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Abstract:

The conditions of star equilibrium are discussed on the basis of the relation
between pressure and gravity forces. The pressure expression was found first by
using Gibbs and quantum laws. This leads to an equilibrium radius that depends
on particle and mass density. The star explode on requires the energy to positive
in this case thermal energy exceeds gravity potential. When the generalized
special relativistic energy is negative contraction takes place when gravity energy
exceeds the thermal one. Star equilibrium requires the radius to have critical value
typical to that of black hole and the critical mass to be less than a certain critical
temperature dependent mass.

Keywords: star, equilibrium, critical radius, critical mass, generalized special
relativity.

Introduction:

The theory of general relativity is a model of gravity, the prediction of which
leads to a remarkable change in the concepts of nature. it is now understood that
in spite of the successes of this theory, it suffers from main defects reflected in its
singular behavior at strong field limit .they are flawed in two ways: firstly,
abnormal behavior in the strong field makes it conducive to the demolition of the
same law that the adoption of it, where predict a so called gravitational collapse,
and the attendant emergence of black holes. Secondly, which causes its being
isolated from other physical laws, and forbid its being neither quantization nor
unified with the rest of physics. We employedGibbs’s distributionrelation and
quantum lawsto deal with the translational degrees of freedom of the constituent
particles, and quantum mechanics to deal with the non-translational degrees of
freedom. It turns out that this approach is necessary to deal with either low
temperature or high density gases.At stellar densities which greatly exceed white
dwarf densities; the extreme pressures cause electrons to combine with protons to
form neutrons. Thus, any star which collapses to such an extent that its radius
becomes significantly less than that characteristic of a white dwarf is effectively

27


http://www.ijiset.com/

f\‘\“‘ﬁ%“\% IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 5 Issue 1, January 2018

(| IJISL. };? ISSN (Online) 2348 — 7968 | Impact Factor (2016) — 5.264

N www.ijiset.com
transformed into a gas of neutrons. Eventually, the mean separation between the
neutrons becomes comparable with their wavelength. At this point, it is possible
for the degeneracy pressure of the neutrons to halt the collapse of the star [1, 2,
3]. A star which is maintained against gravity in this manner is called a neutron
star.It is found that there is a critical mass and critical radius it equivalent the
radius of Schwarzschild. Above which a neutron star cannot be maintained
against gravity. And also cannot be maintained against gravity by degeneracy
pressure, and must ultimately collapse to form a black hole[4, 5, 6].0ne will
discuss in this work theevolution of starsby kinetic theory and quantum physics
the basis generalized special relativity in section two. Sections three and four are
concerned with discussion and conclusion respectively.
Differential Equations for Stellar Structure:
Let us now discuss ideal gases from a purely quantum mechanical standpoint. It
turns out that this approach is necessary to deal with either low temperature or
high density gases. Furthermore, it also allows us to investigate completely non-
classical“gases”, such as photons.From the kinetic theory and quantum physics;
we can get an equation of star evolution by the pressure force and the force of
gravity. For stars one have tow forces, pressure force which counter balance the
gravity force, thus

1
P= §nmv2 , mv? =3KT (1)
The number density can be assumed to satisfy Maxwell’s distribution

n = nye PE(2)
We first consider an ideal gas consisting of a single type of non-relativistic
particles. The ideal-gas law for the gas contained in a volume V is commonly
written as

P—lN(SKT)— KT 3
=37 =n (3)

Where: n = N /V(is the number of particles per unit volume).
Thus the pressure force is given by

Fp = PA = nKT(4ntr?) = 4nnKTr? = ¢;r2(4)
The gravity force is given by

41
F, = f (?pr3) (4mrip) dr
For constant density

T
= (4n)2P2_I7”5dr _10m7

f9=3 "6 3 7
0
Thus
8
F, = 5712,027”6 = c,r° (5)
Equation of hydrostatic equilibrium requires

Fp = Eg(6)

28


http://www.ijiset.com/

({%\\% IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 5 Issue 1, January 2018
[ (TJIS171;

k. f ISSN (Online) 2348 — 7968 | Impact Factor (2016) — 5.264
N www.ijiset.com
Thus from equation (4), (5) and (6) one gets
c 1/4
c11? = c,r® = r= (c_1>
2
The critical radius is thus given by
B <9nKT>1/4 ,
Expansion takes place
Fp > F,(8)
While contraction is observed when
Fp < F,(9)

