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Weak Continuity Via Bioperation-Semiopen Sets 
 

K. Jhansi rani, G. Shanmugam  and N. Rajesh 

ABSTRACT. In this paper, we introduce and study the weak form of 
],[ 'γγ - ],[ 'ββ -semicontinuous functions called weakly ],[ 'γγ - ],[ 'ββ -

semicontinuous functions between bioperation-topological spaces.  
1.  INTRODUCTION  

Generalized open sets play a very important role in General Topology and they are now 
the research topics of many topologists worldwide. Indeed a significant theme in General 
Topology and Real analysis concerns the various modified forms of continuity, 
seperation axioms etc. by utilizing generalized open sets. Kasahara [1] defined the 
concept of an operation on topological spaces. Maki and Noiri [3] introduced the notion 
of 

],[ 'γγ
τ , which is the collection of all ],[ 'γγ -open sets in a topological space ),( τX . In 

this paper, we introduce and study the weak form of ],[ 'γγ - ],[ 'ββ -semicontinuous 
functions called weakly ],[ 'γγ - ],[ 'ββ -semicontinuous functions between bioperation-
topological spaces.  

 
2  PRELIMINARIES  

The closure and the interior of a subset A  of ),( τX  are denoted by )(ACl  and )(AInt , 
respectively.  

Definition 2.1 [1] Let ),( τX  be a topological space. An operation γ  on the topology τ  
is function from τ  on to power set )(XP  of X  such that γVV ⊂  for each τ∈V , where 

γV  denotes the value of τ  at V . It is denoted by )(: XP→τγ .   

Definition 2.2 [3] A topological space ),( τX  equipped with two operations namely γ  
and 'γ  defined on τ  is called a bioperation-topological space and it is denoted by 

),,,( 'X γγτ .   

Definition 2.3 A subset A  of a topological space ),( τX  is said to be ],[ 'γγ -open set [3] 
if for each Ax∈  there exist open neighbourhoods U  and V  of x  such that 

AVU
'
⊂∩ γγ . The complement of a ],[ 'γγ -open set is called a ],[ 'γγ -closed set. Also 

],[ 'γγ
τ  denotes set of all ],[ 'γγ -open sets in ),( τX .  
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Definition 2.4.  [3] For a subset A  of ),( τX , 
],[ 'γγ

τ - )(ACl  denotes the intersection of all 

],[ 'γγ -closed sets containing A , that is, 
],[ 'γγ

τ - }\,:{=)(
],[ 'FXFAFACl

γγ
τ∈⊂ .  

Definition 2.5. Let A  be any subset of X . The 
],[ 'γγ

τ - )(AInt  is defined as 
],[ 'γγ

τ -

UUAInt :{=)( ∪  is a ],[ 'γγ -open set and }AU ⊂ .  

Definition 2.6. A subset A  of a topological space ),( τX  is said to be ],[ 'γγ -semiopen 
[2] if 

],[ 'A
γγ

τ⊂ -
],[

( 'Cl
γγ

τ - ))(AInt .  

Theorem 2.7.  A subset A  of a bioperation-topological space ),,,( 'X γγτ  is ],[ 'γγ -semi 
open if,and only if for each Xx∈  there exists a ],[ 'γγ -semiopen set U  suchthat 

AUx ⊂∈ .  

Definition 2.8. [2] A function ),,,(),,,(: '' YXf ββσγγτ →  is said to be ],[ 'γγ - ],[ 'ββ -
semicontinuous if the inverse image of every ],[ 'ββ -open set in ),,,( 'Y ββσ  is a ],[ 'γγ -
semiopen set in ),,,( 'X γγτ .  

  
3  WEAK BIOPERATION-SEMICONTINUOUS FUNCTIONS 

 In this section, we define weakly ],[ 'γγ - ],[ 'ββ -semicontinuous function in bioperation-
topological space and study some of their properties and theorems on them.  

Definition 3.1.  A function ),,,(),,,(: '' YXf ββσγγτ →  is said to be weakly ],[ 'γγ -
],[ 'ββ -semicontinuous if for each Xx∈  and each ],[ 'ββ -open set V  of Y  containing 

)(xf , there exists a ],[ 'γγ -semiopen set U  containing x  such that ],[)( 'Uf ββ⊂ -
)(VCl .  

