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Abstract 

Let 𝐻𝐻(Ω) denote a functional Hilbert space of analytic functions on a domain Ω. Let 𝜔𝜔 ∶  Ω →

𝐶𝐶 and ∅ ∶  Ω →  Ω be such that  𝜔𝜔𝜔𝜔𝜔𝜔∅ is in H(Ω) for every 𝑓𝑓 in 𝐻𝐻(Ω). The operator wCφ given 

by 𝑓𝑓 → 𝜔𝜔𝜔𝜔𝜔𝜔∅ is called a weighted composition operator on H(Ω). In this paper we characterize 

such operators and those for which (𝜔𝜔𝐶𝐶∅ )∗ is a composition operator. Compact weighted 

composition operators on some functional Hilbert spaces are also characterized. We give 

sufficient conditions for the compactness of such operators on weighted Dirichlet spaces. 

Keywords : Weighted Composition Operator, analytic functions , Dirichlet spaces, Hilbert 

space 

Introduction 

    A Hilbert spaceH(Ω) of analytic functions on a domain , is called a functional Hilbert space 

provided the point evaluation 𝑓𝑓 → 𝑓𝑓(x) is continuous for every 𝑥𝑥 in Ω . The Hardy space 𝐻𝐻2 

and the Bergman space 𝐿𝐿𝛼𝛼2 (𝐷𝐷) are the well-known examples of functional Hilbert spaces. An 

application of the Riesz representation theorem shows that for every 𝑥𝑥 ∈ Ω . there is a vector 

𝑘𝑘𝑥𝑥 in H(Ω) such that 𝑓𝑓(𝑥𝑥) =< 𝑓𝑓,𝑘𝑘𝑥𝑥 >for all 𝑓𝑓 in H(Ω). Let 𝐾𝐾 = { 𝑘𝑘𝑥𝑥 ∶ 𝑥𝑥 ∈ Ω}. An operator 

T on H(Ω)   is a composition operator if and only if 𝐾𝐾 is invariant under𝑇𝑇∗ [1].In fact,𝑇𝑇∗𝑘𝑘𝑥𝑥  =

 𝑘𝑘∅(𝑥𝑥), where𝑇𝑇 = 𝐶𝐶∅ . It is a multiplication operator if and only if the elements of K are 

eigenvectors of 𝑇𝑇∗ [2]. In this case 𝑇𝑇∗𝑘𝑘𝑥𝑥  =   𝜓𝜓(𝑥𝑥)�������𝑘𝑘𝑥𝑥, where 𝑇𝑇 = 𝑀𝑀𝜓𝜓 is the operator of 

multiplication by 𝜓𝜓  . An operator T on H(Ω) is a weighted composition operator if and only if 

𝑇𝑇∗𝐾𝐾 ⊂  𝐾𝐾� , where 𝐾𝐾� = {𝜆𝜆𝑘𝑘𝑥𝑥|𝜆𝜆 ∈ 𝐶𝐶, 𝑥𝑥 ∈ Ω}. In this case 𝑇𝑇∗𝑘𝑘𝑥𝑥 = 𝜔𝜔(𝑥𝑥)������� 𝑘𝑘∅(𝑥𝑥). where 𝑇𝑇 = 𝜔𝜔𝐶𝐶∅. 

     We note that the Hardy space 𝐻𝐻2 can be identified as the space of functions 𝑓𝑓 analytic in 

the open unit disc 𝐷𝐷 such that  
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‖𝑓𝑓‖2 = sup
0<𝑟𝑟<1

��𝑓𝑓(𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖)�2𝑑𝑑𝑑𝑑
𝜋𝜋

−𝜋𝜋

< ∞                                                 

Actually, if𝑓𝑓 ∈ H2and𝑓𝑓(z)  = ∑𝑎𝑎nzn    then‖𝑓𝑓‖2  = ∑|𝑎𝑎n|2.Moreover,if 𝑓𝑓 ∈ H2 then 

〈𝑓𝑓,𝑔𝑔〉 = �𝑎𝑎nbn���                                                                

where 𝑔𝑔(x) = ∑bnzn. For,λ ∈  D the function kλ(z)  =  (1 − λ�z)−1   is the reproducing kernel 

for λ.   

    Let G be a bounded open subset of the complex plane C. For 1 ≤ 𝑝𝑝 ≤ ∞, 

the Bergman space of G, 𝐿𝐿𝑎𝑎
𝑝𝑝(𝐺𝐺) is the set of all analytic functions 𝑓𝑓 ∶  𝐺𝐺 →  𝐶𝐶 such that 

∫ |𝑓𝑓|p𝑑𝑑𝑑𝑑 <  ∞𝐺𝐺 , where 𝑑𝑑𝑑𝑑(𝑧𝑧) = 1|𝜋𝜋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟. is the usual area measure on G. Note that 𝐿𝐿𝑎𝑎
𝑝𝑝(𝐺𝐺) 

is closed in 𝐿𝐿𝑝𝑝(𝐺𝐺) and it is therefore a Banach space. When 𝐺𝐺 =  𝐷𝐷 the inner product in 𝐿𝐿𝑎𝑎2 (𝐺𝐺) 

is given by 

   〈𝑓𝑓,𝑔𝑔〉 = �
𝑎𝑎nbn���
n + 1

                                               

    Where𝑓𝑓 = ∑𝑎𝑎nzn and 𝑔𝑔 = ∑bnzn.Thereforekλ(z)  =  (1 − λ�z)−2   is the reproducing 

kernel for  𝑡𝑡ℎ𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  λ ∈  D . 

        Let 𝜆𝜆𝛼𝛼(𝛼𝛼 > −1) be the finite measure defined on D by 𝑑𝑑𝜆𝜆𝛼𝛼(𝑧𝑧) = (1 − |𝑧𝑧|2)𝛼𝛼𝑑𝑑𝑑𝑑(𝑧𝑧) .For 

𝛼𝛼 > −1 and 0 < 𝑝𝑝 < 1 the weighted Bergman space 𝐴𝐴𝛼𝛼
𝑝𝑝 . is the collection of all functions 𝑓𝑓 

analytic in D for which ‖𝑓𝑓‖𝑝𝑝,𝛼𝛼
𝑝𝑝 = ∫ |𝑓𝑓|2𝐷𝐷 𝑑𝑑𝜆𝜆𝛼𝛼 < ∞ . The weighted Dirichlet space 𝐷𝐷𝛼𝛼 (𝛼𝛼 >

−1) is the collection of all analytic functions 𝑓𝑓 in 𝐷𝐷 for which the derivative 𝑓𝑓 belongs to 𝐴𝐴𝛼𝛼2 . 

