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Abstract 
The stochastic systems state modeling and forecasting is an important subject in the today’s designed systems subjected to uncertainty in 
the field. The system is considered as a composition of a deterministic and a stochastic part. A theoretical background is given with a 
stochastic differential equation (SDE) which describes a random process of degradation. Such description allows more detailed 
understanding of how the stochastic system’s state variable can be forecasted in the field. A practical application is given on stochastic 
system’s state forecasting. 
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1. Introduction 

Suppose a stochastic system under consideration in this study shown below on Fig.1: 
 

 

Fig. 1  Stochastic System overview. 

Such systems (see Fig.1) can be found in many domains like aviation (e.g. radionavigation and radiolocation systems); air 
armament control systems; automotive systems, etc. The systems state modeling and forecasting under uncertainty is an 
important part of studying these systems. The forecasting will allow for these systems to predict the future state and to make 
some further decisions on predictive maintenance (i.e. to have an idea when given parameter could exceed some predefined 
threshold like upper drift, faulty state, etc.). Some authors have worked on the theory and researched similar systems- see 
papers [2,3,5-11]. 

2. Theoretical Background 

The stochastic system (for example, radionavigation system’s measurement channel) can be represented with the stochastic 
differential equation (SDE) given below [4]:  
 

       (1) 
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        (2) 
 
where:  

• dw is a generalized Wiener process and ε is Normal(0,1) distribution. 
 
 
Some other, more general, version of Eq.(1) and Eq.(2) can be found as the following expression [1]:  
 

     (3) 
 
 
Consider now the following expression: 
 

      (4) 
 
 
Here Eq.(4) suggests that the state variable's value changes in one unit of time by an amount that is normally distributed with 
mean μ and variance . The normal distribution is a reasonable assumption for a lot of variables (due to the central limit 
theorem) that the variable x is a sum of many independent random variables [2]. One can generalize to any time interval T: 
 

       (5) 
 
Therefore, the equation Eq.(5) allows to keep using normal distributions and to make a prediction between any time 
intervals we choose in advance. Since the above equation Eq.(5) considers discrete units of time, one can be written as well 
as in a continuous time form, where one can consider any small time interval ∆t: 
 

      (6) 
 
Equation (4) has the important property of being memoryless, i.e. to perform a prediction of the value of x some time T from 
now, we only need to know the current value of x, not anything about the path it took to get to the present value. We can use 
equations (1) and (2) to model the system’s state: 
 

        (7) 
 
Applying some further transformations, the Eq.(7) be rewritten as: 
 

       (8) 
 
The parameters μ and σ are the drift parameter and volatility parameter respectively [1]. Then, following the Itô’s lemma 
which suggests that for a function F of a stochastic variable X that follows the Itô’s process of the form 
dx(t)=a(x,t)dt+b(x,t)dw, then we have:  
 

  (9) 
 
Applying some further substitutions, such as F(S)=log(S) and as well as taking into account the Eq.(7) where x=S, a(x,t)=μ 
and b(x,t)=σ:  
 

18 
 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 6 Issue 11, November 2019  

ISSN (Online) 2348 – 7968 | Impact Factor (2019) – 6.248 

www.ijiset.com  

  (10) 
 

      (11) 
 
 
Applying an integration on Eq.(11) over time T, one can obtain the value of the state variable S(t+T) when having some initial 
value of St : 
 

    (12) 
 
 
The last Eq.(12) is a Geometric Brownian Motion (GBM) model- the “geometric” part is due to the fact that we are 
effectively multiplying lots of distributions together (they were added in log space). Next, GBM approach is very easy to be 
reproduced with a spreadsheet- see next section for practical application of the Eq.(1)-(12). 

3. Illustrative Example 

Consider again the stochastic system shown on Fig.1. In the real practice, for example, we may be interested in studying 
such systems when a drift of some basic parameter could exceed some predefined threshold values. Suppose our basic 
parameter of interest is 5V supply voltage degradation process (this block is important part of GPS navigation system). The 
stochastic process has the following characteristics (estimated from related reliability test): μ=-1e-06; σ=1.6e-02. Running 
the stochastic process simulation by using the process parameters μ and σ stated above, we obtain the following 50 possible 
scenarios of Geometric Brownian motion (see Fig.2). The applied spreadsheet stochastic process simulation is done by 
using the formula: “ =Xt+NORMINV((RAND(), μ*T, σ*SQRT(T))”. 
 

 

Fig. 2  Stochastic Process Simulation with X0=5V; μ= -1e-06; σ=1.6e-02 
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From robustness point of view, the supply voltage critical lower and upper values needed for this system still to operate is 
4.5V/5.5 V. Looking at the performed simulation (Fig.2)- the expected moment when the power supply voltage will exceed 
the upper and lower threshold values is after 225 hours in the field under the worst usage conditions. This study allows a 
forecasting to be done based on the GBM modeling.  

4. Conclusions 

The following major outcomes have been summarized based on the performed study: 
• The GBM modeling (Eq.(4)-Eq.(5)) allows to do some prediction over time T of the state variable value of x due to 

its memoryless property.  
• Stochastic system state forecasting was performed considering the deterministic part and the uncertainty part of the 

process.  
• The modeling was successfully applied on real stochastic system and the results can be used further on the purpose 

of making some decisions (maintenance planning, etc.). 
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