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Abstract 

It is observed that every finite group can be realized as a 
group of Automorphisms of compact Riemann surfaces of 
genus g(≥2).In this paper we have considered the 
molecule C6H6 (the benzene) and then constructed the 
group of symmetries of C6H6 which is a group of order 24 
. We now find a set of necessary and sufficient conditions 
for existence of a smooth Epimorphism from a Fuchsian 
group to this point group formed by all the symmetries of 
the Benzene molecule C6H6 R. 

Keywords: Point group, Fuchsian group, Smooth 
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1. Introduction 

    The study of symmetries is one of the most appealing 
applications of group theory. The set of all symmetries of 
F always forms a group under the operation of functions, 
called group of symmetries of F [2] . 

    It is found that every finite group is isometric to the 
Automorphism group of some compact Riemann surface 
of genus (≥ 2) [3]  . 

   The set of automorphisms of a compact Riemann 
surface S of genus (≥ 2) forms a finite group whose 
order can’t exceed 84(𝑔 − 1). The maximum bound is 

called Hurwitz bound and it is attained for infinitely many 
values of 𝑔, the least being 3 [7,8] .  
The problem of finding minimum genus for various sub-
classes of finite groups has been the theme of many 
research papers during last few decades [4,5]  
   The theory of Fuchsian group is intimately related to 
the theory of Riemann surface Automorphism groups. A 
Fuchsian group Γ is an infinite group having presentation 
of the form:  

〈 𝑎1, 𝑎2, 𝑎3, … … … … … . 𝑎𝑘; 𝑏1, 𝑐1, 𝑏2, 𝑐2 … … … . . 𝑏𝛾, 𝑐𝛾  ; 𝑎1
𝑚1 =

𝑎2
𝑚2 = ⋯… … . . = 𝑎𝑘

𝑚𝑘 = ∏ 𝑎𝑖 ∏ �𝑏𝑗,𝑐𝑗�
𝛾
𝑗=1

𝑘
𝑖=1 = 1  〉               

Where �𝑏𝑗,𝑐𝑗� = 𝑏𝑗−1𝑐𝑗−1𝑏𝑗𝑐𝑗 and  

𝛿( Γ ) = 2𝛾 − 2 + ∑ �1 − 1
𝑚𝑖
�𝑘

𝑖=1 > 0............ (1) 

It is known that if  Γ1 is a subgroup of  Γ of finite index 
then Γ1 is a Fuchsian group and 

            [ Γ ∶ Γ1 ] =  𝛿(Γ1 )
𝛿(Γ)

  .................................(2)   [7,8] . 

A homomorphism 𝜑 from a Fuchsian group Γ  to a finite 
group G is called smooth if the kernel is a surface 
subgroup of  Γ.  

Another remarkable result is that a finite group G is 
represented as an Automorphism group of compact 
Riemann surface of genus 𝑔 if and only if there is a 
smooth epimorphism  𝜑  from a Fuchsian group Γ to G 
such that ker𝜑 has genus 𝑔. [7,8] 
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Following these remarkable results in this paper we find a 
set of necessary and sufficient conditions on periods and 
genus of Fuchsian group Γ for which we have a smooth 
Epimorphism from Γ to the point group formed by all the 
symmetries of the Benzene molecule CR6RHR6. 

It is observed that the point group associated with CR6RHR6  
Ris of order 24 which can be represented by      

ℬ = 〈 𝑎, 𝑏  𝑎⁄ 2 = 𝑏2 = (𝑎𝑏)12 = 1〉  
............................(3) 

