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Abstract: Let G = (V,E) be a graph. A subset S of
V(G) is called a strong (weak) efficient dominating
set of G if for every v e V(G), |Ns[vINS| =1
(| Nw[vINS| = 1), where Ny(v) = {u € V(G): uv e
E(G),degu>degv } and Ny(v) ={u€eV(G):uve
E(G), deg v > deg u}, Ng[v] = Ng(v) U {v}, (Nw[V] =
Nw(V) U {v}). The minimum cardinality of a strong
(weak) efficient dominating set of G is called the
strong (weak) efficient domination number of G and
is denoted by 7s(G) (Ywe(G)). Let G be a graph on n
vertices, containing a clique on y(G) vertices and
%(G) = n - 3. In this paper, the sum of strong efficient
domination number and chromatic number of G equal
to n+1 is studied
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I Introduction:

Throughout this paper, only finite, undirected and
simple graphs are considered. Let G = (V,E) be a
graph. A subset S of V(G) of a graph G is called a
dominating set of G if every vertex in V(G) \ S is
adjacent to a vertex in S [9]. The domination number
y(G) is the minimum cardinality of a dominating set
of G. Sampathkumar and Pushpalatha introduced the
concepts of strong and weak domination in graphs
[8]. A subset S of V(G) is called a strong dominating
set of G if for every ve V — S there exists a ueS such
that u and v are adjacent and deg u > deg v. A subset
S of V(G) is called an efficient dominating set of G if
for every ve V(G), | N[vINS | = 1[1,2]. The concept
of strong (weak) efficient domination in graphs was
introduced by  Meena, Subramanian and
Swaminathan [4]. A subset S of V(G) is called a
strong (weak) efficient dominating set of G if for
every v e V(G), | Ny[vINS | = 1(| Nu[vINS| = 1).
Ns(v) = {u € V(G): uv € E(G), deg(u) > deg(v)}.The
minimum cardinality of a strong (weak) efficient

dominating set is called strong (weak) efficient
domination number and is denoted by ys (G)
(ywe(G) )A graph G is strong efficient if there exists
a strong efficient dominating set of G. An n -
colouring of a graph G uses n colours. The chromatic
number y(G) is defined as the minimum n for which
G has an n - colouring. Several authors have studied
the problem of obtaining an upper bound for the sum
of a domination parameter and graph theoretic
parameter and characterized the extremal graphs. In
[6] Paulraj Joseph J and Arumugam S proved that y +
x < n. In [5], they proved that y + ¢y < n+1 and
characterized the classes for which the upper bound
is obtained. In [7], Paulraj. Joseph and Mahadevan G
characterized the classes of graphs for which the sum
of complementary connected domination number and
chromatic number less than or equal to 2n — 6.
Motivated by these results, an attempt has been made
to find the sum of strong efficient domination number
and chromatic number of a strong efficient graph. In
this paper, let G be a graph on n vertices, containing a
clique on y(G) vertices and ¢(G) = n — 3. The sum of
strong efficient domination number and chromatic
number equal to n+1 is studied. For all graph
theoretic terminologies and notations, Harary [3] is
followed.

Result 1.1 y4 (K,) =1, foralln e N.

Theorem 1.2: For any path P,

nifm=3nn€N
Yse Pm)=4n+1lifm=3n+1,n€N
n+2ifm=3n+2,n€N

Theorem 1.3: Let G;and G, be strong efficient
graphs with disjoint vertex sets. Then y,(G,U G,) =

Y5e(G1) + Vs(G2).
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Il Main Result:

Theorem: Let G = (V,E) be a simple graph on n
vertices containing a clique on y(G) vertices. If ¥(G)
=n-3,then y,(G) + x(G) =n+ 1lifand only if G =
Kns U 3K;.