Note that 𝐴𝐴𝛼𝛼
𝑝𝑝 ,is a Banach space for 𝑝𝑝 ≥ 1, and a Hilbert space for 𝑝𝑝 =  2 [3]. The Dirichlet 

space 𝐷𝐷𝛼𝛼. is a Hilbert space in the norm 

‖𝑓𝑓‖𝐷𝐷𝛼𝛼
2 = |𝑓𝑓(0)|𝟐𝟐 + � �𝑓́𝑓�

2

𝐷𝐷
𝑑𝑑𝜆𝜆𝛼𝛼                                    

   For these spaces the unit ball is a normal family and the point evaluation is bounded. 

Also, 𝑓𝑓(z) = ∑𝑎𝑎nzn analytic in D belongs to 𝐴𝐴𝛼𝛼2   if and only if ∑(n + 1)−1−α|𝑎𝑎𝑛𝑛|𝟐𝟐 < ∞ , and 

to 𝐷𝐷𝛼𝛼,if and only if ∑(n + 1)1−α|𝑎𝑎𝑛𝑛|𝟐𝟐 < ∞. We also note that if . 𝛼𝛼 > −1, then 𝐷𝐷 ⊂ 𝐴𝐴𝛼𝛼2  ,and 

the inclusion map is continuous. 
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    A function 𝜙𝜙 on D is said to have an angular derivative at  𝜁𝜁 ∈ 𝜕𝜕𝜕𝜕 if there exist a complex 

number c and a point 𝜔𝜔 ∈ 𝜕𝜕𝜕𝜕 such that (𝜙𝜙(𝑧𝑧) − 𝜔𝜔)|(𝑧𝑧 − 𝜁𝜁) tends to 𝑐𝑐 as 𝑧𝑧 tends to 𝜁𝜁 over any 

triangle in D with one vertex at 𝜁𝜁. Define𝑑𝑑(𝜁𝜁) = 𝑙𝑙𝑙𝑙𝑙𝑙 𝑖𝑖𝑖𝑖𝑖𝑖𝑧𝑧→𝜁𝜁
1−|𝜙𝜙(𝑧𝑧)|
1−|𝑧𝑧|

, where 𝑧𝑧 tends 

unrestrictedly to 𝜁𝜁 through 𝐷𝐷. By [4] the existence of an angular derivative at 𝜁𝜁 ∈ 𝜕𝜕𝜕𝜕 is 

equivalent to 𝑑𝑑(𝜁𝜁) < 1. 

Proposition (1.1) If 𝜙𝜙 is analytic in D with 𝜙𝜙 (D) ⊂ D, then 𝐶𝐶𝜙𝜙,is bounded on 𝐴𝐴𝛼𝛼
𝑝𝑝  for all 0 <

𝑝𝑝 < 1 and 𝛼𝛼 >  −1. Also, if 𝜔𝜔 ∈ 𝐻𝐻∞ then 𝜔𝜔𝐶𝐶𝜙𝜙.is  

bounded on 𝐴𝐴𝛼𝛼
𝑝𝑝  ,for all 0 <  𝑝𝑝 <  1 and 𝛼𝛼 >  −1. 

                In this paper we characterize such operators and those for which (𝜔𝜔𝐶𝐶∅ )∗ is a 
composition operator. We also study the boundedness and compactness of the weighted 
composition operators on 𝐴𝐴∝

𝑝𝑝   or 𝐷𝐷∝. The relationship between the compactness of such 
operators and a special class of measures on the unit disc, Carleson measures, is shown. The 
main result is to determine, in terms of geometric properties of ∅ and 𝜔𝜔, when𝜔𝜔𝐶𝐶∅is a compact 
operator on weighted Dirichlet spaces. For Bergman spaces we attack the problem in terms of 
an angular derivative of ∅ and an angular limit of 𝜔𝜔. We obtain some sufficient conditions for 
weighted Dirichlet spaces. Finally, we would like to acknowledge the fact that we are 
borrowing heavily the techniques of the proofs of [5] 

1. Adjoint of Weighted Composition Operators 

        In this section we investigate when the adjoint of a weighted composition operator on 

some functional Hilbert space is a composition operator.  

Theorem (2.1)   

Let 𝑇𝑇 = 𝜔𝜔𝐶𝐶𝜙𝜙. be a weighted composition operator on 𝐴𝐴𝛼𝛼
𝑝𝑝 . 𝛼𝛼 > −1. Then 𝑇𝑇∗ = 𝐶𝐶𝜓𝜓 if and only 

if 𝜔𝜔 = 𝑘𝑘𝜆𝜆and 𝜙𝜙(𝑧𝑧) = 𝑎𝑎𝑎𝑎�1 − 𝜆̅𝜆𝑧𝑧�−1 , where 𝜆𝜆 = 𝜓𝜓(0) and 𝑎𝑎is a suitable constant. In 

particular, 𝜓𝜓 has the form 𝜓𝜓(𝑧𝑧) =  𝑎𝑎�𝑧𝑧 + 𝜆𝜆 . 

Proof  

Assume(𝜔𝜔𝐶𝐶𝜙𝜙)∗  = 𝐶𝐶𝜓𝜓 .Then (𝜔𝜔𝐶𝐶𝜙𝜙)∗𝑘𝑘𝑥𝑥  = 𝐶𝐶𝜓𝜓𝑘𝑘𝑥𝑥 𝑜𝑜𝑜𝑜 𝜔𝜔(𝑥𝑥)�������𝑘𝑘𝜙𝜙(𝑥𝑥)(𝑦𝑦) = 𝑘𝑘𝑥𝑥 ∘ 𝜓𝜓(𝑦𝑦). It follows 

that 

𝜔𝜔(𝑥𝑥)�������

�1 − 𝜙𝜙(𝑥𝑥)�������𝑦𝑦�
𝛼𝛼+2 =

1

�1 − 𝑥̅𝑥𝜓𝜓(𝑦𝑦)�𝛼𝛼+2
   𝑥𝑥,𝑦𝑦 ∈ 𝐷𝐷                           

In short �1 − 𝜙𝜙(𝑥𝑥)�������(𝑦𝑦)�
𝛼𝛼+2

= 𝜔𝜔(𝑥𝑥)��������1 − 𝑥̅𝑥𝜓𝜓(𝑦𝑦)�𝛼𝛼+2 . 𝐼𝐼𝐼𝐼 𝑤𝑤𝑤𝑤 𝑝𝑝𝑝𝑝𝑝𝑝 𝑦𝑦 = 0 𝑎𝑎𝑎𝑎𝑎𝑎  

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 12 Issue 06, June 2025  

ISSN (Online) 2348 – 7968 | Impact Factor – 6.72 

www.ijiset.com  

57 
 

𝜓𝜓(0) = 𝜆𝜆 we have 1= 𝜔𝜔(𝑥𝑥)�������(1 − 𝜆𝜆𝑥̅𝑥)𝛼𝛼+2 .Therefore 𝜔𝜔 = 𝑘𝑘𝜆𝜆.We also have (1 − 𝜆𝜆𝑥̅𝑥) �1 −

