑎−𝑛𝑚 𝑎−(𝑛+𝑘−𝑙)
𝑚  =  �1 if 𝑘 =  𝑙,

 0 if 𝑘 ≠  𝑙  

for all 𝑘, 𝑙 =  1, 2, . . . ,𝑚0, then 𝑇∑𝜑𝑚
∗ 𝑇∑𝜑𝑚 =  𝑇∑𝜑𝑚𝑇∑𝜑𝑚

∗  from Theorem 3.1. Moreover, we 

have  

�〈𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗ 𝑧𝑘, 𝑧𝑙〉  =  �〈�  

𝑚0

𝑛=−𝑘

 𝑎𝑛𝑚𝑧𝑛+𝑘, �  
𝑚0

𝑗=−𝑙

 𝑎𝑗𝑚 𝑧𝑗+𝑙〉   

=  �  
𝑚0

𝑛=−𝑘

�  𝑎𝑛𝑚 〈𝑧𝑛+𝑘, �  
𝑚0

𝑗=−𝑙

 𝑎𝑗𝑚 𝑧𝑗+𝑙〉   =

⎩
⎪
⎨

⎪
⎧  �  

𝑚0

𝑛=−𝑘

 |𝑎𝑛𝑚|2  =  1 if 𝑘 =  𝑙,

�  
𝑚0

𝑛=−𝑘

 𝑎𝑛𝑚𝑎(𝑛+𝑘−𝑙)
𝑚  =  0 if 𝑘 ≠  𝑙

   

for all 𝑘, 𝑙 =  1, 2, . . . ,𝑚0. Hence  𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗ =  𝐼. Similarly, we obtain that  

�〈𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗ 𝑧𝑘 , 𝑧𝑙〉   =  

⎩
⎪
⎨

⎪
⎧ �  

𝑚0

𝑛=−𝑘

 �|𝑎−𝑛𝑚 |2  =  1 if 𝑘 =  𝑙,

�  
𝑚0

𝑛=−𝑘

 �𝑎−𝑛𝑚 𝑎−(𝑛+𝑘−𝑙)
𝑚  =  0 if 𝑘 ≠  𝑙

  

for all 𝑘, 𝑙 =  1, 2, . . . ,𝑚0. Hence 𝑇∑𝜑𝑚𝑇∑𝜑𝑚
∗  =  𝐼 and therefore 𝑇∑𝜑𝑚 is unitary.  

Corollary 3.3. (see[15]) let 𝜑𝑚(𝑧)  =  ∑  𝑚
𝑛=−𝑚0  ∑𝑎𝑛𝑚𝑧𝑛 for 𝑎𝑛𝑚  ∈ ℂ with nonzero 

𝑎−𝑚0
𝑚 ,𝑎𝑚0

𝑚 . If 𝑇∑𝜑𝑚 is complex symmetric with the conjugations 𝐶1 and 𝐶2 and it is normal, 

then 𝑎𝑚0
𝑚 𝑎𝑘𝑚   =  𝑎𝑚0

𝑚 𝑎𝑘𝑚 when 𝑘 +  𝑚0 is even, 𝑎𝑘𝑚  =  0 for 𝑘 =  2, 4, 6, . . . ,𝑚0  −  1 when 

𝑚0 is odd, or 𝑎𝑘𝑚  =  0 for 𝑘 =  1, 3, 5, . . . ,𝑚0  −  1 when m is even.  

Proof. Since 𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  (−1)𝑚0 +𝑘𝑎𝑚0

𝑚 𝑎𝑘𝑚 by Theorem 3.1, it follows that 𝑚0  +  𝑘 is even 

or 𝑎𝑘𝑚  =  0 when 𝑚0  +  𝑘 is odd. If 𝑘 +  𝑚0 is even, we get that 𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  𝑎𝑚0

𝑚 𝑎𝑘𝑚. Now 

assume that 𝑘 +  𝑚0 is odd. If 𝑚0 is odd, then 𝑘 is even and so ∑(1 + (−1)𝑘)𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  0. 

Since 𝑎𝑚0
𝑚  is nonzero, this implies that 𝑎𝑘𝑚  =  0 for 𝑘 =  2, 4, 6, … ,𝑚0  −  1. If 𝑚0 is even, 
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then 𝑘 is odd and hence ∑(1 −  (−1)𝑘)𝑎𝑚0
𝑚 𝑎𝑘𝑚  =  0. Since 𝑎𝑚0

𝑚  ≠  0, it follows that 

𝑎𝑘𝑚  =  0  for 𝑘 =  1, 3, 5, . . . ,𝑚0  −  1.  

        Using Theorem 3.1, we give examples of nonnormal and complex symmetric sequence 

of Toeplitz operators with a finite symbol (see[15]).  