Proof: Suppose G = K3 U 3K; and %(G) =n - 3.
Then y¢(G) = 4. Therefore y¢(G) + x(G) =4 +n-3
=n+1l

Conversely, suppose y,(G) + x(G) = n + 1. By
assumption, G contains a clique K on n — 3 vertices.
Let V(G) = V(K) U {X, Y, 2} = {V1, Vo, . . . Vi3, X, Y,
z}. Let p, q, r represent the number of vertices of K
adjacent with x, y, and z respectively.

Case (1): Suppose the subgraph of G induced by
{X, y, z} = K; which is 3K;. Since y(G) =n-3,0<
p, q, r<n-4.1f p=g=r =0, then there is no edge
between K,z and ({x,y,z}). Therefore G =z K 3 U
3K {vi, X, ¥,2}H 1<i<n-3,isavye - set of G
Then y¢(G) = 4. Therefore y¢(G) + x(G) =4 +n-3
=n+1 Suppose p=0,q=r=0.Let N(X) = { ug, up,
oo Upk {ui,y, Z} 1 <i<p,isavy - set of G. Then
Yse(G) = 3. Therefore y,(G) + x(G) =3+n-3=n<
n + 1, a contradiction. Similar is the case with q = 0,
p=r=0andr=0, g=p=0.Supposep,q=0,r=0.
Let N(y) = { v1, V2, ... Vg}. IT N(X) N N(y) = ¢, then
{ui, y, 2z} 1 <i<pand {vj, x, 2z} 1 <j<q, are
Yse - sets of G. Then y4(G) = 3. Therefore y4(G) +
%(G) =n< n+1,acontradiction. If N(x) n N(y) = ¢,
then u € N(x) N N(y) for some u € V(K). {u, z} is a
Yee - set of G. Then y5(G) = 2. Therefore y,(G) +
¥(G) =2+ n-3=n-1< n+ 1, a contradiction.
Similar is the case if p=0,q, r0andr=0,q, p
# 0. Suppose p, q, r = 0. Let N(z) = { wy, w,, . ..
W} IfFN(X) N N(y) N N(2) = ¢, then ue NX)n
N(y) N N(z) for some u e V(K). Therefore u is the
full degree vertex of G. Hence y4(G) = 1. Therefore
Ye(G) + x(G) =1+ n-3=n-2<n+1 a
contradiction.

Suppose if N(X) n N(y) N N(z) = ¢.

Subcase (1a): If N(x), N(y) and N(z) are pairwise
disjoint then {u;, y, z}, 1 <i<p, {vi, X, 2}, 1<i<q
and {w;, x, y}, 1 <i <, are y, —sets of G. Hence
vse(G) = 3. Therefore y,(G) + 3(G) =3+ n-3=n<
n+ 1, a contradiction.

Subcase (1b):  Suppose N(x) N N(y) = ¢. Let u e
N(X) N N(y). {u, z} is a v —set of G. Hence ys(G) =

2. Therefore y,(G) + x(G) =2+ n-3=n-1<
n + 1, a contradiction. Proof is similar if N(y) N N(z)
# ¢ and N(x) N N(2) = ¢.

Subcase (1c): Suppose N(X) N N(y) = ¢ but N(y) n
N(z) = ¢ and N(X) N N(2) = ¢. Let u € N(X) N N(2)
and y € N(y) N N(z). {u, y} and {v, x} are ye —Sets
of G. Hence 74(G) = 2. Therefore y,(G) + %(G) =
2+ n-3=n-1< n+ 1, acontradiction. Proof is
similar if N(y) N N(z) = &, N(X) N N(y) = ¢, N(X) n
N(z) = ¢ and N(X) N N(z) = ¢, N(X) n N(y) = ¢,
N(y) N N(z) # ¢

Case 2:  Suppose the subgraph of G induced by
{x,V, z} is K,U K;. Let x be adjacent with y.
Subcase (2a): Suppose p=q=r=0. {u, x, z} and
{u, y, z} for some u € V(K), is a y¢ -set of G. Hence
vse(G) = 3. Therefore y,(G) + x(G) =3+ n-3=n<
n + 1, a contradiction. Proof is similar if y is adjacent
with z and x is adjacent with z.