𝜙𝜙(𝑥𝑥)�������(𝑦𝑦)� = 1 − 𝑥̅𝑥𝜓𝜓(𝑦𝑦) for all 𝑥𝑥,𝑦𝑦 ∈ 𝐷𝐷. Hence 𝜙𝜙(𝑥𝑥)�������𝑦𝑦 + 𝜆𝜆𝑥̅𝑥 + 

𝜆𝜆𝜙𝜙(𝑥𝑥)�������𝑥̅𝑥(𝑦𝑦) = 𝑥̅𝑥𝜓𝜓(𝑦𝑦).𝑁𝑁𝑁𝑁𝑁𝑁 𝑥𝑥𝑥𝑥 ≠ 0, 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝜙𝜙(𝑥𝑥)������� (1 − 𝜆𝜆𝑥̅𝑥)(𝑥̅𝑥)−1 = �𝜓𝜓(𝑦𝑦) − 𝜓𝜓(0)�𝑦𝑦−1. Sine 

the right-hand side is independent of 𝑥𝑥, it should be a constant, say  𝑎𝑎�, 𝑎𝑎 ∈

 𝐶𝐶.Therefore  𝜓𝜓(𝑧𝑧) =  𝑎𝑎�𝑧𝑧 + 𝜆𝜆 . and 𝜓𝜓(𝑧𝑧) = 𝑎𝑎𝑎𝑎(1 − 𝜆̅𝜆𝑧𝑧)−1. 

   Conversely, suppose 𝑇𝑇 = 𝜔𝜔𝐶𝐶𝜙𝜙, where 𝜔𝜔 = 𝑘𝑘𝜆𝜆. and 𝜙𝜙(𝑥𝑥) = 𝑎𝑎𝑎𝑎(1 − 𝜆̅𝜆𝑥𝑥)−1 𝑎𝑎 ∈ 𝐶𝐶 Then 

𝑇𝑇∗𝑘𝑘𝑦𝑦(𝑥𝑥) = 𝜔𝜔(𝑦𝑦)�������𝑘𝑘𝜙𝜙(𝑦𝑦)(𝑥𝑥) =
1

(1 − 𝜆𝜆𝑦𝑦�)𝛼𝛼+2 .
1

�1 − 𝜙𝜙(𝑦𝑦)�������𝑥𝑥�
𝛼𝛼+2 

𝑇𝑇∗𝑘𝑘𝑦𝑦(𝑥𝑥) = 𝜔𝜔(𝑦𝑦)�������𝑘𝑘𝜙𝜙(𝑦𝑦)(𝑥𝑥) =
1

(1 − 𝜆𝜆𝑦𝑦�)𝛼𝛼+2 .
1

�1 − 𝜙𝜙(𝑦𝑦)�������𝑥𝑥�
𝛼𝛼+2

=
1

(1 − 𝜆𝜆𝑦𝑦�)𝛼𝛼+2 .
1

(1 − 𝑎𝑎𝑎𝑎����(1 − 𝜆𝜆𝑥̅𝑥)−1𝑥𝑥)𝛼𝛼+2 =
1

(1 − 𝜆𝜆𝑦𝑦� − 𝑎𝑎𝑎𝑎����𝑥𝑥)𝛼𝛼+2

= 𝐶𝐶𝜓𝜓𝑘𝑘𝑦𝑦(𝑥𝑥)                                                   

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒    𝜓𝜓(𝑥𝑥) =  𝑎𝑎�𝑥𝑥 + 𝜆𝜆 

Theorem (2.2) [6]  

   If . is a no constant analytic function defined on the unit disc D with .𝜙𝜙(𝐷𝐷) ⊂ 𝐷𝐷 such that 

𝐶𝐶𝜙𝜙∗  is subnormal on 𝐻𝐻2 (and not normal), then there is a number c with |𝑐𝑐| = 1 for which 

lim
𝜌𝜌→1

𝜙𝜙(𝜌𝜌𝜌𝜌) = 𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 and  lim
𝜌𝜌→1−

𝜙́𝜙(𝜌𝜌𝜌𝜌) = 𝑠𝑠 < 1. Moreover, if 𝜙𝜙 is analytic in a neighborhood 

of 𝑐𝑐, then 𝐶𝐶𝜙𝜙∗  is subnormal on 𝐻𝐻2 if and only if 

𝜙𝜙(𝑥𝑥) =
(𝑟𝑟 + 𝑠𝑠)𝑧𝑧 + (1 − 𝑠𝑠)𝑐𝑐
𝑟𝑟(1 − 𝑠𝑠)𝑐𝑐̅𝑧𝑧 − (1 + 𝑠𝑠𝑠𝑠)

                                                      

for some r, s with 0 ≤  r ≤  1 and 0 <  𝑠𝑠 <  1. Here, as above, s =  ϕ́(c): 

Corollary (2.3)  

If 𝜔𝜔 = 𝑘𝑘𝜆𝜆and .𝜙𝜙(𝑧𝑧) = 𝑠𝑠𝑠𝑠𝑠𝑠𝜆𝜆(𝑧𝑧) with 0 < 𝑠𝑠 < 1 and 

𝜆𝜆 = (1 − 𝑠𝑠)𝑐𝑐, where 𝑐𝑐 is the number indicated in (Theorem (1.1.3)), then 𝜔𝜔𝐶𝐶𝜙𝜙. Is subnormal 

on 𝐻𝐻2. 

3. A Weighted Shift Analogy 

As we shall see, for suitable w and . the operator(wC∅)∗. (as well as the operator wC∅) has an 

invariant subspace on which it is similar to a weighted shift. 

We begin by defining the notions of forward and backward iteration sequences, see also [7]. 

