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1. Introduction
A well-known result in the distribution of zeros of a polynomial is the following
theorem known as the Enestrom —Kakeya theorem [3,4]:

Theorem A: Let P(z2) =Zn:ajzj be a polynomial of degree n such that

j=0
>2a,,2....28 23,>0.

n-1 =

Then all the zeros of P(z) lie in || <1.

If we apply this result to the polynomial P(tz), t>0, we get the following result:

Theorem B: Let P(z) =Zn:ajzj be a polynomial of degree n such that

j=0
at'>a t">...>at>a, >0.
Then all the zeros of P(z) lie in || <t.

Using Schwarz Lemma, Aziz and Mohammad [1] generalized Enestrom —Kakeya
theorem in a different way and proved the following:

Theorem C: Let P(2) =Zn:ajzj be a polynomial of degree n with real coefficients.
j=0
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If t, >t, >0can be found such that
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att,+a,t,-t,)-a;,20,j=12,..nn+l(a, =a,, =0),

then all the zeros of P(z) lie in |z|<t,.

Singh and Shah [5] gave a more general result by proving the following:

n

Theorem D: Let P(z) =) a;z’ be a polynomial of degree n such that

j=0
a, =a,+if,,where «;,p,,j=012,...., nare real numbers. If t, >t, > 0can be found
such that forj=2,3,...... n,

att, +a;,t -t)-a;, 20,
pitt, +ﬁj—l(tl _tz)_ﬂj—Z >0,

and for j=n+1, there exist some =4, +i,such that

(ﬂ’l +an)(t1 _tz) -0, >0
(4, + )t -t,) —a,, 20,

/1(t1 — tz)

n

then all the zeros of P(z) liein |z + <R, where

1
a

KU+ @)+ (g + BOMG —1)+ (@ + B)ts — (“fffl)tz (@t /)

n| 1 1:1

R =

N |0(1'[1'[2 +a,(t, _t2)| N |ﬂ1t1t2 + B, (t, _t2)| N (|ao| + |:Bo |)t2]
t," t," t," '

Gulzar [2] proved the following result:

Theorem E: Let P(z2) :Zn:ajzj be a polynomial of degree n such that

j=0
a, =a,+if,,where «;,p,,j=012,...., nare real numbers. If t, >t, > 0can be found
such that for some positive integer k
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att,+a,t -t,)-a;,20,j=2,..,kk+]
att, +a;,{t —t,)- aJZ_OJ—k+2 K+3,.....,n,
Bt + B, —t)-8,,20j=12,.. kk+]

ﬂjt1t2+,6’jfl(tl—t2)—ﬂ12_0J_k+2 kK+3,......,N,

where o, =a_, =0= 3, = B_,, then all the zeros of P(z) lie in

a
z+a“—‘1—(t1—t2) <

||%{t2 (o +B)+ (o4 + B )] —ﬁ[‘[2 (a,+B,)+(a,,+ P, )]

2. Main Results

In this paper we prove the following result:

Theorem 1: Let P(z2) =Zn“ajzj be a polynomial of degree n such that
j=0

a, =a,+if, where «,,4,,j=012,.....nare real numbers. If t, >t, >0can be found
such that for some positive integer k
ajt1t2+aj_l(t -t,)- a;, 20, J=2,, K k+1,
ajt1t2+aj_l(tl—t2)—aj230J=k+2 K+3,.....,n,
Bt + B, —t)-8,,20j=12,.. kk+]
Bt + B, —t,)-B,,<0,j=k+2,k+3,....,n,

and for j=n+1, there exist some 4, <1,4, <1 such that for 2=, +i4,,

ﬂ’lan(tl _tz)_an -1 <0
B, —t,) -, <0,

then all the zeros of P(z) lie in

|1| z(akn‘:lﬂk) Z(ak+l:k§k+l)t — (e, + 4,8t ~t )_(ao"'ﬂo)

tl 1

lz-(@-2)(t, —t,)|<

N |a1t1t2 + 0‘: t, _t2)| + |131t1t2 + ;Br? (t _t2)| N (|ao| + Lﬂo |)t2]
t, t t,

Taking t, =t,t, =0in Theorem 1, we get the following result:
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Corollary 1: Let P(z) = Zn:ajzj be a polynomial of degree n such that
j=0

a, =a,+if, where «;,4,,j=012,....,nare real numbers. If t, >t, > 0can be found
such that for some positive integer k

n n—l n-k+1 n—-k n—-k-1
Ao, <t o, <.<t7"7"o, <t 2t o 202t 2 a,

AA" By S, S SUIB ST B TR > 2t 2 4,

then all the zeros of P(z) lie in

1 Z(O‘k +p)
| | tnkl

—(Aa, + A, - (aot:‘_lﬂo n |a01:Jﬂo|]

lz-(@1-A))| <

Taking t=1in Cor.1, we get the following result:

Corollary 2: Let P(z) = zn:ajzj be a polynomial of degree n such that
j=0

a, =a; +ip;,where «;,p;,j=012,....,nare real numbers. If for some positive
integer k

Aa, fa, S Sfofaczo g 2. 2a 2,

2By S Bos S S Bt B 2 Py Z = B> B,

then all the zeros of P(z) lie in
|Z_(1 /1))| | |[2(0‘k + B+ (ha, + 4,8,)— (o, +/Bo)+|ao|+|ﬂo|]
If a, isreal i.e. g, =0,vj, we get the following result from Theorem 1:

Corollary 3: Let P(z) = Zn:ajzi be a polynomial of degree n with real coefficients. If
j=0
t, >t, >0can be found such that for some positive integer k

a;tt, +a;,(t -t)—-a;,20,j=2,....kk+1,
ajtt, +a;,(t -t,)-a,,<0,j=k+2,k+3,....,n,

and for j=n+1, there exists some real number 1 <1 such that
ﬂ*an (tl _tz) —Q, < 0,
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then all the zeros of P(z) lie in
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2a 2a, ,t a
|Z - (l_ l)(t -t )| n— kk—l + nk kl—l2 - ﬂ“an (tl _tz) B ”(11 +
fa,] | b g

|a1t1t2 +a, (t1 _tz )| n |aoLt2 ] '
tl

If the coefficients of P(z) in Cor. 3 are positive, we have the following result:

Corollary 4: Let P(z) =) a,z’ be a polynomial of degree n with real and positive
j=0
coefficients. If t, >t, > 0can be found such that for some positive integer k

att, +a;,(t -t,)-a,,20j=2,...kKk+1,
ajtt, +a;,(t -t,)-a,, <0, j=k+2,k+3,.....n,

and for j=n+1, there exists some real number <1 such that
ﬂan (tl _tz) —a,, <0 ’
then all the zeros of P(z) lie in

2ak 2ak+lt2
| | n—k-1 n—-k-1

lz- -2, —t,)[< - a,(t, -t,)

altz
t n

1

Many other known results and generalizations similarly follow from Theorem 1 by
suitable choices of the parameters .

2. Proof of Theorem 1
Consider the polynomial
F(z)=(t, +2)(t, - 2)P(2)

={tt, +(t, -t,)z-2*Ha,z" +a, 2" +....+a,z+a,}
=-a,2""% +{a,(t, -t,)—a, . }z"" +{a,tt, +a,,(t, —t,)—a, 32" +....

+{ak+2t1t2 + (tl - tz) —ay }Zk+2 +{ak+1tlt2 +ay (tl - tz) - akfl}zk+l
+{att, +a,,(t —-t,)—a 32"+ +{att, +a (t, —t,)—a,}z?
+{at,t, +a,(t, —t,)}z +a,tt,

=-a,z"*+(1-Aa,(t, -t,)z"" +{la, (t, -t,)-a, Jz""
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+att, +a,,(t -t)—a, 32" +... {a, .t +a,.,(t —t,) - ak}zk+2
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+{a bty +a, (t —t,) - ak—l}zkﬂ +{att, +a,,t -t,) - akfz}zk
+on A tt, o (t —t,) —a 32 +{att, +a,(t, —t,)}z +atit,

=-a,z2"* +(1-A)a, t, -t,)z"" +{ha, t, -t,)—a, 32"
Hatt, e, (G -t) —a, 3" et e (G -t) —a 32

Hay Uty + o (- t,) - ak—l}zkﬂ Hatt, +a (G -1,) —a,}2 “
ottt o (1) o}z’ Hatt, F oot — 1)}z +agtyt,
+i{(4,8,t, —t,) - ﬂn—l)znﬂ +(B .t + B 1) = B,,)2"

ot (Beatity + Bea(ty =) = B2 + (Batit, + B (4 —t,) - B )2

+(Btt, + Bt —t,) - ﬂkfz)zk to + (B4t + Ayt —t,) - ﬂo)z2
+(Bitit, + By (t — 1))z + Botity 3.

