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Abstract

The study of fuzzy algebraic theory and
the development of fuzzy algebraic struc-
tures is an important area of study. The
study of vague algebraic structures and its
properties has been extensively studied in
literature. However, there are no studies
that deal with vague algebraic theory in a
bipolar setting. As such, this paper aims
to initiate the study of the group theory
for bipolar vague sets. The notion of bipo-
lar vague groups, and bipolar vague normal
subgroups are introduced, and the structural
characteristics and properties of these struc-
tures are studied.

Keywords: Bipolar vague set, Vague group,
Normal vague subgroup, Conjugate bipolar
vague group.

1 Introduction

The study of fuzzy algebraic theory began with
the introduction of the notion of a fuzzy subgroup
of a group by Rosenfeld [1]. Since its inception,
the study of fuzzy algebraic theory has been ac-
tively studied. However, the single-valued mem-
bership structure of the fuzzy set model [2] makes
it incapable to capture the hesitancy faced by the
users, and also makes it incapable of expressing
the evidence for and against an element effectively.
This and other problems that are inherent in fuzzy
sets has led to the expansion of algebraic theory in
other fuzzy based and soft set [3] based settings.
The fuzzy algebraic framework has since been ex-
tended to other settings which include soft set set-
ting [4-8], fuzzy soft setting [9-13], intuitionistic
fuzzy setting [14-16], vague setting [17-21], and a
vague soft set setting [22-24]. Here we are con-
cerned with further developing the fuzzy algebraic
theory in a vague set [25] setting using the prop-
erties of bipolar-valued fuzzy sets [26]. Bipolar-
valued fuzzy sets [26] is an extension of fuzzy sets
whose membership degree range is enlarged from
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the standard unit interval of [0, 1] to the interval
of [-1,1]. Previous research on the development
of bipolar-valued fuzzy algebraic theory include
the study of bipolar-valued fuzzy subgroup of a
group [27], bipolar fuzzy subalgebras and closed
ideals of BCH-algebra by Jun et. al. [28], bipo-
lar fuzzy subalgebras and bipolar fuzzy ideals in
BCK/BCI algebra [29].

In this paper, we introduce group theory for
bipolar vague sets [30,31]through the introduction
of bipolar vague groups and normal subgroups.
The properties and structural characteristics of
these structures are also studied and verified.

2 Preliminaries

Definition 2.1. [2/ Let X be a nonempty set. A
fuzzy set A over X is defined as A = {{x : pa(x)):
x € X}, where py : X — [0,1] is the membership
function of the fuzzy set A.

Definition 2.2. [26] Let X be a universal set,
and A be a set over X that is defined by a posi-
tive membership function ;LX and a negative mem-
bership function p, where p : X — [0,1] and
py : X — [-1,0]. Then A is called a bipolar-
valued fuzzy set over X, and can be written in the

form A = {{a, i} (x), 13 (@) : x € X}

Definition 2.3. [27] Let G be a group and A be a
bipolar-valued fuzzy subsets of G. Then A is called
a bipolar-valued subgroup of G (abbr. BVFSG) if
the following conditions are satisfied.

(i) A (zy) = min{A* (x), A*(y)}
(ii) A*(z™h) = A*(x)
(i) A™(zy) < max{A~(z), A~ (y)}
(iv) A~(z71) < A= (x).

Definition 2.4. [25] Let X be a space of points
(objects) with element of X denoted by x. A vague
set V in X 1s characterized by a truth-membership
function ty : X — [0,1] and a false-membership
function fy : X — [0,1]. The value ty(z) is a
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lower bound on the grade of membership of x de-
rived from the evidence for x and fy(x) is a lower
bound on the negation of x derived from the evi-
dence against x. The values ty(x) and fy(x) both
associate a real number in the interval [0,1] with
each point in X, where 0 < ty(x) + fy(z) < 1.
This approach bounds the grade of membership of
x to a closed subinterval [ty (z),1— fv(z)] of [0, 1].