Definition (3.1)  
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A non-constant sequence {𝑧𝑧𝑘𝑘}𝑘𝑘=0∞ is a B-sequence for . if 𝜙𝜙(𝑧𝑧𝑘𝑘) = 𝑧𝑧𝑘𝑘−1 , 𝑘𝑘 = 1,2, … A 

nonconstant sequence {𝑧𝑧𝑘𝑘}𝑘𝑘=0∞  𝑜𝑜𝑜𝑜 {𝑧𝑧𝑘𝑘}𝑘𝑘=−∞∞  is an F-sequence for 𝜙𝜙 if 𝜙𝜙(𝑧𝑧𝑘𝑘) = 𝑧𝑧𝑘𝑘+1for all 𝑘𝑘. 

Theorem(3.2) 

If �𝑧𝑧𝑗𝑗�𝑗𝑗=0
∞  is a B-sequence for, and 

1 − �𝑧𝑧𝑗𝑗�
1 − �𝑧𝑧𝑗𝑗−1�

≤ 𝑟𝑟 <  1                                              

for all 𝑗𝑗, then �𝑧𝑧𝑗𝑗�𝑗𝑗=0
∞  gives rise to an invariant subspace of (𝜔𝜔𝐶𝐶𝜙𝜙)∗. On which it is similar to a 

backward weighted shift 

Proof 

. Let �𝑧𝑧𝑗𝑗�  be a B-sequence as in the statement of the (theorem. By [8,p. 203]), �𝑧𝑧𝑗𝑗�is an 

interpolating sequence. Let 𝑢𝑢𝑗𝑗 = (1 − �𝑧𝑧𝑗𝑗�
2)

1
2𝑘𝑘𝑗𝑗,where 𝑘𝑘𝑗𝑗 denotes the reproducing kernel at 𝑧𝑧𝑗𝑗 

.We keep this notation throughout the rest of this section. Let ℳbe the closed linear span of 

�𝑢𝑢𝑗𝑗�. By [7], �𝑢𝑢𝑗𝑗� is a basic sequence in ℳ equivalent to an orthonormal basis. Since. 

�𝜔𝜔𝐶𝐶𝜙𝜙�
∗𝑢𝑢𝑗𝑗 = �1 − �𝑧𝑧𝑗𝑗�

2�
1
2 𝜔𝜔�𝑧𝑧𝚥𝚥��������𝑘𝑘𝑗𝑗−1 = 𝜔𝜔�𝑧𝑧𝚥𝚥�������� �

1 − �𝑧𝑧𝑗𝑗�
2

1 − �𝑧𝑧𝑗𝑗−1�
2�

1
2

𝑢𝑢𝑗𝑗−1 

(𝜔𝜔𝐶𝐶𝜙𝜙)∗|ℳ  is similar to a backward weighted shift with weights 

��
1 − �𝑧𝑧𝑗𝑗+1�

1 − �𝑧𝑧𝑗𝑗�
�

1
2
𝜔𝜔�𝑧𝑧𝚥𝚥+1������������ 

 

Recall that if φ is analytic in D with ∅(D) ⊂ D and ∅ is not an analytic elliptic automorphism 

of D, then there is a unique fixed point a of ∅ (with |a| ≤ 1) such that |∅− (a)| ≤ 1. We will call 

the distinguished fixed point a the Denjoy–Wolff point [8] of ∅. We note that if |a| = 1 then 

 0 < ∅− (a) ≤ 1, and if |a| < 1 then 0 ≤ |∅−  (a)| < 1 

 

Corollary (3.3)  

If 𝜙𝜙 has a Denjoy–Wolff point a in 𝜕𝜕𝜕𝜕 with .𝜙́𝜙(𝑎𝑎)  <  1 then every F-sequence for 𝜙𝜙 gives rise 

to an invariant subspace of (𝜔𝜔𝐶𝐶𝜙𝜙)∗ on which it is similar to a forward weighted shift with 

weights 
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��
1 − �𝑧𝑧𝑗𝑗−1�

2

1 − �𝑧𝑧𝑗𝑗�
2 �

1
2

𝜔𝜔�𝑧𝑧𝚥𝚥−1������������ 

Corollary (3.4) 

 For 0 <  𝑠𝑠 < 1 let 𝜔𝜔 = 𝑘𝑘1−𝑠𝑠 and .𝜙𝜙(𝑧𝑧)  =  𝑠𝑠𝑠𝑠𝑘𝑘1−𝑠𝑠(𝑧𝑧). 

Then 𝜔𝜔𝐶𝐶𝜙𝜙. has an invariant subspace M such that 𝜔𝜔𝐶𝐶𝜙𝜙|ℳ   is similar to a weighted shift. 

Proof.  

Let  𝜓𝜓(𝑧𝑧)  =  𝑠𝑠𝑠𝑠 + (1 − 𝑠𝑠). Then 1 is a Denjoy–Wolff point for. Also, 𝜓́𝜓(1) = 𝑠𝑠 < 1. So by 

Corollary (3.3) every F-sequence for   gives rise to an invariant subspace of 𝐶𝐶𝜓𝜓∗ .  on which it is 

similar to a weighted shift. Now by Theorem (2.1) 𝐶𝐶𝜓𝜓∗ = 𝜔𝜔𝐶𝐶𝜙𝜙. where 𝜔𝜔 = 𝑘𝑘1−𝑠𝑠 and . 𝜙𝜙(𝑧𝑧)  =

 𝑠𝑠𝑠𝑠𝑠𝑠1−𝑠𝑠(𝑧𝑧). The proof is now complete. 

    We note that if 𝜙𝜙 has a Denjoy–Wolff point a in 𝜕𝜕𝜕𝜕 with 𝜙́𝜙(1) < 1, then for real 𝜃𝜃,𝐶𝐶𝜙𝜙, is 

similar to 𝑒𝑒𝑖𝑖𝑖𝑖 𝐶𝐶𝜙𝜙. [7]. In fact, much more is true. For the proof of the next corollary see [7]. 

Corollary (3.5). 

 If 𝜙𝜙 is an analytic map of the disc to itself, 𝜙𝜙(1)  =  1 and 𝜙́𝜙(1) < 1, then for any function w 

for which 𝜔𝜔𝐶𝐶𝜙𝜙. is bounded we have 𝜔𝜔𝐶𝐶𝜙𝜙. similar to 𝜆𝜆𝜔𝜔𝐶𝐶𝜙𝜙. For |𝜆𝜆| = 1 

4. Compactness on Weighted Bergman Spaces 

In this section we will focus our attention on the relationship between compact weighted 

composition operators and a special class of measures on the unit disc. First, we will recall a 

few definitions. For 0 < δ ≤ 2 and ζ ∈ ∂D let  

S(ζ, δ) = {z ∈ D : |z − ζ| < δ}. 

One can show that the λα-measure of the semi disc S(ζ, δ) is comparable with 𝛿𝛿𝛼𝛼+2 (α > −1). 