Subcase (2b): Suppose p=0,qg=r=0. {u;, y, 2}
for some u; € N(X), 1 <i<p,isavye -set of G. Hence
Ys(G) = 3. Therefore y,(G) + x(G) =3+ n-3=n<
n + 1, a contradiction. Proof is similarifq=0,p=r=
Oandr=0,q=p=0.

Subcase (2c): Suppose p, g = 0 and r = 0. Suppose
N(X) N N(y) = ¢. Let u € N(X) n N(y). {u, z} is a
Yse -set of G. Hence v¢(G) = 2. Therefore y4,(G) +
¥(G) =2+ n-3=n-1< n+ 1, a contradiction.
Suppose N(xX) N N(y) = ¢. If p = g, then deg x = deg
y. If S = {u;, y, 2}, 1 <i < p, is a strong efficient
dominating set of G, then | Ng[X] N Sy| = {u;, y} =2
> 1, a contradiction. If S, = {vj, X, z}, 1<j<q,isa
strong efficient dominating set of G, then [Ns[y] N S;|
= | {v;, x}| =2 > 1, a contradiction. Hence if p = q,
then strong efficient dominating set of G does not
exist. ---- (1).

Assume that p < g. N(x) = {y, ug, up, ... up} and
N(y) = { X, V1, Vo, . . . Vg}. Since p < g, deg x < deg
y. {Vi, X, 2}, 1 < i< q, is a vy -set of G. Hence y(G)
= 3. Therefore y,(G) + x(G) =3+ n-3=n< n+1,
a contradiction. Similar is the case if p > q.

Subcase (2d): Suppose p, g, r = 0. IFN(X) N N(y) n
N(z) = ¢, then u € N(x) N N(y) n N(z). Therefore u
is a full degree vertex of G. Hence ye(G) = 1.
Therefore y(G) + x(G) = n -2 < n+ 1 a
contradiction. Suppose N(x) N N(y) N N(z) = ¢. If
N(x), N(y) and N(z) are pairwise disjoint and if p = q,
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then deg x = deg y. As discussed earlier (1), strong
efficient dominating set of G does not exist. Assume
that p < qg. {vi, X, 2}, 1 <i < q, is a y5 -set of G.
Hence v5(G) = 3. Therefore y5(G) + x(G) =3+ n-3
=n < n+ 1, acontradiction. If N(X) N N(y) = ¢,
N(z) has no element with N(x), N(y) or N(z) n N(y)
# ¢, N(2) n N(x) = ¢, then {u, z} for some u € N(x)
N N(y) is a ye -set of G. Hence y(G) = 2. Therefore
Ye(G) + x(G) =2+ n-3=n-1< n+1 a
contradiction. Suppose N(x) N N(z) = ¢ and N(y) is
disjoint with N(x) and N(z). Let u € N(x) N N(2).
Therefore deg u = n — 2. Hence u is the maximum
degree vertex. If S = {u, y} is a strong efficient
dominating set of G. Hence |Ns[x] N S| = {u, y}| =
2 > 1, a contradiction. Hence strong efficient
dominating set of G does not exist. Similar is the case
with N(y) N N(z) = ¢ and N(x) is disjoint with N(y)
and N(2).

Case 3: Suppose the subgraph of G induced by {x,
y, 2} is P3. Let without loss of generality assume that
x and z are pendent vertices.

Subcase (3a): Suppose p =g =r =0. Then G =
Kn-3 UP3. v5(G) = vse(Kn_3) + vse(P3), by theorem
(1.3). Since y5(Kn_3) = 1 and y(P3) = 1 by theorem
(1.2), y(G) + x(G) =2+ n-3=n-1<n+1a
contradiction.

