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A 0-closed Graph Theorem
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Abstract: We prove a 0-closed graph theorem using mH-closed spaces, where m is an
infinite cardinal number.

1- Introduction and Preliminaries

In this paper m is infinite cardinal number. A topological space X is quasi mH-
closed space iff every open cover (equivalently, regular open cover) of X with
cardinality at most m has a finite subcollection the closures of its members cover X.
. A Hausdorff space is H-closed iff it is closed in every Hausdorff space it can be
embedded. A Hausdorff space is quasi mH-closed iff it is closed in every space with
character m. A space is of character m iff every point has a local base of cardinality
less than or equal to m.
Theorems 2.1 and 2.2 modify several characterizations of H-closed spaces in [2] and
[4] to characterizations of mH-closed spaces.

A subset A of a space X is called regular open iff A = A °.Asubset Ais regular
closed iff its complement is regular open( i.e A = A°).

A filterbase 3={F; :AeA} in a space X is said to r-accumulate [4] to X, e X iff for each
F, €3 and each open set (equivalently [3], each regular open set) V containing X, we
have F, NV # ¢ .

A function f: X— Y has a strongly — closed graph if for each
(x, y)eG(f), the graph of f, there exists open sets U in X and V in Y containing x and
y respectively, such that (U X V) N G(f) = .

A function f: X—Y is called mwc-weakly continuous, mwc if for each xeX and for
each open set V in Y such that the cardinality of Y\V is <m there exists an open set W
in X containing x such that f(W)cV° .

A multifunction o of a topological space Y is a set valued function such that o(x)=¢
for every x in X. A multifunction o is called closed graph iff its graph {(X,y):yea(X)}
is closed in XxY.

A subset A of a space X is called quasi mH-closed relative to X iff, for each cover of
A by open subsets of X, of cardinality < m there is a finite subcollection the closures
of its members cover A. If X is quasi mH-closed relative to X we say, simply, that X
is quasi mH-closed. A Hausdorff quasi mH-closed space is mH-closed.

Theorem 3.2 characterizes quasi mH-closed set relative to a space X.
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A subset A of X is called 6-closed iff for every xe X\A there is an open set V in X
suchthat xeVand V n A = ¢.
A multifunction o of X into Y is called 0-closed graph iff its graph is 0-closed in XxY.

Theorem 3.5 characterizes quasi mH-closed spaces in terms of 6-closed graph
multifunctions. Corollary 3.6 gives a new characterization of quasi H-closed spaces .

2- mH-closed space

In this section several characterizations of mH-closed spaces are given. They
are modifications of characterizations of H-closed spaces appeared in [2] and [4].

Theorem 2.1 The following are equivalent about a Huasdorff space X.

(1) Xis mH-closed.

(i) Every filterbase of cardinality < m, of open sets has a cluster point.

(iii) Every family of cardinality < m of closed sets of X whose intersection is empty
has a finite subfamily with interiors has empty intersection .

(iv) Every open cover of cardinality < m of X has a finite subfamily the closures of
its members cover X.

Theorem 2.2 Let X be a Hausdorff space. Then the following are equivalent.

(i) X is mH-closed.

(it)For each family of regular-closed sets 3={FA:Ae A} of cardinality <m

such that intﬁriectF,l = @, there exists a finite subfamily {FAi: i=1,2,... k}
€

k
such mtegectFM. o = @.

(iii)Each filterbase 3={F,: Ae A} of cardinality < m r-accumulates to some point
Xoe X.

Proof (i)=(ii) Follows from the previous theorem because J is a family of
closed sets with cardinality < m.

(i)=(i) Let{V,:Ae A} be a cover of X by regular open sets in X of cardinality
<m. Then VA = X. So that VAC = ¢ Since each Vy is regular-closed by

hypotheSIS there is a finite subfamlly {Vi:i=1,2, ..., k} such that
mtersectVM = @.