We can now give 

Definition(4.1)  

compact 𝛼𝛼 - Carleson measure) Let 𝛼𝛼 > −1 and suppose . is a finite positive Borel measure on 

𝐷𝐷. We call 𝜇𝜇 an 𝛼𝛼-Carleson measure if 

‖𝜇𝜇‖𝛼𝛼 = sup 𝜇𝜇( 𝑆𝑆(𝜉𝜉, 𝛿𝛿))/𝛿𝛿𝛼𝛼+2 < ∞    , 𝑆𝑆(𝜉𝜉, 𝛿𝛿) = {𝑧𝑧 ∈ 𝐷𝐷: |𝑧𝑧 − 𝜉𝜉| < 𝛿𝛿} 

where the supremum is taken over all ξ ∈ ∂D and 0 < 𝛿𝛿 ≤  2. If, in addition 

lim
𝛿𝛿→0

sup
ξ∈∂D

𝜇𝜇( 𝑆𝑆(𝜉𝜉, 𝛿𝛿))/𝛿𝛿𝛼𝛼+2 = 0                                      

then we call 𝜇𝜇 a compact 𝛼𝛼 - Carleson measure. 

The next theorem is stated and proved in [5]. Since we refer to it several times, we state it 

without proof. 
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Theorem (4.2)  

Fix 0 < 𝑝𝑝 < ∞ and 𝛼𝛼 > −1  and let 𝜇𝜇 be a finite positive Borel measure on 𝐷𝐷. Then 𝜇𝜇 is an 𝛼𝛼-

Carleson measure if and only if 𝐴𝐴𝛼𝛼
𝑝𝑝 ⊂ 𝐿𝐿𝑃𝑃(𝜇𝜇) . In this case the inclusion map 𝐼𝐼𝛼𝛼 . ∶  𝐴𝐴𝛼𝛼

𝑝𝑝 →

𝐿𝐿𝑃𝑃(𝜇𝜇)  is a bounded operator with a norm comparable with ‖𝜇𝜇‖𝛼𝛼 .If 𝜇𝜇 is an 𝛼𝛼- Carleson 

measure, then 𝐼𝐼𝛼𝛼 is compact if and only if 𝜇𝜇 is compact. 

In the next theorem we extend the result of [5, Corollary 4.4] by characterizing the compact 

weighted composition operators on the spaces 𝐴𝐴 𝛼𝛼𝑃𝑃in terms of Carleson measures 

Theorem(4.3) 

 Fix 0 < 𝑝𝑝 < ∞ and 𝛼𝛼 > −1.Then 𝜔𝜔𝐶𝐶𝜙𝜙is a bounded (compact) operator on 𝐴𝐴𝛼𝛼
𝑝𝑝  ,if and only if 

the measure 𝜇𝜇𝛼𝛼,𝑃𝑃 ∘ 𝜙𝜙−1is an 𝛼𝛼- Carleson (compact 𝛼𝛼-Carleson) measure. Here 𝑑𝑑𝜇𝜇𝛼𝛼,𝑃𝑃  =

 |𝜔𝜔|𝑃𝑃𝑑𝑑𝜆𝜆𝛼𝛼 . 

Proof.  

We know that for every 𝑓𝑓 ∈ 𝐴𝐴𝛼𝛼
𝑝𝑝  By( Theorem (4,2) 𝜔𝜔𝐶𝐶𝜙𝜙. is bounded on 𝐴𝐴𝛼𝛼

𝑝𝑝  if and only if 𝜇𝜇𝛼𝛼,𝑃𝑃 ∘

𝜙𝜙−1 is an 𝛼𝛼-Carleson measure. 

     Now equip the space 𝐴𝐴𝛼𝛼
𝑝𝑝  . with the metric of 𝐿𝐿𝑝𝑝(𝜇𝜇𝛼𝛼,𝑃𝑃 ∘ 𝜙𝜙−1) and call this (usually 

incomplete) space 𝑋𝑋. The above equation shows that 𝜔𝜔𝐶𝐶𝜙𝜙, induces an isometry 𝑆𝑆 of 𝑋𝑋 into 𝐴𝐴𝛼𝛼
𝑝𝑝 . 

Thus 𝜔𝜔𝐶𝐶𝜙𝜙  =  𝑆𝑆𝐼𝐼𝛼𝛼. is compact if and only if 𝐼𝐼𝛼𝛼 is. An application of (Theorem (4.2)) completes 

the proof. 

A modification of the proof of Theorem (5.3) of [5] will give 

Theorem (4.4) 

 Suppose 𝛼𝛼 > −1  , 𝑝𝑝 >  0. 

 (i) If 𝜔𝜔𝐶𝐶𝜙𝜙is a compact operator on 𝐴𝐴𝛼𝛼
𝑝𝑝   , then . does not have an angular derivative at those 

points of ∂D at which 𝜔𝜔 has a nonzero angular limit. 

(ii) Suppose w has a zero angular limit at any point of ∂D at which .has an angular derivative; 

then 𝜔𝜔𝐶𝐶𝜙𝜙 is compact. 

5. Boundedness on Weighted Dirichlet Spaces 

In this section we study the relationship between the boundedness of weighted composition 

operators on weighted Dirichlet spaces and a special class of measures on the unit disc. We 

recall that 𝐷𝐷1  =  𝐻𝐻2 and if α > 1 then 𝐷𝐷𝛼𝛼 =  𝐴𝐴𝛼𝛼−22  and the characterization of bounded 

(compact) weighted composition operators on 𝐷𝐷𝛼𝛼 for  
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α > 1 is given in Theorem (4.3).. However, for −1 < α < 1, an obvious necessary condition for 

𝜔𝜔𝐶𝐶𝛼𝛼 to be bounded on Dα is that 𝜔𝜔 = 𝜔𝜔𝐶𝐶𝛼𝛼∈I 𝐷𝐷𝛼𝛼. In the following, we characterize the 

boundedness of such operators. 

Theorem (5.1)  

Suppose 𝜔𝜔 ∈ 𝐷𝐷𝛼𝛼 Then 𝜔𝜔𝐶𝐶𝜙𝜙is bounded on 𝐷𝐷𝛼𝛼 if the measures 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1are 𝛼𝛼-

Carleson measures, where  𝑑𝑑𝜇𝜇𝛼𝛼 = |𝜔́𝜔|2𝑑𝑑𝜆𝜆𝛼𝛼   and  𝑑𝑑𝑣𝑣𝛼𝛼 = |𝜔𝜔|2�𝜙́𝜙�2𝑑𝑑𝜆𝜆𝛼𝛼 

Proof. 