2. Theorem  
 The group of symmetries ℬ of the molecule benzene 
CR6RHR6 Rcan be acted as a group of Automorphism of some 
Riemann surface  S of genus g (≥ 2) if there is a smooth 
Epimorphism 𝜙: Γ → ℬ where Γ and ℬ are defined as (1) 
and (3) respectively  satisfying the conditions: 
 (1) When 𝑘 = 0 i.e. Γ = Δ( 𝛾;−) , a surface group,  then 
𝛾 ≥ 2 
 (2) When k ≠ 0 , 𝜙(𝑥𝑖) = 𝑚𝑖 and   𝑚𝑖 divides 24 . 
Moreover,  
(i)  if  all  𝜙(𝑥𝑖) ∈ < 𝑎 >   then  𝑚𝑖 = 2 ,  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑘 is 
even and  𝛾 ≥ 1     
(ii) if  all  𝜙(𝑥𝑖) ∈ < 𝑏 >   then  𝑚𝑖 = 2 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑘 is 
even and  𝛾 ≥ 1     
(iii) if  all  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >   then  𝑚𝑖 divides 
12, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 and   𝛾 ≥ 1     
(iv)  if  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >   for 𝑖 = 1,2,3. . . . . . . . . 𝑠 and  
either  𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 >   or   < 𝑏 >   not both, 
𝑗 = 1,2, … … … 𝑡 then  𝑠 + 𝑡 = 𝑘, 𝑡 is even and also  
𝑠𝑡 ≡ 0(𝑚𝑜𝑑12)  𝑎𝑛𝑑  𝛾 ≥ 0     
(v)  if  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >  , 𝑖 = 1,2,3. . . . . . . . . 𝑠    and  
  𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 >, j = 1,2,3. . . . . . . . . 𝑡    and 
 𝜙�𝑥𝑠+𝑡+𝑗� ∈ < 𝑏 >   for 𝑗 = 1,2,3. . . . . . . . .𝑝  such that 
𝑠 + 𝑡 + 𝑝 = 𝑘  , then (𝑡 + 𝑝) is even.  Moreover, 
If both 𝑡 𝑎𝑛𝑑 𝑝 are even then  𝑠𝑡 ≡ 0(𝑚𝑜𝑑12) and 
If both 𝑡 𝑎𝑛𝑑 𝑝 are odd then  𝑠𝑡 ≡ 1(𝑚𝑜𝑑12) and  
𝛾 ≥ 0     
3.Proof 

 Let 𝜙: Γ → 𝐵 be a smooth Epimorphism then we observe 
the followings: 
 (i)    all  𝜙(𝑥𝑖) ∈ < 𝑎 >    
(ii)   all  𝜙(𝑥𝑖) ∈ < 𝑏 >    
(iii)  all  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >    
(iv)  some  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >   and others  𝜙(𝑥𝑖) ∈ < 𝑎 >
 or < 𝑏 > but not both 
(v)  some  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >   and some others  𝜙(𝑥𝑖) ∈ <
𝑎 > and remaining 𝜙(𝑥𝑖) ∈ < 𝑏 > 
 
We consider the cases separately : 
(i)  if  all  𝜙(𝑥𝑖) ∈ < 𝑎 >   then  𝑚𝑖 = 2 ,for all 𝑖 and 𝑘 is 
even,  𝛾 ≥ 1    

As 𝜙 is smooth Epimorphism. 
(ii)  if  all  𝜙(𝑥𝑖) ∈ < 𝑏 >   then  𝑚𝑖 = 2 ,for all 𝑖.Also 𝑘 
is even and 𝛾 ≥ 1 as in case (i)    
(iii) if all 𝜙(𝑥𝑖) ∈ < 𝑎𝑏 > for all 𝑖, 
then 𝑚𝑖 divides 12.Also, 𝜙 is onto only when   𝛾 ≥ 1     
(iv)  if  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 >   for some 𝑖 = 1,2,3. . . . . . . . . 𝑠  
and either  𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 >   or   < 𝑏 >   not both for 
𝑗 = 1,2, … … … 𝑡 then 𝑠 + 𝑡 = 𝑘, also 𝑡 is even.  
Moreover,𝑠𝑙 ≡ 0(𝑚𝑜𝑑12), 1 ≤ 𝑙 ≤ 11 𝑎𝑛𝑑 𝛾 ≥ 0 as 

�𝜙(𝑥𝑖)��𝜙�𝑏𝑗�,𝜙�𝑐𝑗��
𝛾

𝑗=1

𝑘

𝑖=1

= 1   

and 𝜙 is onto. 
(v)  if  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 > for 𝑖 = 1,2,3. . . . . . . . . 𝑠    and  
  𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 > for j = 1,2,3. . . . . . . . . 𝑡    and 
 𝜙�𝑥𝑠+𝑡+𝑗� ∈ < 𝑏 >, 𝑗 = 1,2,3. . . . . . . . . 𝑝  then 
𝑠 + 𝑡 + 𝑝 = 𝑘 and (𝑡 + 𝑝) is even.  Moreover, 𝜙 is a 
homomorphism and hence 