Subcase (3b): Suppose p=0,q=r=0.Ifp=1,
then N(x) = {u;, y} for some i, 1 <i<p. Since deg u;
=n-3, if S ={u;, y}is a strong efficient dominating
set of G, then Ng[X]NS| =] {u;, Y} =2>1, a
contradiction. Hence if p = 1, strong efficient
dominating set of G does not exist. Suppose p > 2.
Then deg x > deg y. Therefore {u;, y}, 1 <i<p,isa
Yse -set of G. Hence v4(G) = 2. Therefore y,(G) +
¥(G) =2+ n-3=n-1<n+ 1, a contradiction.
Similar is the case withr=0,p=q=0.

Subcase (3c): Suppose q =0, p=r=0. deg x =
degz=1<degy. {vi, X, z}, 1 <i<q, is a ys -set of
G. Hence y,(G) = 3. Therefore y5(G) + %(G) = 3+
n-3=n<n+1,acontradiction.

Subcase (3d): Suppose p,q=0and r=0. If N(x) N
N(y) =@ and p < q, then {v;, X, 2z} 1 <i<q, isa
Yse -set of G. Hence v4(G) = 3. Therefore y(G) +
¥(G) =3+ n-3=n<n+1, acontradiction. If q =
p - 1, then {u;, y} is a ye -set of G. Hence y(G) = 2.
Therefore y,(G) + x(G) =2+ n-3=n-1<n+1,a
contradiction. If N(x) n N(y) = @, then u € N(x) n

N(y). Therefore {u, z} is a Y -set of G. Hence v (G)
= 2. Therefore y,(G) + x(G) =2+n-3=n-1<
n + 1, a contradiction. Similar is the case with
g, r=0,p=0.

Subcase (3e):  Suppose p, r = 0 and q = 0. Suppose
NX)NN@) =0. Ifp=r,{ui,z} 1<i<p, {w, x},
1<j<r,are ys-sets of G. If p <, then {w;, x},
1 <j<r, is the y4 -set of G. Similar is the case if
p > r. Hence v, (G) = 2. Therefore y4(G) + (G) =
n-1< n+1, acontradiction. Suppose N(X) N N(z)
#@. Letu e NX) N N(z) . If p=r =1, then u is the
only maximum degree vertex of G. If S={u, y}isa
strong efficient dominating set of G, then |[N¢[X] N S
= |Ns[z] n'S] = |{u, Yy} = 2 > 1, a contradiction.
Therefore if p = r =1, then strong efficient
dominating set of G does not exist. Let p, r > 2.
Hence deg y < deg x, deg z. Also {u, y} is a yg -Set
of G. Hence y¢(G) = 2. Therefore y4(G) + x(G) =n
—1<n+1,acontradiction.

Subcase (3f): Suppose p, g, r= 0. If N(X) n N(y) n
N(z) # @. Then u e N(x) N N(y) n N(z). Therefore u
is a full degree vertex of G. Hence y4(G) = 1.
Therefore y4(G) + x(G) = n -2 <n + 1, a
contradiction. Suppose N(xX) N N(y) n N(z) = 0. If
N(x), N(y) and N(z) are pairwise disjoint, then N(x) =
{y up, up, ... Uk N(Y) ={X, 2 Vi1,V ...Vq}and
N(@Z) ={y, wy, Wy, ... W} Suppose p=q + 1 and
r<p,qg. Thendeg x = deg y and deg z < deg X, deg y.
S ={u;, ¥}, 1 <i<p, is astrong efficient dominating
set of G. INs[X] n' S| = [{u;, vy} = 2 > 1, a
contradiction. Hence if p=q + 1 and r < p, q, then
strong efficient dominating set of G does not exist.
Similar is the case withr=q+ 1,andp<q,r. Ifg<
p,rthen{u;, z}, 1<i<pand {wj, z}, 1 <j<rare
the v -Sets of G. Hence y5(G) = 2. Therefore y¢(G)
+%(G) =n-1<n+1, acontradiction. Ifp=q =,
then {v;, X, z}, 1 <i < q is the v -set of G. Hence
Ys(G) = 3. Therefore y,(G) + x(G) =n<n+1,a
contradiction. Hence y¢(G) = 2. Therefore y,(G) +
¥(G) =n-1<n+1, acontradiction.