 Assume 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 are 𝛼𝛼-Carleson measures. Then, for every 𝑓𝑓 in 𝐷𝐷𝛼𝛼 we have 

𝑓́𝑓 ∈ 𝐴𝐴𝛼𝛼
𝑝𝑝 ∈ 𝐿𝐿2(𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1) by Theorem (4.2) For every 𝑓𝑓 in 𝐷𝐷𝛼𝛼   we have (𝜔𝜔𝐶𝐶𝜙𝜙𝑓𝑓)/  =  𝜔𝜔𝑓𝑓 ∘ 𝜙𝜙 +

 𝜔𝜔(𝑓𝑓 ∘ 𝜙𝜙)/ . We now have 

�𝜔𝜔(𝑓𝑓 ∘ 𝜙𝜙)/�
2,𝛼𝛼
𝑝𝑝 = �|𝜔𝜔|2�𝜙́𝜙�2�𝑓́𝑓 ∘ 𝜙𝜙�

2
𝑑𝑑𝜆𝜆𝛼𝛼 =��𝑓́𝑓 ∘ 𝜙𝜙�

2
𝑑𝑑𝑣𝑣𝛼𝛼 = ��𝑓́𝑓�

2
𝑑𝑑𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 < ∞ 

therefore, 𝜔𝜔(𝑓𝑓 ∘ 𝜙𝜙)/ ∈ 𝐴𝐴𝛼𝛼−22  Note also that 

                 ∫|𝜔́𝜔|2|𝑓𝑓 ∘ 𝜙𝜙|2𝑑𝑑𝜆𝜆𝛼𝛼 =∫|𝑓𝑓 ∘ 𝜙𝜙|2𝑑𝑑𝜇𝜇𝛼𝛼 =∫|𝑓𝑓|2𝑑𝑑𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1        

    Since 𝑓𝑓 ∈ 𝐷𝐷𝛼𝛼 ⊂ 𝐴𝐴𝛼𝛼2 ⊂ 𝐿𝐿2(𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1), we have ∫|𝜔́𝜔|2|𝑓𝑓 ∘ 𝜙𝜙|2𝑑𝑑𝜆𝜆𝛼𝛼 < ∞ . 

Combining these two observations we conclude that (𝜔𝜔𝐶𝐶𝜙𝜙𝑓𝑓)/ ∈ 𝐴𝐴𝛼𝛼2  for every 𝑓𝑓 in 𝐷𝐷𝛼𝛼 

Therefore 𝜔𝜔𝐶𝐶𝜙𝜙𝑓𝑓 ∈ 𝐷𝐷𝛼𝛼. and 𝜔𝜔𝐶𝐶𝜙𝜙 is bounded on 𝐷𝐷𝛼𝛼 

6. Compactness on Dirichlet Spaces 

The main result of this section concerns sufficient conditions for the compactness of weighted 

composition operators on Dirichlet spaces 𝐷𝐷𝛼𝛼. We would like to investigate whether an 

analogue of Theorem 4.3, the Carleson measure characterization of compact weighted 

composition operators, holds for Dirichlet spaces 

Theorem (6.1) 

 Compactness on Dirichlet Spaces) If 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 are compact,𝛼𝛼-Carleson 

measures, where 𝑑𝑑𝜇𝜇𝛼𝛼 = |𝜔́𝜔|2𝑑𝑑𝜆𝜆𝛼𝛼 and 𝑑𝑑𝑣𝑣𝛼𝛼 = |𝜔𝜔|2�𝜙́𝜙�2𝑑𝑑𝜆𝜆𝛼𝛼, then 𝜔𝜔𝐶𝐶𝜙𝜙 is compact on 𝐷𝐷𝛼𝛼 

for 𝛼𝛼 > −1  . 

Proof 

Let 𝑋𝑋 denote the space 𝐷𝐷𝛼𝛼 taken in the metric induced by‖. ‖1 defined by 

‖𝑓𝑓‖12 = (‖𝑓𝑓‖2 + ‖𝑓𝑓‖3)2 + |𝜔𝜔(0)𝑓𝑓 ∘ 𝜙𝜙(0)|2                               

where ‖𝑓𝑓‖22 = ∫ |𝑓𝑓|2𝑑𝑑𝑑𝑑𝐷𝐷 ∘ 𝜙𝜙−1 and ‖𝑓𝑓‖32 = ∫ �𝑓́𝑓�
2
𝑑𝑑𝑣𝑣𝛼𝛼𝐷𝐷 ∘ 𝜙𝜙−1 (𝑓𝑓 ∈ 𝐷𝐷𝛼𝛼) 

    Let 𝐼𝐼 ∶ 𝐷𝐷𝛼𝛼 → 𝑋𝑋 be the identity map and define 𝑆𝑆 ∶  𝑋𝑋 → 𝐷𝐷𝛼𝛼. By 𝑆𝑆𝑆𝑆 =  𝑤𝑤𝑤𝑤 ∘ 𝜙𝜙.   So 𝜔𝜔𝐶𝐶𝜙𝜙 =

𝑆𝑆𝑆𝑆 . To show that 𝑆𝑆 is a bounded operator , let 𝑓𝑓 ∈  𝑋𝑋. Then 
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‖𝑆𝑆𝑆𝑆‖𝐷𝐷𝛼𝛼
2 = � �𝜔𝜔(𝑓𝑓 ∘ 𝜙𝜙)/�2𝑑𝑑𝜆𝜆𝛼𝛼 +

𝐷𝐷
|𝜔𝜔(0)𝑓𝑓 ∘ 𝜙𝜙(0)|2

≤ �‖𝜔́𝜔𝑓𝑓 ∘ 𝜙𝜙‖2,𝛼𝛼 + �𝜔𝜔𝜙́𝜙(𝑓́𝑓 ∘ 𝜙𝜙)�
2,𝛼𝛼
�
2

+ |𝜔𝜔(0)𝑓𝑓 ∘ 𝜙𝜙(0)|2 

We use the change of variable formula to get 

� |𝜔́𝜔|2|𝑓𝑓 ∘ 𝜙𝜙|2𝑑𝑑𝜆𝜆𝛼𝛼 =
𝐷𝐷

� |𝑓𝑓|2𝑑𝑑𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 = ‖𝑓𝑓‖22
𝐷𝐷

 

And  

� |𝜔𝜔|2�𝜙́𝜙�2�𝑓́𝑓 ∘ 𝜙𝜙�
2
𝑑𝑑𝜆𝜆𝛼𝛼 =

𝐷𝐷
� �𝑓́𝑓�

2
𝑑𝑑𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 = ‖𝑓𝑓‖32

𝐷𝐷
 

Thus we have  

‖𝑆𝑆𝑆𝑆‖𝐷𝐷𝛼𝛼
2 ≤ (‖𝑓𝑓‖2 + ‖𝑓𝑓‖3)2 + |𝜔𝜔(0)𝑓𝑓 ∘ 𝜙𝜙(0)|2 = ‖𝑓𝑓‖12 

Hence |𝑆𝑆|  ≤ 1 and S is bounded. If we show that I is compact, then  𝜔𝜔𝐶𝐶𝜙𝜙  is compact and the 

proof is complete. 