But Vll = VAL’SO
k _ k _

interis*ectV,fi = @Thus 1V,1L. = Xand so X is mH-closed.
L= 1=
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(i)=>(iii) Suppose that there exists a filterbase I={F;:Ae A} in X of cardinality <
m that does not r-accumulate in X.
Then for each xeX, 3 an open set V(x) containing X and Fj) €3 such that
Facy NV = @. Let Wy (x) = EXV(x)such that F;(x) N V(x) = ¢. Then
X
{W.: Ae A}is an open cover of X with cardinality <m. Since X is mH-closed

there is a finite subfamily {Wxi1y, Wix2), ..., Wik ysuch that
k

i=1WA(Xi) = X.
Since J is a filterbase on X, there exists F;,3, such that
k [
F;, C inte,risectF;l(xi). Then F,, N W,(xi) # ¢ for some i.
1=

(Because W; (xi)is a cover of X). So that F;, N V,(xi) # ¢. Then

Fy, NVy(Xi,) # @for some i,=1,2,...,k. Consequently F;, N V;(xi,) # @which is
a contradiction. Thus (i)=>(iii).

(iii)=(ii) Let I={F, LA} be a family of cardinality < m of regular closed and

suppose that each finite subcollection {F,;: i=1,2,...,k} with
k o
interfectF,li(p
L=

We shall prove that int?e”iectFl(p.

{F7}is a filterbase of open sets of cardinality < m on X. Then by hypothesis there
is a point X, e X such that

EV # o,

for every A€ A and every open set V containing X, .
Then

EnNV+g for each AeA,

because F} Fj.
If int%iectFl = @then x, & int%iectFASO there is Be A such that X, ¢Fg . So,

Fgis regular open set containing X, with FBC_ N Foﬁ =¢.

This means that3 does not r-accumulate to X, . Contradiction
Theorem 2.3 LetY be an mH-closed space. Then for every space X , every
strongly-closed graph function f: X —-Y is mwc.

Proof Let xeX and let V be a regular open set in Y such that VV® has cardinality < m
and f(x) eV. Let yeV°. Then (X, y)G(f) so there exist open sets Uy(x) = X and
V(y) c Y containing x and y respectively such that [Uy(x) x V (y)] "G(f) =¢. Since Y
is Hausdorff we can choose V(y) such that f(x)e V (y). Now {V(y): yeV° }is an
open cover of the regular closed set V¢ with cardinality < m. And since V¢ is mH-
closed there is a finite subcollection {V(y1), V(y2), ...,V(Yk)} such that

V1), V(y2)-.., V(yi)Jcovers V°. Let
k k
W = interfecthi (x), then W is open in X such that f(W) is disjoint from 1V(yl)
1= 1=
So, f(W)cVcV . It follows that f is mwec at X.
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3- Quasi mH-closed space

Our main result here is Corollary 3.6 a characterizations of quasi mH-closed
spaces in terms 6-closed graph multifunctions. Theorem 3.3 is a generalization of a
result about compact spaces.

Theorem 3.1 Aspace X is quasi mH-closed iff for every regular open cover{V, :
LeA}of X, of cardinality < m , there is a finite subfamily
k

{V2,,Va,seeen V3, } sUch that 1]7,1L.is a cover of X.
i=

Proof If X is mH-closed then a regular open cover is an open cover and so it
satisfies the condition in the statement of the theorem.

Conversely suppose that X satisfies the condition. Let {V; :AeA} be an open cover of
X with cardinality <m.

Then 17,is regular open for every AeA and V; = VP c " So {; o'keA} isa
regular open cover of X satisfying the conditions. So it has a finite subfamlly

o o

Va, Vo, Vi, }suchthat 1V N °covers X. But cV,1 for all
k

=1,2,....k. So, 1V_/L is a cover of X. Thus X is mH-closed.
i=

Theorem 3.2 Asubset K of a space X is quasi mH-closed relative to X if and only
if for each filterbase Q2 on X with cardinality at most m such that FNC=¢ is satisfied
for each FeQ and C regular closed set containing K we have Knadg Q # ¢ .

