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Abstract
Let H(Q) denote a functional Hilbert space of analytic functions on a domain Q. Letw : Q —
Cand@: Q — Qbesuchthat wfo® is in H(Q) for every f in H(Q). The operator wC¢ given
by f — wfo@ is called a weighted composition operator on H(C2). In this paper we characterize
such operators and those for which (wCy )" is a composition operator. Compact weighted
composition operators on some functional Hilbert spaces are also characterized. We give
sufficient conditions for the compactness of such operators on weighted Dirichlet spaces.
Keywords : Weighted Composition Operator, analytic functions , Dirichlet spaces, Hilbert
space
Introduction

A Hilbert spaceH(Q) of analytic functions on a domain , is called a functional Hilbert space
provided the point evaluation f — f(x) is continuous for every x in Q. The Hardy space H?
and the Bergman space L2 (D) are the well-known examples of functional Hilbert spaces. An
application of the Riesz representation theorem shows that for every x € Q . there is a vector
k, in H(Q) such that f(x) =< f,k, >forall f in H(Q). Let K = { k,. : x € Q}. An operator
Ton H(Q) isacomposition operator if and only if K is invariant underT* [1].In fact,T*k, =

kgx), WhereT = Cy . It is a multiplication operator if and only if the elements of K are

eigenvectors of T* [2]. In this case T"k, = (x)x, , Where T = M,, is the operator of

multiplication by i . An operator T on H(Q) is a weighted composition operator if and only if

T*K ¢ K ,where K = {Ak,|2 € C,x € Q}. Inthis case T*k, = w(x) kg(x). Where T = wCp.

We note that the Hardy space H? can be identified as the space of functions f analytic in

the open unit disc D such that
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VA
. 2
1717 = sup [Ircre®) [ do < eo
0<r<1_n

Actually, iff € H2andf (z) = Y a,z™ then||f]|? = X|a,|?.Moreover,if f € H? then

(£.9) = anby

where g(x) = Yb,z". For,A € D the functionk,(z) = (1 —2Az)~! is the reproducing kernel
for A.

Let G be a bounded open subset of the complex plane C. For1 <p < oo,

the Bergman space of G, IP (G) is the set of all analytic functions f: G —» C such that

fG |fI[PdA < oo, where dA(z) = 1|nrdrd®. is the usual area measure on G. Note that L? (G)

is closed in LP (G) and it is therefore a Banach space. When G = D the inner product in L% (G)

IS given by

nPn
<f'9>=23+1

Wheref = Ya,z" and g = Yb,z".Thereforek,(z) = (1 —2Az)~? is the reproducing
kernel for the point A€ D.
Let A,(a > —1) be the finite measure defined on D by d1,(z) = (1 — |z|?)*dA(z) .For
a>—1and 0 < p < 1 the weighted Bergman space A is the collection of all functions f
analytic in D for which ||f||g,a = fD |f1? dA, < o . The weighted Dirichlet space D, (a >

—1) is the collection of all analytic functions f in D for which the derivative f belongs to A2.
Note that A? ,is a Banach space for p > 1, and a Hilbert space for p = 2 [3]. The Dirichlet

space D,,. is a Hilbert space in the norm

IFII3, = [FCO)I2 + f [ dag
D

For these spaces the unit ball is a normal family and the point evaluation is bounded.
Also, f(z) = Ya,z" analytic in D belongs to A% if and only if ¥(n + 1)"1"%|a,|? < o, and
to D,,if and only if ¥(n + 1)1%|a,|* < . We also note that if . @ > —1, then D c A% ,and

the inclusion map is continuous.
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A function ¢ on D is said to have an angular derivative at ¢ € dD if there exist a complex

number ¢ and a point w € dD such that (¢p(z) — w)|(z — {) tends to c as z tends to { over any

1-|¢(2)|
1-|z|

triangle in D with one vertex at {. Defined({) = lim inf, , Where z tends

unrestrictedly to ¢ through D. By [4] the existence of an angular derivative at { € dD is

equivalentto d({) < 1.

Proposition (1.1) If ¢ is analytic in D with ¢ (D) c D, then Cy,is bounded on AP forall 0 <

p<landa > —1. Also, if w € H” then wCy.is

bounded on 4%, forall0 < p < 1landa > —1.