Now, we use the idea of [6] to prove that I is compact. It is enough to show that each sequence 

(𝑓𝑓𝑛𝑛) in 𝐷𝐷𝛼𝛼. That converges uniformly to zero on compact subsets of 𝐷𝐷 must be norm convergent 

to zero in X. 

Fix 0 < 𝛿𝛿 < 1 and let 𝜇𝜇𝛿𝛿 and 𝑣𝑣𝛼𝛼be the restriction of the measures 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 to 

the annulus 1 − 𝛿𝛿 ≤ |𝑍𝑍| < 1. Observe that the 𝛼𝛼-Carleson norm of 𝜇𝜇𝛿𝛿 and 𝑣𝑣𝛿𝛿 satisfy 

‖𝜇𝜇𝛿𝛿‖𝛼𝛼  ≤ 𝑐𝑐1 𝑠𝑠𝑠𝑠𝑠𝑠𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1(𝑆𝑆(𝜉𝜉, 𝑟𝑟))/𝑟𝑟𝛼𝛼+2 

and 

‖𝑣𝑣𝛿𝛿‖𝛼𝛼  ≤ 𝑐𝑐2 𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1(𝑆𝑆(𝜉𝜉, 𝑟𝑟))/𝑟𝑟𝛼𝛼+2 

where the supremum is taken over all 0 <  𝑟𝑟 < . and 𝜉𝜉 ∈ 𝜕𝜕𝜕𝜕, and 𝑐𝑐1 , 𝑐𝑐2 are positive constants 

which depend only on 𝛼𝛼 Since 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1 and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 are compact 𝛼𝛼-Carleson measures, the 

right-hand sides of the above two inequalities, which we denote by 𝜖𝜖1(𝛿𝛿) and 𝜖𝜖2(𝛿𝛿), 

respectively, tend to zero as 𝛿𝛿 → 0. So we have 

‖𝑓𝑓𝑛𝑛‖22 = � |𝑓𝑓𝑛𝑛|2𝑑𝑑𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 + � |𝑓𝑓𝑛𝑛|2𝑑𝑑𝜇𝜇𝛿𝛿 ≤ 𝑂𝑂(1) + 𝑘𝑘1𝜖𝜖1(𝛿𝛿)‖𝑓𝑓𝑛𝑛‖2,𝛼𝛼
2

𝐷𝐷|𝑍𝑍|< 1−𝛿𝛿
 

and in the same manner 

‖𝑓𝑓𝑛𝑛‖32 ≤ 𝑜𝑜(1) + 𝑘𝑘2𝜖𝜖2(𝛿𝛿)�𝑓́𝑓𝑛𝑛�2,𝛼𝛼
2

 

where 𝑘𝑘1 and 𝑘𝑘2are constants depending only on 𝛼𝛼. We recall that the estimate of the first terms 

comes from the uniform convergence of (𝑓𝑓𝑛𝑛) to zero on |𝑍𝑍| ≤  1 − 𝛿𝛿 ,and the estimate of the 
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second terms comes from the first part of [6]. Theorem(3.4) Since 𝜖𝜖𝑖𝑖(𝛿𝛿) → 0 as 𝛿𝛿 → 0 ,𝑖𝑖 =

 1,2, and 𝜔𝜔(0)𝑓𝑓𝑛𝑛 ∘ 𝜙𝜙(0) → 0, we have ‖𝑓𝑓𝑛𝑛‖1 → 0, which completes the proof. 

Theorem (6.2)  

If 𝜔́𝜔 has a zero angular limit at any point of 𝜕𝜕𝜕𝜕 at which 𝜙𝜙 has an angular derivative, then 𝜇𝜇𝛼𝛼 ∘

𝜙𝜙−1is a compact 𝛼𝛼 −Carleson measure .Here 𝑑𝑑𝜇𝜇𝛼𝛼 = |𝜔́𝜔|2𝑑𝑑𝜆𝜆𝛼𝛼. 

Proof 

 Suppose 𝜔́𝜔 has a zero angular limit at those points of 𝜕𝜕𝜕𝜕 at which 𝜙𝜙 has an angular derivative. 

Choose 0 < 𝛾𝛾 < 𝛼𝛼 . with 𝑟𝑟 = 2 − (𝛼𝛼 − 𝛾𝛾) >  0. 

  For 0 <  𝛿𝛿 <  2 define 

𝜖𝜖(𝛿𝛿) = sup �
1 − |𝑧𝑧|2𝜔́𝜔(𝑧𝑧)
1 − |𝜙𝜙(𝑧𝑧)|2 : 1 − |𝑧𝑧| ≤ 𝛿𝛿�                                     

Since 𝜔́𝜔 has a zero angular limit at those points of 𝜕𝜕𝜕𝜕 at which , has an angular derivative we 

have 𝑙𝑙𝑙𝑙𝑙𝑙𝛿𝛿→0𝜖𝜖(𝛿𝛿) = 0. With no loss of generality assume that 𝜙𝜙(0) = 0. Fix 𝑆𝑆 =  𝑆𝑆(𝜉𝜉. 𝛿𝛿). By 

the Schwartz Lemma and definition of 𝜖𝜖(𝛿𝛿) we have 

|𝜔́𝜔(𝑍𝑍)|(1 − |𝑧𝑧|2) ≤ (1 − |𝜙𝜙(𝑧𝑧)|2)𝜖𝜖(𝛿𝛿) ≤ 2𝛿𝛿𝛿𝛿(𝛿𝛿) 

whenever ϕ(z) ∈ S. So we have 

𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1(𝑆𝑆) = � |𝜔́𝜔(𝑍𝑍)|2

𝜙𝜙−1(𝑆𝑆)

(1 − |𝑧𝑧|2)𝛼𝛼𝑑𝑑𝜆𝜆(𝑍𝑍)

≤ (2𝛿𝛿𝛿𝛿(𝛿𝛿))𝛼𝛼−𝛾𝛾 � |𝜔́𝜔(𝑍𝑍)|𝑟𝑟

𝜙𝜙−1(𝑆𝑆)