 Proposition 3.2. Every almost ],[ 'γγ - ],[ 'ββ -semi continuous function is weakly 
],[ 'γγ - ],[ 'ββ -semicontinuous.  

Proof. Let U  be any ],[ 'ββ -regular open subset in Y . Then, since f  is almost ],[ 'γγ -
],[ 'ββ -semicontinuous, )(1 Uf −  is a ],[ 'γγ -semiopen set in X . From the fact 

],[ 'U ββ⊂ - ],([ 'Int ββ - ))(UCl , it follows ],[=)(1 'Uf γγ− - ],[))(( 1 'UfsInt γγ⊂− -
],([( 1 'fsInt ββ− - ],([ 'Int ββ - ],[))))( 'UCl γγ⊂ - )))(],([( 1 UClfsInt 'ββ− . Thus, f  is 

weakly ],[ 'γγ - ],[ 'ββ -semicontinuous.  
 

 The following example shows that the converse of Proposition 3.2 is not true, in 
general.  
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Example 3.3 Let },,{= cbaX , }},,{},,{},{},{,{= Xcbbacb∅τ  and take the 
}},,{},,{},{},{,{= Xcbbaba∅σ . Let )(:, X' P→τγγ  and )(:, X' P→σββ  be 

operations defined as follows:  





≠∪



≠∪ },{}{
},{=

=
},{}{
},{=

=
cAifbA
cAifA

A
bAifcA
bAifA

A
'γγ  





≠∪



≠∪ },{}{
},{=

=  
},{}{
},{=

=
bAifaA
bAifA

Aand
aAifbA
aAifA

A
'ββ  

Then the identity function ),,,(),,,(: '' YXf ββσγγτ →  is weak ],[ 'γγ - ],[ 'ββ -semi 
continuous but not almost ],[ 'γγ - ],[ 'ββ -semicontinuous.  

Corollary 3.4. Every ],[ 'γγ - ],[ 'ββ -semi continuous function is weakly ],[ 'γγ - ],[ 'ββ -
semicontinuous.  

Theorem 3.5.  For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties are 
equivalent:   
    (1). f  is weakly ],[ 'γγ - ],[ 'ββ -semicontinuous; 
    (2). ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([))))( 1 'fBCl ββ−⊂ - ))(BCl  for every 
subset B  of Y ; 
    (3). ],[ 'γγ - ],([( 1 'fsCl ββ− - )()))( 1 FfFInt −⊂  for every ],[ 'ββ -regular closed set F  
of Y ; 
    (4). ],[ 'γγ - ],([))(( 11 'fVfsCl ββ−− ⊂ - ))(VCl  for every ],[ 'ββ -open set V  of Y ; 
    (5). ],[)(1 'Vf γγ⊂− - ],([( 1 'fsInt ββ− - )))(VCl  for every ],[ 'ββ -open set V  of Y .  
Proof. (1) ⇒  (2): Let B  be any subset of Y . Suppose that ],([\ 1 'fXx ββ−∈ - ))(BCl . 
Then ],[\)( 'Yxf ββ∈ - )(BCl  and there exists a ],[ 'ββ -open set V  of Y  containing 

)(xf  such that ∅∩ =BV . Hence, ],[ 'V ββ∩ - ],([ 'Int ββ - ∅=))(BCl  and then 
],[ 'ββ - ],[)( 'VCl ββ∩ - ],([ 'Int ββ - ∅=))(BCl . By assumption, there exists a ],[ 'γγ -

semiopen set U  containing x  such that ],[)( 'Uf ββ⊂ - )(VCl . Hence, we have 
],([1 'fU ββ−∩ - ],([ 'Int ββ - ∅=)))(BCl  and ],[\ 'Xx γγ∈ - ],([( 1 'fsCl ββ− -

],([ 'Int ββ - ))))(BCl . Thus, we obtain ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ -
],([))))( 1 'fBCl ββ−⊂ - ))(BCl . 