In this paper we characterize such operators and those for which (wCy)*is a
composition operator. We also study the boundedness and compactness of the weighted
composition operators on AY or D,. The relationship between the compactness of such
operators and a special class of measures on the unit disc, Carleson measures, is shown. The
main result is to determine, in terms of geometric properties of @ and w, whenwCyis a compact
operator on weighted Dirichlet spaces. For Bergman spaces we attack the problem in terms of
an angular derivative of @ and an angular limit of w. We obtain some sufficient conditions for
weighted Dirichlet spaces. Finally, we would like to acknowledge the fact that we are
borrowing heavily the techniques of the proofs of [5]

1. Adjoint of Weighted Composition Operators

In this section we investigate when the adjoint of a weighted composition operator on

some functional Hilbert space is a composition operator.
Theorem (2.1)
Let T = wCy. be a weighted composition operator on AP a>—1.ThenT* = Cy if and only

if w=~kpand ¢(z) =az(1—/Tz)_1,where A =1(0) and ais a suitable constant. In

particular, y has the form ¢(z) = az + 1.
Proof

Assume(wCy)* = Cy .Then (wCyp) 'k, = Cyky or w(X)kppy(¥) = ky o (y). It follows
that

1
() = x,y €D

(1-30y)"" (1-x=po)™

N a+2 - a+2
In short (1 — gb(x)(y)) = a)(x)(l — J?l/)(y)) Af weputy =0and
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Y(0) =1 we have 1= w(x)(1 — Ax)%*? .Therefore w = k;.We also have (1 — Ax) (1 —

W(y)) =1-—xy(y) forall x,y € D. Hence ¢p(x)y + Ax +

Ap(0)x(y) = XPp(y).New xy # 0,theng(x) (1 = A0)(®) " = (Y () —p(0))y~*. Sine
the right-hand side is independent of x, it should be a constant, say a, a €
C.Therefore Y(z) = az +A1.and Y (2) = az(1 — 1z)~ L.

Conversely, suppose T = wCy, Where w = k,. and ¢(x) = ax(1 — Ax)~Y a € C Then

- 1 1
Tk, (x) = k = —. .
y(x) () ¢(y)(x) (1 — Ay)a+2 (1 _ WX)OH
Tk () = 00k () = .
y YIR¢(y) (1— 1y)*+2 (1 B mx)a”
B 1 1 B 1
T A=) (1 —ay(1 — A0 )2 (1 — Ay — ayx)*+?

= Clpky(X)
where Y(x) = ax + A1

Theorem (2.2) [6]
If . is a no constant analytic function defined on the unit disc D with . ¢p(D) < D such that
Cg is subnormal on H? (and not normal), then there is a number ¢ with |c| = 1 for which

lirq ¢(pc) = cand and linll_ d(pc) = s < 1. Moreover, if ¢ is analytic in a neighborhood
p— p—

of ¢, then Cy is subnormal on H? if and only if

(r+s)z+ (1 -s)c

P(x) = r(1—s)cz—(1+sr)

forsomer,swith0 < r < 1and0 < s < 1.Here, asabove,s = ¢(c):
Corollary (2.3)
If w =kjand.¢p(z) = szk;(z) with0 < s < 1 and
A = (1 — s)c, where c is the number indicated in (Theorem (1.1.3)), then wCy. Is subnormal
on HZ.

3. A Weighted Shift Analogy
As we shall see, for suitable w and . the operator(wCgy)*. (as well as the operator wCgy) has an
invariant subspace on which it is similar to a weighted shift.
We begin by defining the notions of forward and backward iteration sequences, see also [7].
Definition (3.1)
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A non-constant sequence {z,}p-oiS a B-sequence for . if ¢(zx) =z_1,k=12,.. A

nonconstant sequence {z; }i-o o7 {Zx }r=_o IS an F-sequence for ¢ if ¢p(z,) = z,,,for all k.
Theorem(3.2)

If {zj};ozo is a B-sequence for, and

for all j, then {zj}j,ozo gives rise to an invariant subspace of (wCg)*. On which it is similar to a
backward weighted shift

Proof

. Let {z;} be a B-sequence as in the statement of the (theorem. By [8,p. 203]), {z;}is an

1
interpolating sequence. Let u; = (1 — |zj|2)5kj,where k; denotes the reproducing kernel at z;
.We keep this notation throughout the rest of this section. Let M'be the closed linear span of

{w;}. By [7], {w;} is a basic sequence in M equivalent to an orthonormal basis. Since.