Example 3.4. Suppose that 𝜑𝑚(𝑧)  =  𝑖𝑧3  +  𝑧 +  𝑧  +  𝑖𝑧3 and 𝜓𝑚(𝑧) = 2𝑧2  +  𝑧 +  𝑖 −

 𝑧  +  2𝑧2. Then the matrices for Toeplitz operators 𝑇∑𝜑𝑚  and 𝑇∑𝜓𝑚  with respect to the basis 

𝐵 =  {𝑧𝑛 ∶  𝑛 =  0, 1, 2, . . . } are given by  

�𝑇∑𝜑𝑚�𝐵  =

⎝

⎜⎜
⎛

0 1 0 𝑖 0 ⋱
1 0 1 0 𝑖 ⋱
0
𝑖
0
⋱

1
0
𝑖
⋱

0 1 0 ⋱
1 0 1 ⋱
0 1 0 ⋱
⋱ ⋱ ⋱ ⋱⎠

⎟⎟
⎞

  , 

        �𝑇∑𝜓𝑚�𝐵 =

⎝

⎜⎜
⎛

𝑖 −1 2 0 0 ⋱
1 𝑖 −1 2 0 ⋱
2
0
0
⋱

1
2
0
⋱

𝑖 −1 2 ⋱
1 𝑖 −1 ⋱
2 1 𝑖 ⋱
⋱ ⋱ ⋱ ⋱ ⎠

⎟⎟
⎞

 

Hence, by Theorem 3.1, 𝑇∑𝜑𝑚 and 𝑇∑𝜓𝑚  are complex symmetric with respect to the 

conjugations 𝐶1 and 𝐶2, respectively. But, since 𝑎3𝑚𝑎−1𝑚 − 𝑎−3𝑚 𝑎1𝑚 and 𝑎2𝑚𝑎−1𝑚  − 𝑎−2𝑚 𝑎1𝑚 are 

nonzero, both 𝑇∑𝜑𝑚 and 𝑇∑𝜓𝑚  are not normal from Theorem 3.1 or [3].  

Example 3.5. (see[15]) let 𝜑𝑚(𝑧)  =  𝑒𝑖𝜃�3𝑧𝑛+1  +  𝑧𝑛  +  𝑧𝑛���  +  3𝑧𝑛+1� for some 𝜃. Then 

𝑇∑𝜑𝑚 is complex symmetric and normal from Theorem 3.1. 

References 

[1] C. Bender, A. Fring, U. Günther, H. Jones, Quantum physics with non-Hermitian 
operators, J.Phys.A 45 (2012) 440301.  
[2] A. Brown and P. Halmos, Algebraic properties of Toeplitz operators, J. Reine Angew. 
Math. 213(1963-1964), 89–102.  
[3] D.R. Farenick, W.Y. Lee, Hyponormality and spectra of Toeplitz operators, Trans. Amer. 
Math. Soc. 384 (1996) 4153–4174.  
[4] S.R. Garcia, Conjugation and Clark operators,in: Contemp. Math., vol. 393, 2006, pp. 67–
111.  
[5] S.R. Garcia, E. Prodan, M. Putinar, Mathematical and physical aspects of complex 
symmetric operators, J.Phys.A 47 (2014) 1–51.  

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 10 Issue 01, January 2023  

ISSN (Online) 2348 – 7968 | Impact Factor – 6.72 

www.ijiset.com  

175 
 

[6] S.R. Garcia and M. Putinar, Complex symmetric operators and applications, Trans. Amer. 
Math. Soc. 358 (2006), 1285–1315 .  
[7] S.R. Garcia and M. Putinar, Complex symmetric operators and applications ΙΙ, Trans. 
Amer. Math. Soc. 359 (2007) 3913-3931.  
[8] K. Guo, S. Zhu, A canonical decomposition of complex symmetric operators, J.Operator 
Theory 72 (2014) 529–547.  
[9] P.R. Halmos, Ten problems in Hilbert space, Bull. Amer. Math. Soc. 76 (1970) 887–933.  
[10] T. Ito, T.K. Wong, Subnormality and quasinormality of Toeplitz operators, Proc. Amer. 
Math. Soc. 34 (1972) 157–164.  
[11] S. Jung, E. Ko, J. Lee, On complex symmetric operator matrices, J.Math. Anal. Appl. 
406 (2013) 373–385.  
[12] S. Jung, E. Ko, M. Lee, J. Lee, On local spectral properties of complex symmetric 
operators, J. Math. Anal. Appl. 379 (2011) 325–333.  
[13] E. de Prunelé, Conditions for bound states in a periodic linear chain, and the spectra of a 
class of Toeplitz operators in terms of polylogarithm functions, J.Phys.A 36 (2003) 8797–
8815.  
[14] X. Wang, Z. Gao, A note on Aluthge transforms of complex symmetric operators and 
applications, Integral Equations Operator Theory 65 (2009) 573–580.  
[15]  E. Koa, J. E. Leeb, On complex symmetric Toeplitz operators, J. Math. Anal. Appl. 434 
(2016) 20–34.  
 
 
 
 
 

 

 

http://www.ijiset.com/