(2) ⇒  (3): Let F  be a ],[ 'ββ -regular closed subset of Y . Then ],[= 'F ββ -
],([ 'Cl ββ - ))(FInt  and we have ],[ 'γγ - ],([( 1 'fsCl ββ− - ],[=)))( 'FInt γγ -

],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([ 'Cl ββ - ],([))))( 1 'fFInt ββ−⊂ - ],([ 'Cl ββ -
)(=)))( 1 FfFInt − . 
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(3) ⇒  (4): Let V  be a ],[ 'ββ -open subset of Y . Then ],[ 'ββ - )(VCl  is ],[ 'ββ -
regular closed. Then we obtain ],[ 'γγ - ],[))(( 1 'VfsCl γγ⊂− - ],([( 1 'fsCl ββ− -

],([ 'Int ββ - ))))(VCl  ],([1 'f ββ−⊂ - ))(VCl . 
(4) ⇒  (5): Let V  be a ],[ 'ββ -open subset of Y . Then ],[\ 'Y ββ - )(VCl  is 

],[ 'ββ -open and we have ],[ 'γγ - ],[\(( 1 'YfsCl ββ− - ],([)))( 1 'fVCl ββ−⊂ -
],[\( 'YCl ββ - )))(VCl  and hence ],[\ 'X γγ - ],([( 1 'fsInt ββ− - ],([\)))( 1 'fXVCl ββ−⊂ -

],([ 'Int ββ - )))(VCl  )(\ 1 VfX −⊂ .There fore, we obtain ],[)(1 'Vf γγ⊂− -
],([( 1 'fsInt ββ− - )))(VCl . 

(5) ⇒  (1): Let Xx∈  and V  be a ],[ 'ββ -open set containing )(xf . We have 
],[)(1 'Vfx γγ⊂∈ − - ],([( 1 'fsInt ββ− - )))(VCl . Put ],[= 'U γγ - ],([( 1 'fsInt ββ− -

)))(VCl . Then U  is a ],[ 'γγ -semiopen set containing x  and ],[)( 'Uf ββ⊂ - )(VCl . 
This shows that f  is weakly ],[ 'γγ - ],[ 'ββ -semicontinuous.  

  
Theorem 3.6.  For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties are 
equivalent: 

1) f  is weakly ],[ 'γγ - ],[ 'ββ -semicontinuous. 
2) ],[ 'γγ - ],([( 1 'fsCl ββ− - )()))( 1 KfKInt −⊂  for every ],[ 'ββ -regular closed 

subset K  of Y .  
3) ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([))))( 1 'fVCl ββ−⊂ - ))(VCl  for every 

],[ 'ββ -semi-preopen subset V  of Y .  
4) ],[ 'γγ - ],([( 1 'fsInt ββ− - ],([ 'Int ββ - ],([))))( 1 'fUCl ββ−⊂ - ))(UCl  for every 

],[ 'ββ -semiopen subset U  of Y .  
Proof. (1)⇒ (2): Let K  be any ],[ 'ββ -regular clsoed set of Y . Then since ],[ 'ββ -

)(KInt  is a ],[ 'ββ -open set in Y , from Theorem 3.5 (4) and ],[= 'K ββ - ],([ 'Cl ββ -
))(KInt , we have ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([)))( 1 'fKInt ββ−⊂ - ],([ 'Cl ββ -

)(=)))( 1 KfKInt − . Thus ],[ 'γγ - ],([( 1 'fsCl ββ− - )()))( 1 KfKInt −⊂ .  
(2)⇒ (3): Let V  be any ],[ 'ββ -semiopen set. Then ],[ 'ββ - ],[=)( 'VCl ββ -

],([ 'Cl ββ - ],([ 'Int ββ - )))(VCl , so we know that ],[ 'ββ - )(VCl  is ],[ 'ββ -regular 
closed. By (2), ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([))))( 1 'fVCl ββ−⊂ - ))(VCl .  