Next, we present some basic results pertaining
to the concepts and operations of vague sets. Let
A and B be two vague sets over the universe U,
where A and B are as defined below:

A= {{u,[ta(x),1 = fa(@)]) : u € U},

B ={(u[tp(z),1 - fa(x)]) : u € U}.

Definition 2.5. [25] The vague value and unit
vague set of a vague set A are as defined below:

(i) The interval [ta(x),1 — fa(x)] is called the
vague value of © in A, and is denoted by
VA(CL') .

(i) A vague set A of U is called a unit vague set
ifta(x) =1 and fa(x) =0, for allz € U.

(iii) A vague set A of U is called a null vague set
ifta(x) =0 and fa(x) =1, for allz € U.

Definition 2.6. [25] The subset, complement,
union and intersection of vague sets are as defined
below:

(i) If for all v € U, ta(x) < tp(x) and 1 —
fa(x) <1 - fp(x), then A is called a vague
subset of B, denoted as A C B.

(i) The complement of A, denoted as A° is de-
fined as:

A° = {(@. [fa(@), 1 — ta(@)]) : 2 € X},

(iii) The union of A and B, denoted as A U
B, is a wvague set C, defined as C =
{(z, [max(ta(z),tp(x)), max(l — fa(x),1 —
fe(@))]) s x € X}

(i) The intersection of A and B, denoted as
AN B, is a vague set D, defined as D =
{(z, min(t4(z), tp(x)), min(1l — fa(z),1 —
fB(2))]) s 2 € X}

Definition 2.7. [17] Let (X, *) be a group and A
be a vague set over X. Then A is called a vague
group over X if the following conditions are satis-

fied:

(i) ta(zy) = min(ta(z),ta(y)) and 1— fa(zy) =
min(1l — fa(z),1 = fay));

(ii) ta(z™t) > ta(x) and 1 — fa(z™t) > 1 —
fa(z).
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Definition 2.8. [30] Let X be a universe of dis-
course, and A be an object over X. Then A is
called a bipolar vague set which is of the form:
A= {{, [t @)1 — Fi (@), [-1 - f5 @), 5 @)
x € X}, where [th,1 — ff] + X — [0,1] and
[—1—f4,t4] : X — [—1,0] are mappings such that
tj—}—fx <1land -1 <t +f,. The positive mem-
bership degree [t (x),1— f1(x)] denotes the inter-
val of satisfaction of an element x to the property
corresponding to a bipolar-valued fuzzy set A, and
the negative membership degree [—1—f (z),t, (x)]
denotes the interval of satisfaction of x to some
implicit counter property of A.

For the sake of simplicity, the notation UX =
[th,1— fi] and v = [-1 — f1,t;] will be used

to denote a bipolar vague set.

3 Bipolar Vague Groups

Definition 3.1. Let (X,*) be a group and A be
a bipolar vague set over X. Then A is called a
bipolar vague group of X if it satisfies the following
conditions:

(i) th(zy) = min(t}(z), 4 (y)) and 1—f (zy) >
min(1 — f3(x), 1~ f1(y));
(i) th(z™1) > th(z) and 1 — fL(z71) > 1 -

£ (x);

(i) G (oy) < max(ty(e).t5(y) and —1 -
fa(@y) <max(=1— f,(z), -1 - fy(y));
(iv) th(x71) <t;(z) and =1 — fi(z7') < —-1—
fa().
Definition 3.2. Let A = (X; V], V) be a bipolar
vague group over X and H = {x € G/V;(z) =
Vi(e) and Vi (z) =V (e)}, then O(A), order of
A is defined as O(A) = O(H).
Definition 3.3. Let A = (X;V,,V)) and B =
(X;Va,V5) be two bipolar vague groups over
group X. Then A and B are said to be conjugate
bipolar vague groups in X if for some g € G,

Vi(z) = Vg (g zg)
and
Vi (@) = Vg (97 zg)
for every z € X.
Example 3.4. Let G = {1,w,w?} where w is the

cubic root of unity with the binary operation de-
fined as below:

* 1 w | w?