(1

− |𝜙𝜙(𝑧𝑧)|2)𝛾𝛾𝑑𝑑𝜆𝜆(𝑍𝑍) (2𝜖𝜖(𝛿𝛿))𝛼𝛼−𝛾𝛾𝛿𝛿𝛼𝛼−𝛾𝛾𝜇𝜇𝑟𝑟,𝛾𝛾 ∘ 𝜙𝜙−1(𝑆𝑆) 

Here 𝑑𝑑𝜇𝜇𝑟𝑟,𝛾𝛾(𝑧𝑧) = |𝜔́𝜔(𝑍𝑍)|2𝑑𝑑𝜆𝜆𝛾𝛾(𝑧𝑧) Now by (Proposition (1.1) and Theorem (1.1.11) 

𝜇𝜇𝑟𝑟,𝛾𝛾 ∘ 𝜙𝜙−1 is  a 𝛾𝛾-Carleson measure. Thus there exists a constant k independent of 𝜉𝜉. 𝛿𝛿 such 

that 𝜇𝜇𝑟𝑟,𝛾𝛾 ∘ 𝜙𝜙−1(𝑆𝑆) ≤ 𝑘𝑘𝛿𝛿𝛾𝛾+2. 

   Hence 𝜇𝜇𝛼𝛼,𝛾𝛾 ∘ 𝜙𝜙−1(𝑆𝑆) ≤ 𝑘𝑘(2𝜖𝜖(𝛿𝛿))𝛼𝛼−𝛾𝛾𝛿𝛿𝛼𝛼+2.Since𝜖𝜖(𝛿𝛿) →  0 as𝛿𝛿 →  0, is therefore a compact 

𝛼𝛼-Carleson measure and the proof is complete. 

Theorem (6.3) 

 Suppose w has a zero angular limit at any point of 𝜕𝜕𝜕𝜕 at which 𝜙𝜙 has an angular derivative. If 

in addition, for some −1 < 𝛾𝛾 < 𝛼𝛼, the measure 𝜂𝜂𝛾𝛾 ∘ 𝜙𝜙−1is a 𝛼𝛼-Carleson measure, where 

𝑑𝑑𝜂𝜂𝛾𝛾(𝑧𝑧) = |𝜔𝜔|2−𝛼𝛼+𝛾𝛾�𝜙́𝜙�2𝑑𝑑𝜆𝜆𝛾𝛾 ,then 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1,is a compact 𝛼𝛼 −Carleson measure ( 𝑑𝑑𝑣𝑣𝛼𝛼(𝑧𝑧) =

|𝜔𝜔|2�𝜙́𝜙�2𝑑𝑑𝜆𝜆𝛼𝛼) 
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 Proof 

 For 0 < 𝛿𝛿 <  2 define 

𝜌𝜌(𝛿𝛿) = sup �
1 − |𝑧𝑧|2|𝜔𝜔(𝑧𝑧)|

1 − |𝜙𝜙(𝑧𝑧)|2 : 1 − |𝑧𝑧| ≤ 𝛿𝛿�                                  

By the argument of the proof of (Theorem (6,2)) 𝑙𝑙𝑙𝑙𝑙𝑙𝛿𝛿→0𝜌𝜌(𝛿𝛿) = 0. Also, we Have  

|𝜔𝜔(𝑍𝑍)|(1 − |𝑧𝑧|2) ≤ (1 − |𝜙𝜙(𝑧𝑧)|2)𝜌𝜌(𝛿𝛿) ≤ 2𝛿𝛿𝛿𝛿(𝛿𝛿),whenever ϕ(z) ∈ S(𝜉𝜉, 𝛿𝛿). 

Thus 

𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1(𝑆𝑆) = � |𝜔𝜔|2�𝜙́𝜙(𝑧𝑧)�2

𝜙𝜙−1(𝑆𝑆)

(1 − |𝑧𝑧|2)𝛼𝛼𝑑𝑑𝜆𝜆(𝑍𝑍)𝑀𝑀𝑑𝑑𝜆𝜆(𝑍𝑍) = (2𝜌𝜌(𝛿𝛿))𝛼𝛼−𝛾𝛾𝜂𝜂𝛾𝛾 ∘ 𝜙𝜙−1(𝑆𝑆)      

Now we use the hypothesis that 𝜂𝜂𝛾𝛾 ∘ 𝜙𝜙−1 is a 𝛾𝛾-Carleson measure; so there exists a constant 𝑘𝑘 

independent of 𝜉𝜉 and 𝛿𝛿 such that 𝜂𝜂𝛾𝛾 ∘ 𝜙𝜙−1(𝑆𝑆) ≤ 𝑘𝑘𝛿𝛿𝛼𝛼−𝛾𝛾. 

Thus 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1(𝑆𝑆) ≤ 𝑘𝑘(2𝜌𝜌(𝛿𝛿)𝛼𝛼−𝛾𝛾)𝛿𝛿𝛼𝛼`+2. Since 𝜌𝜌(𝛿𝛿)  →  0 as 𝛿𝛿 → 0 , 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 therefore a 

compact 𝛼𝛼 − Carleson measure, and the proof is complete. 

 

Theorem (6.4)  

Let 𝜔́𝜔 ∈ 𝐻𝐻∞ and 𝜙𝜙 ∈  𝐷𝐷𝛼𝛼 Assume 𝜔𝜔 and 𝜔́𝜔 have a zero angular limit at any point of 𝜕𝜕𝜕𝜕 at 

which . has an angular derivative. If, in addition, for some −1 < 𝛾𝛾 < 𝛼𝛼, the measure 𝜂𝜂𝛾𝛾 ∘ 𝜙𝜙−1 

is a 𝛾𝛾-Carleson measure, then 𝜔𝜔𝐶𝐶𝜙𝜙,is compact on 𝐷𝐷𝛼𝛼 Here 𝑑𝑑𝜂𝜂𝛾𝛾 = |𝜔𝜔|2−𝛼𝛼+𝛾𝛾�𝜙́𝜙�2𝑑𝑑𝜆𝜆𝛾𝛾. 

Proof. By(Theorems (6.1) and (6.3), the measures 𝜇𝜇𝛼𝛼 ∘ 𝜙𝜙−1and 𝑣𝑣𝛼𝛼 ∘ 𝜙𝜙−1 are compact 𝛼𝛼-

Carleson measures. Thus Theorem (6.1) shows that 𝜔𝜔𝐶𝐶𝜙𝜙 is compact on 𝐷𝐷𝛼𝛼 . 
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