(3)⇒ (4): Since every ],[ 'ββ -semiopen set is ],[ 'ββ -semi-preopen, it is obvious. 
(4)⇒ (1): Let V  be any ],[ 'ββ -open subset of Y . Then V  is also a ],[ 'ββ -

semiopen set and so from (4), ],[ 'γγ - ],[))(( 1 'VfsCl γγ⊂− - ],([( 1 'fsCl ββ− - ],([ 'Int ββ -
],([))))( 1 'fVCl ββ−⊂ - ))(VCl . Hence by Theorem 3.5 (4), f  is weakly ],[ 'γγ - ],[ 'ββ -

semicontinuous.  
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Theorem 3.7.  For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties are 
equivalent:   

1) f  is weakly ],[ 'γγ - ],[ 'ββ -semicontinuous;  
2) ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([))))( 1 'fGCl ββ−⊂ - ))(GCl  for every 

],[ 'ββ -preopen set G  of Y ;  
3) ],[ 'γγ - ],([))(( 11 'fVfsCl ββ−− ⊂ - ))(VCl  for every ],[ 'ββ -preopen set V  of Y ; 
4)  ],[)(1 'Vf γγ⊂− - ],([( 1 'fsInt ββ− - )))(VCl  for every ],[ 'ββ -preopen set V  of 

Y ; 
5)  ],[ 'γγ - ],([( 1 'fsCl ββ− - )()))( 1 GfGInt −⊂  for every ],[ 'ββ -preclosed set G  of 

Y .  
   

Proof. (1) ⇒  (2): Let G  be any ],[ 'ββ -preopen subset of Y . Then ],[ 'ββ -
],[=)( 'GCl ββ - ],([ 'Cl ββ - ],([ 'Int ββ - )))(GCl , so ],[ 'ββ - )(GCl  is ],[ 'ββ -regular 

closed. From Theorem 3.6 (2), we have ],[ 'γγ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ -
],([))))( 1 'fGCl ββ−⊂ - ))(GCl . 

(2) ⇒  (3): The proof is obvious. 
(3) ⇒  (4): Let V  be any ],[ 'ββ -preopen subset of Y . By (3), ],[ 'ββ -

preopenness of ],[\ 'Y ββ - )(VCl  we have ],([)( 11 'fVf ββ−− ⊂ - ],([ 'Int ββ -
],([\=)))( 1 'fXVCl ββ− - YCl( ],[\ 'ββ - ],[\)))( 'XVCl γγ⊂ - ],[\(( 1 'YfsCl ββ− -

],[=)))( 'VCl γγ - ],([( 1 'fsInt ββ− - )))(VCl . 
(4) ⇒  (1): Let V  be any ],[ 'ββ -open set of Y . Then V  is ],[ 'ββ -preopen set in 

Y  and by (4) ],[)(1 'Vf γγ⊂− - ],([( 1 'fsInt ββ− - )))(VCl . By Theorem 3.5 (5), f  is 
weakly ],[ 'γγ - ],[ 'ββ -semicontinuous. 

(4) ⇔  (5): The proof is obvious.  
  

Theorem 3.8.  The set of all points x  of X  at which a function 
),,,(),,,(: '' YXf ββσγγτ →  is not weakly ],[ 'γγ - ],[ 'ββ -semicontinuous is identical 

with the union of all of the ],[ 'γγ - ],[ 'ββ -semifrontiers of the inverse images of the 
],[ 'ββ -closure of ],[ 'ββ -open sets of Y  containing )(xf .  

  
Proof. Let x  be a point of X  at which )(xf  is not weakly ],[ 'γγ - ],[ 'ββ -
semicontinuous. Then, there exists a ],[ 'ββ -open set V  of Y  containing )(xf  such that 

],([\( 1 'fXU ββ−∩ - ∅≠)))(VCl  for every ],[ 'γγ -semiopen set U  of X  containing x . 
Then ],[ 'x γγ∈ - ],([\( 1 'fXsCl ββ− - )))(VCl . Simultaneously, since ],([1 'fx ββ−∈ -

)))(VCl , we have ],[ 'x γγ∈ - ],([( 1 'fsCl ββ− - )))(VCl  and hence  
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],[ 'x γγ∈ - ],([( 1 'fsFr ββ− - )))(VCl . Conversely, if f  is weakly ],[ 'γγ - ],[ 'ββ -
semicontinuous at x , then for each ],[ 'ββ -open set V  of Y  containing )(xf , there 
exists a ],[ 'γγ -semiopen set U  containing x  such that ],[)( 'Uf ββ⊂ - )(VCl  and hence 

],([1 'fUx ββ−⊂∈ - ))(VCl . Therefore, we obtain that ],[ 'x γγ∈ - ],([( 1 'fsInt ββ− -
)))(VCl . This contradicts that ],[ 'x γγ∈ - ],([( 1 'fsFr ββ− - ))(VCl .  