(w6 = (1 1o ol =ty (L mlil] )

(wCy)*|M is similar to a backward weighted shift with weights

()

Recall that if ¢ is analytic in D with @(D) c D and @ is not an analytic elliptic automorphism
of D, then there is a unique fixed point a of @ (with |a < 1) such that |@~ (a)] < 1. We will call
the distinguished fixed point a the Denjoy—Wolff point [8] of @. We note that if |a| = 1 then
0<@  (a)<l,andif|a]<1then0<|@~ (a)|<1

Corollary (3.3)
If ¢ has a Denjoy-Wolff point ain aD with .¢(a) < 1 then every F-sequence for ¢ gives rise

to an invariant subspace of (wCy)" on which it is similar to a forward weighted shift with

weights
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2
(1 — |Zj—1| ) ( )
2
1-|z|
Corollary (3.4)

ForO0< s<1lletw =ki_gand.¢p(z) = szk,_s(2).
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Then wCy. has an invariant subspace M such that wCy|M is similar to a weighted shift.
Proof.

Let ¥(z) = sz+ (1 —s). Then 1 is a Denjoy—Wolff point for. Also, (1) = s < 1. So by
Corollary (3.3) every F-sequence for gives rise to an invariant subspace of C;,. on which it is
similar to a weighted shift. Now by Theorem (2.1) C{;, = wCy. where w = ky_g and . ¢(2) =
szk,_s(z). The proof is now complete.

We note that if ¢ has a Denjoy-Wolff point a in dD with ¢ (1) < 1, then for real 6, Ce, is
similar to e* C,,. [7]. In fact, much more is true. For the proof of the next corollary see [7].
Corollary (3.5).

If ¢ is an analytic map of the disc to itself, ¢(1) = 1 and ¢(1) < 1, then for any function w
for which wCy. is bounded we have wCy. similar to AwCy. For [A] =1

4. Compactness on Weighted Bergman Spaces
In this section we will focus our attention on the relationship between compact weighted
composition operators and a special class of measures on the unit disc. First, we will recall a
few definitions. For 0 <d <2 and { € 0D let
S, d8)={z€D:|z—{ <8}
One can show that the Aa-measure of the semi disc S(, 8) is comparable with §%*2 (o > —1).
We can now give
Definition(4.1)
compact a - Carleson measure) Let @ > —1 and suppose . is a finite positive Borel measure on
D. We call 4 an a-Carleson measure if

lulle = supu(S(,8))/8%%2 <o, S(§,6) ={z€D:|z—¢| <8}
where the supremum is taken over all§ € 9D and 0 < § < 2. If, in addition
lim Ese%%u(S(f, §))/8%+? =0

then we call u a compact a - Carleson measure.
The next theorem is stated and proved in [5]. Since we refer to it several times, we state it

without proof.
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Theorem (4.2)

Fix0 <p <ooanda > —1 and let u be a finite positive Borel measure on D. Then p is an a-
Carleson measure if and only if AY < LP(u) . In this case the inclusion map I,.: AY -
LP(u) is a bounded operator with a norm comparable with ||ul|, .If u is an a- Carleson
measure, then I, is compact if and only if u is compact.

In the next theorem we extend the result of [5, Corollary 4.4] by characterizing the compact
weighted composition operators on the spaces A Zin terms of Carleson measures
Theorem(4.3)

Fix 0 <p <o and a > —1.Then wC(yis a bounded (compact) operator on A? if and only if
the measure p,p o ¢~tis an a- Carleson (compact a-Carleson) measure. Here du,p =
lw|PdA, .

Proof.

We know that for every f € Af, By( Theorem (4,2) wCy. is bounded on A%, if and only if , p ©
¢ 1 is an a-Carleson measure.

Now equip the space A% . with the metric of LP(ugp o ¢~1) and call this (usually
incomplete) space X. The above equation shows that wCy, induces an isometry S of X into A,
Thus wCy = Sl,. is compact if and only if I, is. An application of (Theorem (4.2)) completes
the proof.