Therefore, for|z| > t,, we have by using the hypothesis

+ 1
|F(Z)| 2 |Z|n l[|an ”Z (1= -t )| _{lﬂ'lan (t,—t,) - an—1| + |ant1t2 +a,,(t -t,) - an—2|-ﬂ
1
Fot |2ttt F 2t —t,) - ak| -+ttt —t,) —ak1|.|z|T
1 1
+Hatt, +a g (t =) — ol e oty F e (1) — | ——
2 2
1
+lagtt, + oo (t, — )| ——+|aott, | ——
2" IZI
1
+ |/12ﬂn (tl _tz) - :Bn—1| + |:Bnt1t2 + /Bn—l (tl _tz) - ﬂn—2|-ﬂ
1
to +|:Bk+2t1t2 + Bt —t) - Vk|| | +|ﬂk+ltt + B (4, tz)_ﬁk—1|-|z|ﬂ

Bty + Bty —t) = B 2|| |n o et Bty + By (L —1) - ﬂo|| I

+|,Blt1t2 + Bt — | | | |ﬂo 1 2| | n+1
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| 1

> |Z|n+1[|an||z -(@-A, _tz)| _{]ﬂ'lan (t,-t,) _an—1| +|0£nt1t2 ta,,t-t)-a,, t_

1

1
Fo |ty F 2 (t 1) — ak| S |eatit, o (4 —t,) - ozk,1|.tn—_k
t 1
1 1
+la b, +a L (t —t,) - ak,2|.m Fot |t + o (t —t,) — |.t?
1 1
1 1
+lagtyt, + g (b )| +|erot,t, | ——
4 4
1
+ |/12ﬂn t,—t,)- :Bn—1| + |:Bnt1t2 + 8,4t —t) - ﬂn—2|'_
1
RERHT + |/Bk+2t1t2 + ﬂk+l(t —t ) /Bk| Tt |ﬂk+lt t, + By (t tz) - ﬂk—1|-tn__k
1
1 1
+|ﬂkt1t2 + Bt —t,) - B 2| PRI +|/th1t2 + 4t —t,) _ﬂ0|-tn__1
4 1
+ |ﬂ1t1t2 + B (4, 1, )|_n + |ﬂot1t2 |W}]
4 L
n+l 1
>z a2 - @= A, )| oy — A, (4 —t,) + (o, —atit, — a4 (t —tz)).t—
1

1 1
Hot (o — oot (4 _tZ))'W"' (@atit, +a (4 —t) - )¢
1 1

1 1
+ (i, + ot —t,) -, 2) —— gt + (a,tit, + oy (t —tz)—ao).?

l 1

n

1 t
+lagtt, +a, (t, —t2)|.t—n + |(x0|.t—2
1 1

B — LB (L —t)+ |:Bn—2 =Bt =Bt -t )| -
o + (B — Bt + Bty _tz))-m +(Beatit, + Bt —1,) — ﬂk—l)'tni_k
+(Btt, + Bt —t,) = B 2) g T + (Bt + Bt - t,) _ﬂo)-%

+ |ﬂ1t1t2 + ﬂo (tl - tz )|_n + |ﬂo |_2n}]
tl t1
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1 tl
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= 7" a2 - @A), - t,)| -

1 t
—(a, +,6’0) +|altt + oyt — )| o +|0(0|.t—2n
1 1

1 t
+ |ﬂ1t1t2 + Bt -1, )|_n + |/Bo|- _Zn}]
t t

>0
if

2= -t -t > 1
2

n

1 2y +Bi) N 2 + Pt —(ha, + A, B8.)(t, ~t )_(ao + o)
tln—k—l n-k-1

t1 1

+ |a1t1t2 +a,(t, _t2)| N |ﬂ1t1t2 + B, (t, _t2)| N (|ao| + |ﬂo |)t2]
t," t," t," '

This shows that those zeros of F(z) whose modulus is greater than t,lie in

|Z - (1_1)('[ —t )| | : | 2(akn—:<—1ﬂk) + 2(ak+l :k_ﬂ1k+l)t2 - (/‘Llan + /Izﬂn)(t1 _tz) _(a(j[n;-i‘%)

tl 1

n |a1t1t2 +t0‘: (tl _t2)| n |,Blt1t2 +;B: (t1 _tz)| n (|0!0| : Lﬂo |)t2
1 1 1

But the zeros of F(z) whose modulus is less than or equal to t,already satisfy the
above inequality. Hence it follows that all the zeros of F(z) lie in

e T AP VAR et

tl 1

+ |a1t1t2 +a, (Y _t2)| + |:Blt1t2 + 5, (4 _tz)| N (|0!0| +|ﬂo |)t2

1.
t" t" t"

Since the zeros of P(z) are also the zeros of F(z), the result follows.
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