 
Now we characterize the set of points at which a function ),,,(),,,(: '' YXf ββσγγτ →  
is not weakly ],[ 'γγ - ],[ 'ββ -semicontinuous. 

For a function ),,,(),,,(: '' YXf ββσγγτ → , we define )(],[],[ fD
''

wsc
ββγγ −  as follows: 

)(],[],[ fD
''

wsc
ββγγ − = Xx∈{  : f  is not weakly ],[ 'γγ - ],[ 'ββ -semicontinuous at }x .  

 
Theorem 3.9 For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties 
hold:  

 

)))}.(],([(],[\)({=

))}(],([\))((],{[=

)}(\)))(],([(],{[=

))}(],([\))))(],([],([(],{[=
)(

11

],[

11

],[

11

),(],[

11

)(

],[],[

VClfsIntVf

VClfVfsCl

FfFIntfsCl

BClfBClIntfsCl
fD

''

'V

''

'V

''

YRC'F

''''

YB

''
wsc

−−∪

−−∪

−−∪

−−−−∪

−−

∈

−−

∈

−−

−∈

−−

∈

−

ββγγ

ββγγ

ββγγ

ββββββγγ

ββ
σ

ββ
σ

σββ

ββγγ

P

 

  
Proof.  We shall show only the equality since the proof of the other are similar to the 
first. Let )(],[],[ fDx

''
wsc

ββγγ −∈ . By Theorem 3.5, for every subset B  of Y  such that 
],[ 'x γγ∈ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ))))(BCl  and ],([1 'fx ββ−∉ - ))(BCl . Therefore, 

we have ],[ 'x γγ∈ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([\))))( 1 'fBCl ββ− - ⊂))(BCl  
],{[

)(

'

YB
γγ∪

∈P
- ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([\))))( 1 'fBCl ββ− - ))}(BCl . Conversely, 

let ],{[
)(

'

YB
x γγ∪∈

∈P
- ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([\))))( 1 'fBCl ββ− - ))}(BCl . Then 

)(YPB∈  such that ],{[ 'x γγ∈ - ],([( 1 'fsCl ββ− - ],([ 'Int ββ - ],([\))))( 1 'fBCl ββ− -

))}(BCl . By Theorem 3.5, we obtain )(],[],[ fDx
''

wsc
ββγγ −∈ .  
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Theorem 3.10 For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties 
hold: 

 

))}.(],([\))))(],([],([(],{[=

))}(],([\))))(],([],([(],{[=

)}(\)))(],([(],{[=
)(

11

),(],[

11

),(],[

11

),(],[

],[],[

UClfUClIntfsInt

VClfVClIntfsCl

KfKIntfsCl
fD

''''

YSO'U

''''

YSPO'V

''

YRC'K

''
wsc

−−−−∪

−−−−∪

−−∪

−−

−∈

−−

−∈

−−

−∈

−

ββββββγγ

ββββββγγ

ββγγ

σββ

σββ

σββ

ββγγ

 
 Theorem 3.11 For a function ),,,(),,,(: '' YXf ββσγγτ → , the following properties 
hold:  

)}.(\)))(],([(],{[=

)))}(],([(],[\)({=

))}(],([\))((],{[=

))}(],([\))))(],([],([(],{[=
)(

11

),(],[

11

),(],[

11

),(],[

11

),(],[

],[],[

GfGIntfsCl

VClfsIntVf

VClfVfsCl

GClfGClIntfsCl
fD

''

YPC'G

''

YPO'V

''

YPO'V

''''

YPO'G

''
wsc

−−

−∈

−−

−∈

−−

−∈

−−

−∈

−

−−∪

−−∪

−−∪

−−−−∪

ββγγ

ββγγ

ββγγ

ββββββγγ

σββ

σββ

σββ

σββ

ββγγ
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