Suppose N(x) N N(y) = @. Let u € N(X) N N(y). If
N(y) N N(z) = @ or not, {u, z} is a v -Set of G.
Hence v (G) = 2. Therefore y4(G) + x(G) =n-1<
n+ 1, a contradiction.

If N(X) N N(z) # @, N(y) n N(@z) = @ and if r =
g + 1, then deg y = deg z. Since u is the maximum
degree vertex, if S = {u, z} is the strong efficient
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dominating set of G, then [Ns[y] n S| = [{u, vy} =2 >
1, a contradiction. Hence no strong efficient
dominating set of G exist. Similarly if p=qand r =
g + 1, then no strong efficient dominating set of G
exist, since deg y = deg z and deg x < deg y, deg z. If
p=qgandr>q+1,then{w;, z}, 1<i<risayg-set
of G. Hence 74(G) = 2. Therefore y,(G) + %(G) =
n—1<n+1,acontradiction. If p=qgand r < g, then
{ui, z}, 1 <i < q are the v -set of G. Hence y4(G) =
2. Therefore y,(G) + (G) =n-1< n+1, a
contradiction. Similar is the case if N(y) N N(z) = @
and N(x) is disjoint from N(y) and N(z).

Suppose N(x) N N(z) = @ and N(y) is disjoint from
N(x) and N(z). Ifp<q+1orr<q+1,thendegx=
degyordegy=degz Letu e N(X) N N(2). If S =
{u, y} is the strong efficient dominating set of G,
then |Ng[X] N S| = | {u, y}| = 2 > 1, a contradiction.
Similarly [Ng[z] n' S| = {u, ¥} = 2 > 1, a
contradiction. Therefore no strong efficient
dominating set of G exist. Ifp>qg+1andr>q+ 1,
then {u, y} is a ye -set of G, since deg y < deg x,
deg z. Hence v, (G) = 2. Therefore y,(G) + x(G) =
n-1<n+1,acontradiction.

Case 4: Suppose the subgraph of G induced by
{x,V, 2} is Ks.

Subcase 4a: Suppose p=q=r=0.ThenG=K,3 U
Ks. Therefore yse(G) = yse(Kn3) + 1se(K3). vse(G)
2. Hence y4(G) + x(G) = n -1 <n + 1, a
contradiction.

Suppose p =0, g =r =0. If p=n -4, then deg x
n — 2, since x is not adjacent with some u; € V(K),
say Un,. Hence x is the maximum degree vertex. If
{X, un}is a strong efficient dominating set of G, then
all the vertices of K, other than u, are strongly
dominated by two vertices x and u,. Therefore no
strong efficient dominating set of G exist. If 1 <p <
n-5,then N(X) ={Vy,z Uy, Uy, ... Up}. FOr1 <i<
p, {ui, y} or {u;, z} is a ¢ -set of G. Hence v¢(G) =
2. Therefore ye(G) + x(G) =n-1<n+1 a
contradiction. Similar is the case withq=0,p=r=0
andr=0,p=q=0.

Subcase 4b: Suppose p, g = 0, r = 0. If N(X) N N(y)
# @, then letu € N(X) N N(y). {u, z} is a y4 -set of G.
Hence v4(G) = 2. Therefore y,(G) + x(G) =n-1<
n + 1, a contradiction.