A modification of the proof of Theorem (5.3) of [5] will give
Theorem (4.4)
Suppose a > -1 ,p > 0.
(i) If wCyis a compact operator on AP | then . does not have an angular derivative at those
points of dD at which w has a nonzero angular limit.
(i) Suppose w has a zero angular limit at any point of dD at which .has an angular derivative;
then wCy is compact.

5. Boundedness on Weighted Dirichlet Spaces
In this section we study the relationship between the boundedness of weighted composition
operators on weighted Dirichlet spaces and a special class of measures on the unit disc. We
recall that D, = H? and if a > 1 then D, = A%_, and the characterization of bounded

(compact) weighted composition operators on D, for

60


http://www.ijiset.com/

Pon\

(i]l.ﬁl"l'ﬁ IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 12 Issue 06, June 2025
k\' ' j ISSN (Online) 2348 — 7968 | Impact Factor — 6.72
e
WWw.ijiset.com

a > 1 is given in Theorem (4.3).. However, for —1 < a < 1, an obvious necessary condition for
wC, to be bounded on Da is that w = wC,El D,. In the following, we characterize the
boundedness of such operators.

Theorem (5.1)

Suppose w € D, Then wCyis bounded on D, if the measures y, o ¢~! and v, o p~'are a-

Carleson measures, where du, = |d|?dA, and dv, = |a)|2|¢3|2dﬂa
Proof.
Assume u, o ¢t and v, o ¢~ are a-Carleson measures. Then, for every f in D, we have
f € Al € I?(v, ° ¢1) by Theorem (4.2) For every f in D, we have (wCyf) = wf o +
w(f ° ¢) . We now have
lor o @I, = [10R181f o @ dhe = [1F o 8 du, = [1Ffdu o 7 < e
therefore, w(f o ¢)/ € A%_, Note also that
JI61P1f o p1?dAg = [If o pl?dpug = [IfIPdug o ¢~*
Since f € D, € AZ C L2(ug o ¢~ 1), we have [|d]?|f o ¢|?dA, < .
Combining these two observations we conclude that (wC¢f)/ € A% for every f in D,

Therefore wCyf € Dy. and wCy is bounded on Dy,

6. Compactness on Dirichlet Spaces
The main result of this section concerns sufficient conditions for the compactness of weighted
composition operators on Dirichlet spaces D,. We would like to investigate whether an
analogue of Theorem 4.3, the Carleson measure characterization of compact weighted
composition operators, holds for Dirichlet spaces
Theorem (6.1)

Compactness on Dirichlet Spaces) If u,o¢~! and v, o¢~! are compact,a-Carleson
, £12 .

measures, where du, = |@|*dA, and dv, = |w|2|¢| dAg4, then wCy is compact on Dy,

fora > -1 .

Proof

Let X denote the space D, taken in the metric induced by]||. ||, defined by
11T = CIfllz + 1f1l5)? + [w(0)f © ¢(0)[?
where [If1I3 = [, If1?duo ¢~ and lI£13 = f, || dva o ¢ (f € Do)
Let: D, — X be the identity map and define S : X —» D,. By Sf = wfo¢. SowCy =
SL . To show that S is a bounded operator , let f € X. Then
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ISFI, = f lw(f o $)/[*dAg +|w(0)f o p(0)?

< (I © Gz + 0b(F o DI,,) +|w(O)F o B(O)I?

We use the change of variable formula to get

f 16121 o §l2dAg = f I l2dug o ™" = lIfI3
D D

And

| 10PI8F 1 e ¢F drg = [ 1Fdvee ™ = lr1B
D D
Thus we have
ISFIIB, < (Ifllz + 11£113)% + [w(0)f o ()| = lIfII}