1 1 w | w?
w w | w? 1
w? | w? 1 w

71



Let A = (X;V,,V]) be a bipolar vague set in

X which is as defined below:

1 w w?
Vi | [0.9,0.9] [0.6,0.8] [0.6,0.8]
Vy | [-0.4,-0.1] [ [-0.4,—0.1] | [-0.4,—0.1]

Then A= (X;V,, V) is a bipolar vague group
of the group X.

Theorem 3.5. Let A= (X;V], V) be a bipolar
vague group over group. Then the following prop-
erties hold true for each v € X :
(i) Vi(z=Y) =V (2),ie th(z™) =t}(z) and
L= fia™!) =1~ fi(2);
(ii) Vi (z7Y) = Vi (x), ie. ty(z7!) =
and -1 = f7(@ 1) = 1 - 7 (a);
(iii) Vi(e) > Vi(x), ie th(e) > th(z) and 1 —
file) 21— fi(x);
() Vyi(e) <V, (), ie ty(e) <t (r)and—1—
fale) < —1—f,(x),

where e is the identity element of X.

ta(z)

Proof. Let x € X. Then
(i)
Vi) =V 2 Vi) 2 V(@)
implies that
Vi) =V]i()

and

Vi) =Vilz™) ™ <Vi(a™) < Vyi(2)
implies that

Vi) =Vi(2)

Vie) Vi(za™)
> min{V; (z), Vi (=1}

Vi (@)

implies that
Vi(e) > Vy(z)
and
Vile) = Vi(ea™)
< max{Vy (), Vi (27}
= Vi@

A

implies that

Vile) SVy(2).
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Theorem 3.6. Let A= (X;V,, V) be a bipolar
vague group in a group X if and only if

Vi (zy™) = min{V; (2), V{ ()}
and

Vi (zy™") < max{Vy (), Vi (y)}
for each z,y € X.

Proof. Let A be a bipolar vague group on X.
Then we have

Viey™) = min{V{(2), Vi ()}

min{Vy (), Vi (y)}
and

Viey™) < max{Vy(2),Vy ()}
= max{V, (z),Vy (y)}

for each x,y € X. Conversely suppose that
Vi(zy™) > min{V} (2), VS (y)}
and
Vi(zy™) <max{V; (z), V) (y)}.

Let x = y to obtain

and
Vi le) <Vy(2)
forall z € X.
Hence
Vil™) = Vi(ey™)
> min{V; (e), Vi ()}

and it follows that

I
>
—~

8
—~~

<
L
~
L

Vi (zy)

|

=

[=}
~—
5
&
>
S
——

and

Vily™) = Valey™)
min{V, (e), V4 ()}
Vi (y)

IN

and it follows that

Viley) = Vi)™
< max{V, (2),Vy (y~ 1)}
= max{Vy (z),Vy(y)}.
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Theorem 3.7. Let A= (X;V], V) be a bipolar
vague group over group X. If

Viey™) =Vi(e

and
Vilzy™) =Vi(e)
for any x,y € X then

V(@) = Vi)

and
Vi (@) =V, (y)

Proof.

Vi(x) Vi (zy )y

min{V (zy~"), Vi (y)}
= min{V; (), VS (1)}
= Vi)

Vil(yz~")a)

min{V,{ (e), Vi ()}
Vi(x)

Y

v ol

and

Vi(z) = Villey™ )yl

max{V (zy~"),Vy (y)}
max{V, (e), Vs (y)}
Vi)

Vi l(yz™")a]

max{V, (e), Vy (z)}

= Vy(2).

Theorem 3.8. Let A= (X;V,, V) be a bipolar
vague group in a group X and let x € X. Then

Vi(zy) =Viy)

IN

IN

and

Vi (zy) = V4 (y)
for each y € X if and only if V} (z) =V (e) and
Vi(x)=Vy(e).