But according to the laws of quantum mechanics for particle in box the energy is
given by
E =c,V72/3 (10)
At T = 0 all quantum states whose energy is less than the Fermi energy E are
filled. The Fermi energy corresponds to a Fermi momentum pp = hky is thus
given by
pr _ hPkE

Er =—= 11
F™2om Zm( )

The above expression can be rearranged to give

1/3
kr = (3n?n)/3 = %(g)
Where
A = (3n2)/3p
Hence
2m 2m 2mhyVy\"?
Ar = kr  Bmzm)/3 T A (N)

Which implies that the De-Broglie wavelength Az corresponding to the Fermi
energy is of order the mean separation between particles (V/N)*/3.All quantum
states with De-Broglie wavelengths A > A, are occupied at T = 0, whereas all
those with 4 < A are empty.

According to equation (11), the Fermi energy at T = 0 takes the form

2
h2 A" (N\?3
Ep = ﬁ@nz;)z/g =2ﬁ (V) = ¢,V 2/3(12)
F
— = ——c,V5/3(@13
- v 3 €0 (13)
But for spherical body
- 4,
= ?r
Thus
dEx 2 (4n 3)‘5/3 2 (4n>‘5/3 514
av ~ 393" 303 co”
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But according to canonical Gibbs’sdistribution
dEg
P = Tlﬁ(lS)
Hence the pressure takes the form
2 s4m\~3/3
P= —§<?> ncer > = ¢;77°(16)
Thus the pressure force is given by
Fp = P(4nr?)
2 r4m\"5/3
Fp = —§<?) ncor > (4nr?) = 4mer3

Fp = c,r3(17)
But gravity force is given by
GmM
F, = r2
Where we assume that the density is constant within the star. The mass at distance
r from the star center is

41
M(r) = ?pr3
Ar3pGm
g~ 3r2
Thus
4
F, = §anmr = C3T (18)
Equation of hydrostatic equilibrium requires
Fp = F(19)
e
Cor 3 = car
The critical radius r, is thus given by
s _ %2
e = cs

(e (—(4m) 53 neo(am)\ !
TC‘(@) _< 2mpmG (3)-5/3 > (20)

Expansion takes place
Fp > F,(21)
While contraction happens when
Fp < F;(22)
The conditions of star evolution can be started by adopting classical limit, of
generalized special relativity (GSR) energy relation where
2

-1/2
2¢ 20 v
E=m0C2(1+?)<1+?—C—2> (23)

Considering Newtonian potential and thermal motion
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GM 1 ) 3 KT 5 3KT 24)
= —_—— — e — ﬁ [ —
¢ R’ 2" T3 YT T
, , 2GM 2GM  3KT\ /2
E'=me® =moc (1 ~ Rc? )( " Rc2 mocz) (25)

If the gravitational potential and thermal energy are everywhere small, so

26M <1 SKT <1 (26)
Rc? ’ myc?
Thus (25) reduces to

ZGM>< GM 3KT ) @7

Rc? * Rc? * 2mgc?
Neglecting higher order terms, yields
GM 3KT 2GM  2G*M? SGMKT>

+ — — —
Rc?  2myc? Rc? R?c* Rmyc*

E = myc? (1—

E = myc? <1+

Thus the energy E become

3 GMm,
E=m0c2+§KT— 7 (28)

Assuming the kinetic energy is due to thermal motion

3

K.E=ZKT (29)
Assuming also the potential energy of mass m,, to be
GMm,
V=- R (30)

Thus equation (28) gives

E=myc>+K.E+V
Thus the expression of energy includes the total kinetic energy of the degenerate
electrons (the kinetic energy of the ion is negligible), the rest energym,c? and the
gravitational potential energyV. Let us assume, for the sake of simplicity, that the
density of the star is its uniform. The total energy of a star is its gravitational
potential energy, its internal energy and its kKinetic energy (due to bulk motions of
gas inside the star, not the thermal motions of the gas particles).
Using the hypothesis of universe expansion, the star explodes and expands when
the energy E is positive

