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Abstract 

Data structures is one of the important part in the world of computer science. They appear 
everywhere because they are needed for the data to be stored. They are categorized based on the 
dimension of the data to be saved. In this research work, I propose a novel data structure, 
tesseract factorization which exploit the attributes and the properties of the fourth dimension. It 
is approved that the particular research work, seems to have promising usage in data which their 
storage would be in dense or sparse demand. Its computational cost is of less memory and the 
time for the data to be saved is linear. 

Introduction 

Data structures are one of the most important part in computer science because this is a way in 
order for the data to be stored. Data structures such as queues, stacks, graphs, arrays are 
commonly used in order to store the data and therefore process and analyze. For this reason, it is 
necessary to build highly and powerfully sufficiently data structure so that they offer high speeds 
in data processing as well as in the least computational cost (1–3). Using computer sufficiently 
and wisely, there is always the need to store, save and process data all the time. That necessity 
can be expanded from simple QnA forms to much more multidimensional arrays, tensors to 
process and solve complex problems. Some example such these, are the signal preprocessing 
such as Wavelets signals, recommender system in which matrices are examined which are 
applied machine learning techniques in order to reduce the available latent features through PCA 
and Singular Value Decomposition (4–8, 8–10). In this work, I present a data structure in which 
it should be used in order to tackle such problems successfully and sufficiently with common 
dimensionality reduction problems such as tensor factorization. The research work I am 
proposing concentrates on novel data structure. 

Tesseract Notation 

In this section, I provide a short description on tensors as well as I notate the problem statement 
mathematically. I therefore provide a brief overview of the Canonical Polyadic Decomposition, 
used in tensor factorization (11). Tensors are the generalization of matrices and vectors to higher 
dimensions. Tesseract is the specialization into the fourth dimension compared to the second one 
which is the matrix one. The dimensions of tensor factorization follow the name modes. We can 
call a tensor with n modes of order n. A tensor of order four receives the shape of a box with a 
box included into the first box. In this research work, I focus on the fourth dimension. In order to 
present the data structure for representing sparse tensors is list of coordinates as is in the two 
dimension in the matrix one. Let us assume for (i,j,k,l) is coordinates which indices the i is 
assigned to the first mode, j is assigned to the second mode, k is assigned to the third mode and l 
is assigned to the fourth mode. I denote tensors as X and matrices as A. I write the coordinate 
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system (i,j,k,l) of X as X(i,j,k,l) as I would write a matrix A as A(i,j) in the mode-2 coordinate 
system. The sparse tensor X of dimensions I × J × K × L and has m non zeros values based on 
the magnitude of the data. X(:, j, :, :) denotes all the values of the column j in the X sparse tensor 
as well as A(i, :) denotes of the values of the row i in the matrix A (?,12–14). Tesseract has as its 
primary goal to build block of tensors. In tesseract factorization, the first order is called rows, the 
second one is called columns, the third one is called tube and the fourth one is called tesseract. 
Two of the most commonly products used are Hadamard and Khatri-Rao products in the case 
where there are three modes available. In this research work, products may vary because four 
modes are stated (11, 15, 16). 

Tesseract Factorization 

As being part of this research work, I expanded an algorithm under the name of tesseract 
factorization which is a novel data structure for representing tensors. This work is specialized in 
the form of tesseract factorization, a four mode tensors with shared memory parallelism. In this 
section, we first show a derivation og the algorithm and an analysis of its data structure and 
computational performance. Generalization to an arbitrary number of models and parallelization 
is lastly discussed. Canonical Polyadic Decomposition - ALS algorithm developed for 
MapReduce paradigm. Fiber Tensor utilizes the massive parallelism of MapReduce by 
reformulating MTTKRP as a series Hadamard product in three modes. That means that the 
products are calculated for each one separately, creating a distribution of the product each time. 
In the case of four-mode of tesseract factorization it is estimated that the product is not clarified 
yet. Let us assume that X is a dense and so each row X(1) has exactly J × K and each column has 
exactly L × M non zeros. If we start from 1 

𝑀(𝑖,𝑓,𝑔) = ∑ ∑ 𝑋(1)(𝑖, 𝑧, 𝑦)𝐵(𝑧𝑗,𝑓,𝑔)𝐵(𝑧𝑗,𝑓,𝑔)𝐶(𝑧
𝑗

,𝑓,𝑔)𝐽𝐾
𝑧=0
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 (4) 

Therefore, I write equation 1 on a row of M. I break the columns of X into J,K, L and M 
components to arrive at equation 3. I am capable to factor out the inner multiplication of 
C(m,l,:,k) and reach to a more sufficient solution as shown in equation 4. 

Algorithm 1  

Tesseract Factorization algorithm  

Require: SliceX(i, :, :, :, :)  

Ensure: RowM(i, :, :)  

M(i, :, :) < −0  
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foralluniquek, j, landmEX(i, :, :, :, :)doeachX(i, :, :, :, :)  

accum(:) < −0F × 1vectoraccululation  

foralljEX(i, :, k, l, m)  

accum(:) < −accum(:) + X(i, j, k, l, m) × C(m, l, :, k)  

endfor  

M(i, :, :) < −M(i, f) + C(k, f) × accum(:) 

The aforementioned algorithm works best for s single slices of tesseract X. Each tensor is 
saved as a list of slices. Each slice includes a list of tensors, precisely tesseracts represented as 
sparse vectors. Slices are stored in a data structure that is similar to a compressed sparse row 
matrix. Nevertheless, slices in a data structure are very often sparse since they cannot be fully 
added with data. Each tesseract is accompanied by a tesseract which specifies its for example K 
coordinate index. Let us assume that X tesseract includes with P slice-3 tesseract, with 3 
dimensions left.(I+1) integers are used for tesseract and a value used for each tesseract id. The 
total memory footprint of X tesseract is (2m+I+J+K+L+M+P+2) words. The only additional 
memory used to save the F inner products in the case of 2 dimensional scenario that used to 
update the M dimensionality reduction data structure. Tesseract uses 2F(m+P) FLOPs. Tesseract 
needs to save F additional floating point numbers during computation 

Conclusion 

Tensors and modes are being of paramount importance in today’s data structure. In this scenario, 
I examined the real necessity for highly optimized sparse tensor tool. I introduced tesseract 
factorization which is an expansion of fiber factorization. I presented a method, an algorithm of 4 
reordering sparse tensors and cache tiling to improve data locality taken into consideration. A 
challenging and distinctive characteristic of many tensor computations is the mode that requires 
representation of the tensor for each mode. 

Future Work 

As future work, it is stated that the examination of the appropriate products will need to be 
considered. When the first mode is examined, it is a multiplication in scalar mode applied. When 
the second mode is examined, it is a dot product in two dimensions, applied. When the third 
mode is examined, it is Hadamard and Khatri-Rao product. But what product should be applied 
in the fourth mode is still a question to be examined as a future work. 
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