Proof. Let Vi (zy) = V(y) for each y € X.
Then we have

Vi (z) =Vy(ze) = V] (e)
and
Vi (zy) =V (y)
for each y € X so we have
Vi (x) =V (ze) =V (e).
Conversely, let

Vi(x)=V](e)
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and
Vi(@) =V (e)

by theorem 3.5 we have V (y) < V. (z) for each
y € X since A is bipolar vague group over X we
have

Vi(zy) > min{V) (2), V) (y)}
= Vi)
i.e.,V:(xy) > V:(y)
and
Vi(zy) < max{Vy (), Vy(y)}
= Vi(y)
te,Vi(zy) < Vi(y).

By Theorem 3.6, we have

Vi) = Vi@Tw)
min{V{ (), V,{ (zy)}

Vi (zy)

Y

and
Vi(a™ 1xy)

max{V, (z),V, (zy)}
= Vi (xy).

Vily) =

IN

Hence it can be concluded that
Vi (zy) = Vi (y)

and
Vi (zy) =V (y)
for each y € X .
Theorem 3.9. Let ¢ : X — Y be a group homo-
morphism and let V' be a bipolar vague set in Y.

If V is a bipolar vague group overY, then =1 (V)
s a bipolar vague group over X.

Proof. Let z,y € G. Then we have the following:

Vi s (@) Y (V) (zy)

= (Vi)(zy)

= Vi[(a)y(y)

> min{Vy (¥(2)), V5 (¥ (y))

= min{y (V) (2),¢ (V) (w)}
and
Vitum(@y) = 71 (V) ()

(Vg )¢ (zy)

Vi [Y(2)d(y)]

max{Vp (¢ (2)), Vi (¥(y))}
max{y~' (V1) (2), = (Vi) ()}

IN
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Let z € X. Then we have the following:
VJ,l(B)(x_l) = @[’_I(Vér)(x_l)
= (Vi)w(™)
Vi [(4(2) ']

> Vgi(x)
= Vi@
and

Vi@ = 7 (Ve)E™)
= (Vp)y(z™)
= Vgl((=) ™
< VEi(e)
= Vi (@)

Definition 3.10. Let A = (X;V,, V) be a bipo-
lar vague set over group in G. Let 0 : G — G be
a map, and we define the maps VA+ G — [0,1]

and Vi~ : G — [~1,0] which are as given below,
respectively:
(i) Vit(g) =V((g)), Vg € G, and

(ii) Vi~ (9) = V4 (0(9)), Vg € G-
Theorem 3.11. If A is a bipolar vague group over

group G and 0 is a homomorphism of G, then the
bipolar vague set A? over G is given by

A" ={(g.V{*. Vi) g€ G}
is also a bipolar vague group of G.
Proof. Let z,y € G, then
Vit(ey) = V{(O(zy))
= Vi0@)0(y)

> min{VX(@(m), VX

(0(y)}

and
Vi (0(zy))
Vi (0(x)0(y))
< max{Vy (0(x), Vi (0(y)}-
In addition, for all x € G we have the following
Vit = Vi)
= V(@)™
Vio(z)
Vit(@)

Vit(ay) =

AVARLY,

and

Vi)
Vi ((0(2)™")
Vi (6(2))
VA ().

IN A
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Theorem 3.12. Let A = (X;V,,V)) and B =
(X;VF,Vg) be two bipolar vague subsets of a
Abelian group G. Then A and B are conjugate
bipolar vague subsets of G if and only if A= B.

Proof. (=) Let A and B be conjugate bipolar
vague subsets of group G, Then for some y € G
we have

Vi) = Vi ley)
= Vi lyz)
— V(e
= Vy(a).

and

Vy (@) Vg (y 'zy)
= V5(y 'yz)
= Vg (ex)
= Vg (2).

That shows that A = B.

(<) Conversely if A = B, then for the identity el-
ement e of group G, we have V{ (z) =V (e lze)
and V (z) = V5 (e 'ze) for every z € G. Hence
A and B are conjugate bipolar vague subsets of G.