�𝜙(𝑥𝑖)��𝜙�𝑏𝑗�,𝜙�𝑐𝑗��
𝛾

𝑗=1

𝑘

𝑖=1

= 1   

implies that if both 𝑝 𝑎𝑛𝑑 𝑡 are even then  
 𝑠𝑞 ≡ 0(𝑚𝑜𝑑12) and 1 ≤ 𝑞 ≤ 11 and  
if both 𝑝 𝑎𝑛𝑑 𝑡 are odd then  
 𝑠𝑙 ≡ −1(𝑚𝑜𝑑12) , 1 ≤ 𝑙 ≤ 11. 
Hence the conditions are necessary.  
Next we shall show that the conditions are sufficient for 
existence of smooth Epimorphism   𝜙: Γ → ℬ 
Let us consider the cases one by one:  
 
(1) If 𝑘 = 0 and 𝛾 ≥ 2 then we define 𝜙: Γ → 𝐵 by 
𝜙(𝑏1) = 𝑎 = 𝜙(𝑐1) 
𝜙(𝑏2) = 𝑏 = 𝜙(𝑐2) 
𝜙�𝑏𝛾� = 𝑎 = 𝜙�𝑐𝛾�   ,   𝛾 ≥ 3 (if any) 
Then already  ∏ �𝜙�𝑏𝑗�,𝜙�𝑐𝑗��

𝛾
𝑗=1 = 1 and also 𝑎, 𝑏 ∈

𝜙(Γ) gives 𝜙 is onto. 
Hence 𝜙 is smooth Epimorphism 
(2) (i) when all 𝜙(𝑥𝑖) ∈ < 𝑎 >  and 𝛾 ≥ 1 , 𝑘 is even then 
we construct 𝜙 as follows: 
𝜙(𝑥𝑖) = 𝑎  ∀ 𝑖 = 1,2, … … . 𝑘 
𝜙(𝑏1) = 𝑏 = 𝜙(𝑐1) 
𝜙�𝑏𝛾� = 1 = 𝜙�𝑐𝛾� for  𝛾 ≥ 2  (if any)  
Then ∏ 𝜙(𝑥𝑖)∏ �𝜙�𝑏𝑗�,𝜙�𝑐𝑗��

𝛾
𝑗=1

𝑘
𝑖=1 = 1  and 𝜙 is onto. 

Thus 𝜙 is smooth Epimorphism. 
(ii) when all 𝜙(𝑥𝑖) ∈ < 𝑏 >  and 𝛾 ≥ 1 , 𝑘 is even, we 
can construct 𝜙 as 
𝜙(𝑥𝑖) = 𝑏  ∀ 𝑖 = 1,2, … … . 𝑘 
𝜙�𝑏𝑗� = 𝑎 = 𝜙�𝑐𝑗�          
𝜙�𝑏𝛾� = 1 = 𝜙�𝑐𝛾� for  𝛾 ≥ 2  (if any)  
Which fulfill our objective. 
(iii) when  𝜙(𝑥𝑖) ∈ < 𝑎𝑏 > , 𝛾 ≥ 1 ,  then we construct 𝜙 
as follows: 
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𝜙(𝑥𝑖) = (𝑎𝑏)𝑙𝑖       𝑙𝑖 = 12
𝑚𝑖
𝑠𝑖  (𝑚𝑜𝑑 12),    (𝑚𝑖 , 𝑠𝑖) = 1  

𝜙(𝑏1) = 𝑎 = 𝜙(𝑐1)           
𝜙�𝑏𝛾� = 1 = 𝜙�𝑐𝛾� for  𝛾 ≥ 2  (if any)  
Then ∏ 𝜙(𝑥𝑖)∏ �𝜙�𝑏𝑗�,𝜙�𝑐𝑗��

𝛾
𝑗=1

𝑘
𝑖=1 = (𝑎𝑏)𝑙 = 1 where 

𝑙 = ∑ 𝑙𝑖  is congruent (𝑚𝑜𝑑 12) 
Which is always possible by taking suitable  𝑠𝑖 . 
(iv) when 𝜙(𝑥𝑖) ∈ < 𝑎𝑏 > , 𝑖 = 1,2, … . . , 𝑠 and 
𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 >  𝑜𝑟 < 𝑏 >  
for t is even and 𝑙𝑠 = 0(𝑚𝑜𝑑12), 𝑗 = 1,2, … . . , 𝑡  where 
𝑠 + 𝑡 = 𝑘, 
then we construct as follows: 
𝜙(𝑥𝑖) = (𝑎𝑏)𝑙       , 𝑖 = 1,2, … . . , 𝑠           
𝜙�𝑥𝑠+𝑗� = 𝑎  𝑜𝑟 𝑏  for  𝑗 = 1,2, … . . , 𝑡 
𝜙�𝑏𝛾� = 1 = 𝜙�𝑐𝛾�  (if any)  
Then ∏ 𝜙(𝑥𝑖) =𝑘

𝑖=1 ∏ 𝜙(𝑥𝑖)∏ 𝜙�𝑥𝑠+𝑗�𝑡
𝑗=1

𝑠
𝑖=1 =

(𝑎𝑏)𝑙𝑠𝑎𝑡 = 1  
as 𝑙𝑠 = 0(𝑚𝑜𝑑12) and t is even. 
Similarly for 𝜙�𝑥𝑠+𝑗� = 𝑏 also we have 𝜙 is smooth 
epimorphism. 
(v) when 𝜙(𝑥𝑖) ∈ < 𝑎𝑏 > 𝑓𝑜𝑟 𝑖 = 1,2, … . . , 𝑠   and  
𝜙�𝑥𝑠+𝑗� ∈ < 𝑎 > for  𝑗 = 1,2, … . . , 𝑡  and  
𝜙�𝑥𝑠+𝑡+𝑗� ∈ < 𝑏 > for  𝑗 = 1,2, … . . , 𝑝  such that 
𝑠 + 𝑡 + 𝑝 = 𝑘 and 𝑡 + 𝑝 is even 
then we construct 𝜙 as follows: 
𝜙(𝑥𝑖) = (𝑎𝑏)𝑙       ,1 ≤ 𝑙 ≤ 11, 1 ≤ 𝑖 ≤ 𝑠           
𝜙�𝑥𝑠+𝑗� = 𝑎 ,   1 ≤ 𝑗 ≤ 𝑡 
𝜙�𝑥𝑠+𝑡+𝑗� = 𝑏 ,   1 ≤ 𝑗 ≤ 𝑝 
𝜙�𝑏𝛾� = 1 = 𝜙�𝑐𝛾�  (if any)  
then ∏ 𝜙(𝑥𝑖)∏ �𝜙�𝑏𝑗�,𝜙�𝑐𝑗��

𝛾
𝑗=1

𝑘
𝑖=1  

= �ϕ(xi)
s

i=1

�ϕ�xs+j��ϕ�xs+t+j�
p

j=1

t

j=1

 

                 =    (𝑎𝑏)𝑙𝑠(𝑎)𝑡(𝑏)𝑝 
                 = (𝑎𝑏)𝑙𝑠   if 𝑡 and 𝑝 are even 
                 = 1 when 𝑙𝑠 ≡ 0(𝑚𝑜𝑑12)  and 
                 = (𝑎𝑏)𝑙𝑠+1   if 𝑡  and  𝑝 are odd 
              = 1 when 𝑙𝑠 ≡ −1(𝑚𝑜𝑑12)   
Hence 𝜙  is a smooth Epimorphism. 
Consequently the conditions are sufficient. 
This completes the proof of the theorem. 
 

3.Conclusion 

    From this above discussion we can establish a set of 
necessary and sufficient conditions that 𝜙 is a smooth 
Epimorphism from  Γ → 𝐵(𝐷6ℎ). Hence we have the 
smooth quotient   

𝛤
𝐾𝑒𝑟𝜙

≅ 𝐷6ℎ. 

               Clearly 𝐾𝑒𝑟𝜙 is a surface group genus  
g(≥2),consequently we can conclude that the molecular 
symmetry group can be realized as group of 
Automorphisms of compact Riemann surface of genus 
g(≥2) with the above mentioned conditions in the 
theorem. 
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