Hence |S| < 1 and S is bounded. If we show that I is compact, then wCg is compact and the
proof is complete.
Now, we use the idea of [6] to prove that | is compact. It is enough to show that each sequence
(fn) in D,. That converges uniformly to zero on compact subsets of D must be norm convergent
to zero in X.
Fix 0 < & < 1 and let us and v, be the restriction of the measures p, o ¢t and v, o p~1 to
the annulus 1 — § < |Z| < 1. Observe that the a-Carleson norm of us and v satisfy

luslla < ¢y suppg o ¢~H(S(E, 1)) /r**?
and

lvslla < ¢z supvy o (S, 7)) /ro+
where the supremum is takenoverall 0 < r <.and¢ € dD, and c; , c, are positive constants
which depend only on « Since p, o ¢~ and v, o ¢~ are compact a-Carleson measures, the
right-hand sides of the above two inequalities, which we denote by €,(8) and €,(9),

respectively, tend to zero as § — 0. So we have

I3 = [ UhPduee g™+ [ 1fldus < 00) + ke @Il
|Z]<1-8 D
and in the same manner

2 n2
”fn“% < 0(1) + kZEZ(é‘)”fn”Z’a
where k; and k,are constants depending only on a. We recall that the estimate of the first terms

comes from the uniform convergence of (f;,) to zero on |[Z| < 1 — § ,and the estimate of the
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second terms comes from the first part of [6]. Theorem(3.4) Since €;(§) = 0asd - 0,i =

1,2, and w(0)f;, o ¢(0) = 0, we have ||f,|l; = 0, which completes the proof.
Theorem (6.2)

If @ has a zero angular limit at any point of dD at which ¢ has an angular derivative, then p,, o

¢ ~lis a compact a —Carleson measure .Here du, = |0|*dA,.
Proof
Suppose @ has a zero angular limit at those points of dD at which ¢ has an angular derivative.
Choose 0 <y <a.withr=2—-(a—y) > 0.

For0 < & < 2 define

— 12124
%: 1—|z| < 6}
Since « has a zero angular limit at those points of dD at which , has an angular derivative we
have limg_ye(6) = 0. With no loss of generality assume that ¢(0) = 0. FixS = S(¢.6). By

€(6) = sup{

the Schwartz Lemma and definition of (&) we have

0211 - 121*) < (1 - [¢(2)]*)e(8) < 25€(5)

whenever ¢(z) € S. So we have

o 0 §71(S) = j 6D (A ~ 1212)%dAQ)
¢d~1(S)

< @) [ lo@ra
$~1(S)

— |9 @I?)7dAZ) (2e(6)* Y8ty 0 H(S)
Here dp,,(z) = |&0(Z)|*dA,(z) Now by (Proposition (1.1) and Theorem (1.1.11)
lry o @~ 1is ay-Carleson measure. Thus there exists a constant k independent of ¢. 4 such
that ., o p~1(S) < k8¥*2.

Hence pig,, o ¢~1(S) < k(2€(8))* 7Y 6**2.Sincee(8) —» 0asé — 0, is therefore a compact

a-Carleson measure and the proof is complete.
Theorem (6.3)
Suppose w has a zero angular limit at any point of dD at which ¢ has an angular derivative. If

in addition, for some —1 <y < a, the measuren, o ¢ ~'is a a-Carleson measure, where

dn,(z) = |a)|2‘“+”|¢3|2d/1y then v, o ¢~1,is a compact a —Carleson measure ( dv,(z) =
12

|0l ¢]"dAq)
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For0 < § < 2 define
1- |z w(2)|

1—|z| <6
—ler " }
By the argument of the proof of (Theorem (6,2)) lims_op(6) = 0. Also, we Have

lw(@)|(1 = 1z]*) < (1 = |9(2)]*)p(8) < 26p(8),whenever d(z) € S(&, ).
Thus

p(8) = sup{

veod = | 0PI (- ) dADMAAZ) = @p@) Ty o 67(S)
d~1(S)
Now we use the hypothesis that 77, o ¢ " is a y-Carleson measure; so there exists a constant k
independent of ¢ and & such that 77, o ¢~ (S) < k6*77.
Thus vy ° p~1(S) < k(2p(8)*Y)5*+2, Since p(8) —» 0 as § » 0 ,v, o ¢! therefore a

compact a« — Carleson measure, and the proof is complete.

Theorem (6.4)
Let w € H*and ¢ € D, Assume w and « have a zero angular limit at any point of dD at

which . has an angular derivative. If, in addition, for some —1 < y < «a, the measure n, o ¢~*

is a y-Carleson measure, then wC,,is compact on D, Here dn,, = lez‘“+”|¢3|2d/1y.
Proof. By(Theorems (6.1) and (6.3), the measures u, o ¢ tand v, o ¢~ are compact a-

Carleson measures. Thus Theorem (6.1) shows that wCy is compact on Dy,.
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