Proof Suppose that the condition is satisfied . We shall prove that K is quasi mH-
closed relative to X. Suppose , on the contrary, that K is not quasi mH-closed relative
to X. Then there is a cover 0 of K of cardinality < m by open sets in X such that no

finite 0’6 satisfy Kc V. This means that K n intersectV¢ # ¢. S0 Q =
veo veo

Ve:V € 8} is afilterbase on X satisfying V¢ n K # gfor every V¢eQ. Thus by
hypothesis we have KnadgQz=¢ . That is, Kmintgrgectvc_ * Q.
€

Then K ¢ 69170. ButvV °oV.
v
Soweget K & eQV Hence 0 is not a cover of K. Contradiction. Thus K is quasi
v
mH-closed relative to X.

Now, suppose that KnadeQ = ¢ for some filterbase Q of cardinality at most m. Then
for each xeK there is V(x) open containing x and F(x)eQ with V(x) N F(x) = ¢
Let W, = {V(y):V(y) N F(x) = ¢}. Then {W,: xeK} is an open cover of K with
cardinality < m . Since K is quasi mH-closed there is a finite set K'cK with K c

W,.Choose F eQ with F c intersectF(x). Then F n W, = o.
X€EK X€K X€EK

The following result is a modification of a result about compact spaces to m-compact
spaces.
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Theorem 3.3 If X is m-compact T; space with character m then it has a base of
cardinality <m

Proof For each xeX let By be a local base at x of cardinality < m. Let B=U{By :
xeX} . Then B is a base for X. We shall prove that B has cardinality <m . Let S be
the collection of all minimal open covers (open covers having no strictly subcovers)
of cardinality <m . Since X is

m-compact T, every member of S is a finite subcover. And |B|=IB||S]|. The rest
of the proof is as in [1] (page 178, problem 120).

Theorem 3.4 Aregular closed subset of a quasi mH-closed space is quasi mH-
closed.

Proof Let Abe aregular closed set then A = Ufor some open set U.

Let {V, :A €A } be a filterbase on A with cardinality < m. Then

{V,. n U : LeA} is an open filterbase on X with cardinality < m. So it has a cluster
point. This cluster point belongs to A. So A is mH-closed.

Theorem 3.5 A space X is quasi mH-closed iff every 8-closed graph multifunction
of X to a space Y with character m maps regular closed sets in X onto 6-closed sets, in
Y.

Proof Let X be a quasi mH-closed space. Y be a space of character m and o has a
0-closed graph multifunction of X to Y. Let K be a regular closed subset of X and

ze e clg (a(K)). Let Q be a local base at z of cardinality at most m.

Then o* (Q) is a filterbase on X with cardinality at most m such that FnK=¢ for
every Feo}(Q) . And since K is regular closed it follows that it is quasi mH-closed .
Hence Knadga ™ (Q)=4. Thus for any xe Knadga ™ (Q2) we have Vo (W)=¢ for
every open set V containing x and WeQ. Consequently (VxW) nG(a) #¢. So (X,
2)ecly(G(a))=G(a) and hence z e a(Xx).

Conversely. Let Q be a filterbase on X of cardinality at most m. Let ag X, and

Y=Xu {a}, Topologize Y by taking every point in X open inY and a set containing a
be open in Y iff it contains a member of Q. Let o be the 0-closure of the identity
function of X into Y. Then a eclg(a(X)). Since a(X) is regular closed it follows that
there is x in X such that a ea(x). This x must belong to adeQ. Thus X is quasi mH-
closed.

The following result is a new characterization of quasi H-closed spaces.

Corollary 3.6 Aspace X is quasi H-closed space iff every 0-closed graph
multifunction of X to a space Y, maps regular closed sets in X onto 0-closed sets in Y.
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