Theorem 3.13. If A = (X;V,,V]) and B =
(X;Vg,Vg) are conjugate bipolar vague groups
over G, then O(A) = O(B).

Proof. Let A and B are conjugate bipolar vague
groups over G. Thus it follows that:

O(A) = order of {x € G/V (z) =

and V' (z) = Vy (e)}

= order of {z € G/V7 (y 'zy)

= VJ(y 'ey) and
Vi (v ey) = Vi (y ley)}

= order of {IEGG/V+( ):VE}"(G)
and Vi (z) = Vg (e)}

= O(B).

Vi (e)

Therefore, the result follows.

Definition 3.14. Let X be a group and A be a
bipolar vague set on X.

Then A is called a bipolar vague normal subgroup
over X | if

Vi(zya™) > Vi)
and

Vi (zyz™) <V (y)

Hence it can be concluded that, A% is a bipolar Jor all z,y € X. The set of all bipolar vague nor-

vague group over G.

mal subgroups on X are denoted by BVNS(X).
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Theorem 3.15. Let X be a group. If
A,Be BVNS(X) then ANB € BVNS(X).

Proof. Let A = {{[th(z),1 — fi(z)][-1 —
fa(@), 6y (@)]) /e € X},
and B = {([th@)1 — F@I-1 -

fp(2),t5(@)])/z € X}
Then the intersection of A and B is as given
below:

ANB= {(x,min{t'g(x),tg(l‘)} ,

Let a, 8,7, denote the following expressions
aanp = min{t}(z), t5(x)},
Bars = min{1 — f1(2),1— f5 (@)},
Yanp = max{—1— f; (z), -1 - fz ()},
danp = max{t,(z),t5(x)}.
Then for any arbitrary z,y € X, and A,B €
BV NS(X), we have the following:

min{t} (zyz ™), 15 (zyz"")}
min{t} (y), t5(y)}
aans(Y),
min{l — fX(xyxil),
1— f5(zyz™")}
> min{l - f1(y),1 - f5 ()}
= Bans(Y),
Yanp(zyr™!) = max{-1— f (zyz""),
~1— fp(eyz™h)}
< max{-1—f4(v),-1-fp()}
= yanB(Y),
Sanp(zyz™!) = max{t;(zya™"), tp(zyz ")}
< max{t,(y),t5(y)}
danB(Y)-

aanplzyz™) =

Y

Banp(zyz™') =

Hence it can be concluded that
ANBe BVNS(X).

Theorem 3.16. Let A = (X; V7, V) be a bipo-
lar vague subset of X. Then the following condi-
tions are equivalent:

(i) A€ BVUNS(X);

(ii) A(zyx=1) = A(y) for all z,y € X;
(iii) A(zy) = A(yx) for all z,y € X.
Proof.

(1) = (it)
(=) Let

A= {{[th(2),1 = f1(@)][-1~ fi(2),t53(@)])/z €
X}.
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Since A € BVNS(X). Then by Definition 3.14,
for arbitrary =,y € X, we have

Vi(zya™) > Vi(y)

and
Vi (zyz™) < Vi (y)

for all z,y € X. Thus, by taking for any arbitrary
x, we obtain

Vi@ lya) = Vi@ y(@™ )™ 2 Vi),
Therefore it follows that:
Vi) = Vi@ ay(e™ ) = Vi (zya™)
ie., Vi(zyz~!) =V (y) and
Vi@ lya) = Vi@ ly(@™ ) ™) < Vi)

Thus we have

Vily) =Vai(z oyl M) < Vi (zyz™') < Vi(y)

e, Vi (zyz™t) =V (y).

Hence for all z,y € X, A(zyz~!) =
proved.

(i) = (i)

By using y for yz in (ii), we are able to prove
(iii) easily.

From A(yz) = A(zy), we obtain
Afzyz™!) = A(yza™") = A(y) > A(y)-

Aly) is
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