, 3 GmyM
E =myc®+=KT — >0 (31)
_ 2 R
1.e.
GmyM

3
moyc? + EKT > (32)

This is quite obvious from the point of view of common sense because this
equation indicates that expansion happen when thermal and rest mass energies
exceeds attractive gravity energy. However it collapse and contract when the
energy E is negative, this requires
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, 3 GmyM
mgyc +§KT < R (33)

Thus collapse takes place when gravity energy exceeds thermal one.
Can be obtained the critical radius, using the following energy for generalized
special relativity

I (1 ZGM) (1 2GM  3KT >‘1/2
— o€ rc? rcz  myc?
I (1 s 2c1) (1 2¢;,  3KT >‘1/2
— Mot rc? rcz2  mgc?
Where
Cl = _GM
3KT \ /2
E=myc*(1+c,r 1) (1 + c,r71 = mgcz) (34)
Where
_ 2¢
Cr, = C_Z

The critical radius of the star requires minimizing the total energy E and can be
found by using the conditions for minimum value, i.e.

1 _ _
dE —myc?c, 172 SMo(1+ cor D(c?cr™)
dr 3KT \1/2 3KT \3/2
-1 _ -1 _
(1 T e mocz) (1 T e mocz)
_ _4 3KT\ , 1 _ _
dE =~ —Moc?c, 172 (1 + cor7t — m0c2) +-mo(1 + c,r D(c?c,r™2)
dr L 3KkT\3/2 =0
(1 +cr t — mocz)
3KT 1
—mgyc2c, r? (1 + crt — m0c2> + Emo(l + ;7 D) (c%cr™?) =0
3KT
mo(1 + c,r 1) (c?c,r™2) = 2myc?cy r™2 (1 + c,rl — 2)
myc
6KT
1+cr =24 2c,r 1 - >
myc
6KT
2c,r7 1 —cr7l = 5=
myC
_,  6KT —mgyc?
Czr == 2
myc
When temperature is neglected, i.e. when
T=0
One gets
crt=-1
2¢,  2MG
r=-—C = _C_Z = o2
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The critical radius is thus given by

2GM

= (35)
(This is the black hole radius)

Using the generalized special relativity energy relation

Tc

I (1 ZGM) (1 2GM  3KT )‘1/2 2
— Mot rc? rc?  mgyc? (36)
For star having spherical shape:
S 7N 41 3 3
—GM = —G <?pr ) = —?Gpr = c31°(37)
- 2 (1 4 2¢512 - 2c3r? 3KT 1z
— Mot c? c? myc?
3KT \ /2
E =myc?(1 + cyr?) (1 + ¢, r? — m0c2> (38)
Where
2¢3
Cy = 7

The radius of the star r that dimension which reduces the total energy E and his
can be found by using the minimum energy condition that has to be less energy as
soon as possible, i.e.

dE
1
dE myc?(2c,T) moc?(1 + c4r?) (E) (2¢47)
dr ~ 3kT\Y/2 3T \3/2
2 _ 2 _
(1 + Cyr m0c2) (1 + Cyr m0c2)
2myc?c,r (1 + ¢ r? — :;Tz) — moc?c,r(1 + ¢472)
=0
3T \3/2
(1 + cyr? — m0c2)
3KT

2moc?c,r (1 + ¢, 1% — - ) —moc?c,r(1 4 ¢4r?) =0

C2

2 2 SKTN _ 2 2
2mococyr (14 cyr ) = MoC (1 4 c4r?)
0
,  3KT ,
2 (1 + cur° — mocz) =1+ cyr
6KT
24 2¢c41? — s =14 cyr?
meC
,  6KT
C4T = 2 -
myC
2 6KT —moc®  6KT —mqyc?
myc?c, 2mgCy
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_ (6KT —myc?\"?
"= 2MCs

The minimum radius

For r to be real
6KT > myc?(40)