Suppose N(xX) N N(y) =@. NX) ={V, z, ug, Uy, ...
upyand N(y) ={ X, z, vy, Vo, ... Vg}. Ifp=n—-4or

g = n -4, then as discussed earlier, no strong efficient
dominating set of G does not exist. If p < q, then
{ui, x} is a ye —set of G. If p > q, then {u;, y} is a
vse —set of G. Hence v4(G) = 2. Therefore y4(G) +
¥(G) =n-1<n+ 1, acontradiction. Similar is the
case withq,r=0,p=0andp,r=0,q=0.

Subcase 4c: Suppose p, g, r = 0. If N(x) n N(y) n
N(z) # ¢, then u € N(x) N N(y) n N(z), for some
u €V(K). u becomes a full degree vertex of G. Hence
Yse(G) = 1. Therefore y,(G) + x(G) =n-2<n+1,a
contradiction.

Suppose N(x) N N(y) N N(z) = ¢ and N(x), N(y) and
N(z) are pairwise disjoint. If p = g=r, then deg x =
degy=degz. If S={u;, y}, 1 <i<pisastrong
efficient dominating set of G, then |[N¢[x] n S| =
{ ui, vy} =INs[z] nS] = 2 > 1, a contradiction.
Therefore no strong efficient dominating set of G
exist. Suppose p=zq=r. Ifp=n-4org=n-4or
r = n - 4 then as discussed earlier, no strong efficient
dominating set of G exist. Let 1 <p, g, r<n->5.
Supposep>q,r. Ifg=r,then{u;,y }, {ujz}, 1<i
<pareyse-setsof G. Ifg>r, then{u;,y}, 1<i<p
isaye—setof G. If g<r, then{u;, z},1<i<pisa
vse —set of G. Hence v, (G) = 2. Therefore y4,(G) +
¥(G) = n-1<n + 1, acontradiction. Similar is the
case with g > p, rand r > p, g. Suppose N(x) N N(y)
# ¢ and N(2) is disjoint from N(x) and N(y). Letu e
N(X) N N(y). Suppose p=qg=r.ThenS={u, z}isa
v —Set of G. Therefore [Ns[X] N'S| = N[yl n' S| =
|{u, z}} = 2 > 1, a contradiction. Hence no strong
efficient dominating set of G exist. If p>q, rorq>
p, r then {u, z} is a ye —set of G. Hence y¢(G) = 2.
Therefore y,(G) + x(G) = n-1<n+1, a
contradiction. If r>p, gthen deg z > deg X, deg
y. Then S={u, z} isa ys —set of G. Therefore |N;[X]
NS| = INs[yl nS| = [{uz}l=2>1a
contradiction. Hence no strong efficient dominating
set of G exist. Similar is the case with N(y) n N(z) =
¢ and N(x) is disjoint from N(y) and N(z) and N(x)
N N(z) = ¢ and N(y) is disjoint from N(x) and N(z).
Suppose N(x) N N(y) = ¢, N(y) n N(z) = ¢ but N(x)
N N(z) = ¢. Let u € N(X) N N(y) and v € N(y) n
N(z) where u, ve V(K). If p = q = r, then as
discussed earlier no strong efficient dominating set of
G exist. If r <p, q then {u, z} is a vy —Set of G.
If p < g, r then {v, x} is a ys —set of G. Therefore
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vse(G) = 2. Therefore y(G) + x(G) = n-1<
n + 1, a contradiction. If p > g, r and g=r,
then deg x > deg vy, deg z. If {u, y} or {u, 2}
is a ye —set of G, then v (G) = 2. Therefore y5(G) +
¥(G = n - 1 < n + 1, a contradiction.

Similar is the case with N(x) N N(y) = ¢, N(X) N N(z2)
# ¢ but N(y) n N(z) = ¢ and also with N(y) n N(z) =
& N(X) N N(z) = ¢ but N(X) N N(y) = ¢. Therefore If
x(G) =n-3and y,(G) + x(G) =n+ 1, then G = K, 3
U 3K;.
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