6KT
Mo ="z
Thus the critical mass is given by:
6KT
Mo, = c2
Hence for equilibrium
my < mg,
Using equation (37)
4r
c3 = 3 Gp
The critical radius is thus given by
1/2
6KT — myc?
rC = 871 (41)
?mOGp
When
d’E _ 2myc?c, 2myc?cir? moc?cy(1 4 3c4r?)
dr?z 3kT\L/2 KT \3/2 3KT \3/2
2 _ 2 _ 2 _
(1 t Gt mocz) (1 tCar mocz) (1 t e mocz)
3moc?c2r?(1 + c4r?)
, _ 3KT\5/2
(1 + ¢yt mocz)
) 5 3KT
d’E _ 2moyc ey (1 T Ot — mocz) B [2moc?cz2r? + myc?c, (1 + 3c,72)]
dr?z 3KT \3/2 3KT \3/2
2 _ 2 _
(1 + cyr m0c2) (1 + cyr m0c2)
-1
3moc2cir?(1 + cyr?) (1 + ¢, 1% — SKTZ)
+ mgpcC
, _ 3KT\3/2
(1 + cyr m0c2)
2 2,.2..2 2,.2..2 2 2 _ 3KT\7!
moc“cy — 6C, KT — 3myccire + 3myccir (1 + cyur )(1 FCprt —— c2)
— 0
,  3KT\3/2
(1 + ¢yt mocz)
For maximum values
°F <0 42
172 (42)
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-1
moc?cy, — 6C, KT — 3myc?cir? + 3myc?c2r?(1 + c4r?) (1 + ¢, — 3KT)

meoc?
o 3KT 3/2
(1 + Cyr m0c2)
<0
2 2,.2,.2 2,.2,.2 2 . _ SKT -
mocc, — 6C, KT — 3moccire + 3moccir (1 + cyr?) (1 4 c4r° — mac?

<0

[ 3KT\ ']

3 2021r2(1 + c4r? (1+ Z— )

_ moccire(1 + c4r°) CaT —
< [6¢4,KT + 3myc?c2r? — myc?c,]

[ 3KT\ ']

3 2021r2(1 + c4r? (1+ Z— )

_ mycecyre(1 + c4r*) CaT moc?) |

, (6KT 5
< [moc Cy (W + 3c,T° — 1)]
, , , 3KT\™'] (2KT , 1
Ca“(1 4+ c4r°) (1 + cyr — mocz) < (mocz + cyr© — 5)
, oo (2KT , 1 ,  3KT
Car*(1+cyr?) < <m0c2 + cyr” — §> (1 + Ccyr” — mgcz)
When temperature is neglected, i.e. when
T=0

1
car?(1+ c4r?) < <c4r2 — §) (14 ¢,7%)
cat? + c2rt < cyr? + cirt — 3™ §c4r2
! 2+1<0
34 T3
a2 +1<0

Where

While contraction takes place when
r < V3 c(8nGp)~1/? (44)
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For minimum values
a°F >0 (45)
- dr?
Thus explosion is expected when
r >3 c(8rnGp)~1/? (46)

Thus the critical radius is given by

. =3 c(8nGp)~1/2(47)
3. Discussion:
The equilibrium radius can be found by using ordinary expression for thermal
pressure (see equation (3)) and the ordinary Newtonian force relation for star
having constant density. Assuming pressure and attractive gravity force to
balance each other, one can find temperature and density dependent critical
radiusr,, where 7, increases as temp. Increase and decreases as density increase.
This conforms to the fact that thermal pressure force causes contraction. The
same result can be found by using quantum mechanical relation for pressure (see
equations (11)-(17)), but here the increase of density increases r. as shown by
equation (20).Using generalized special relativity energy relation the condition of
expansion requires the thermal energy to exceed gravity energy, while contraction
requires gravity energy to be more than thermal energy which agrees with
previous models. By assuming gravity Newtonian potential relation and thermal
energy for generalized special relativity energy relation (see equation (34)). The
minimum energy requires the existence of critical temperature depend Ent mass
similar toChandrasekhar mass. Where the star mass should be less than this mass
to attain minimum energy.

4. Conclusion:

Gibbs’s distribution relations, quantum laws beside generalized special relativity
GSR energy relations are used to study star equilibrium conditions. It was shown
that equilibrium conditions require certain critical value for the radius typical to
that of the black hole. The critical mass is shown to depend on temperature. The
equilibrium also requires rest and thermal energy to be equal to potential energy.
The fact that the rest mass energy is joined with thermal energy comes from the
fact that rest mass energy can be converted to thermal energy.
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