
IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 6 Issue 12, December 2019  

ISSN (Online) 2348 – 7968 | Impact Factor (2019) – 6.248 

www.ijiset.com  

126 
 

Numerical Integration Approach to Stochastic 
System State Identification 

Angel Tanev1 

 
1 Probability, Statistics and Operational Research, Sofia University St. Kliment Ohridski, 

Sofia, 1000, Bulgaria 
 

Abstract 
Today, the stochastic systems state identification is becoming more complex in the presence of uncertainty. These systems can be found 
in different domains like aviation, railway, automotive, etc. The normal and faulty states of such systems need to be recognized as 
precisely as possible in order to avoid potential issues with a probability of missed detection and as well as with a probability of false 
alarm. Probability of missed detection in practice is more dangerous (leading to more losses) than the probability of false alarm. 
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1. Introduction 

The impact of uncertainty in the modern stochastic systems is a very important part in their state identification. Recently, 
many researchers are investigating the impact of the uncertainty over different type of systems- see, for example, 
[2,3,4,6,7,8,9,10,11,12,13]. However, most of the models for finding the optimal boundary value needed for system state 
identification are still models dealing with Normal distribution for both normal and faulty states. In case of non-normal 
probability distributions, then the task for finding the optimal boundary value x0 (for example, see Fig.1) becomes more 
complex and should be solved by applying numerical integration approach. In Fig.1- beyond x0 is identified as faulty state. 
 

 
 

Fig. 1 Empirical Drift [%]: Histograms of Normal vs Faulty operating state 
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2. Theoretical Formulation 

In theory [1], there are various ways for approximating the integral of a function over a given domain. As well as, there are 
various reasons as of why such approximations can be useful. On one hand, not every function can be analytically 
integrated. And, on other hand, even if a closed integration formula exists, it might still not be the most efficient way of 
calculating the integral. In addition, it can happen that we need to integrate an unknown function, in which only some 
samples of the function are known. 
Suppose a numerical integration implemented by a trapezoidal rule. The trapezoidal rule works by approximating the 
function f(x) by a piecewise linear function and evaluate the integral of each piece. If the interval [a, b] is divided up into n 
equal subinterval, each of width h=(b-a)/n, then the approximate integral is [5]:  
 

                                             (1)  
 
where:  

 ,     
 
Next step is, by applying the trapezoidal rule, to calculate the probability of overlapping between the normal and faulty 
state, i.e. one minus the integral of the multiplication between the cumulative distribution function F(x) of the faulty state 
and the probability density function q(x) of normal operating state over the drift span (from 0 to 12; note that the endpoint 
“b” should be large enough to cover the Weibull distribution on faulty state):  
 

                                (2) 
 
 
Let’s perform the numerical integration in a spreadsheet format. Before doing this exercise, let’s first make probability plot 
on the normal and faulty state and try to identify the best fitting distribution. The probability plots are shown on Fig.2.:  
 

 
 

Fig. 2 Weibull probability plot of Drift [%]: Normal vs Faulty state 
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As it is shown on Fig.2, the p-values for both probability plots are p>0.05 at 95% confidence level- therefore, the 
assumption of Weibull distributed drift is validated. The Weibull distribution parameters are as follows:  

 for normal operating state: shape= 1.695; scale=2.488% 
 for faulty state: shape= 19.85; scale=9.297%. 

 
The cumulative distribution function F(x) of the faulty state can be represented by the following expression: 
 

           (3) 
 
 
The probability density function q(x) of normal operating state can be represented by the formula below:  
 

                           (4) 
 
 
Now we can proceed with introducing these Weibull distribution functions into the numerical integration formula. Next 
chapter will show how the problem described above can be solved by a dedicated spreadsheet.  

3. Practical Applications 

Let’s construct the problem described by the equations Eq.(1)-(4). This will look like the following spreadsheet:  
 

 
 

Fig. 3 Numerical Integration: Trapezoidal rule implementation in a spreadsheet format 
 
In our case study, we have defined the following inputs: a=0 (cell A2); b=12 (cell B2); h=0.1 (cell D2), then n=12/0.1=120 
(cell C2). In cells N2 and N3 are introduced the shape and scale parameters of the normal state; in cells N6 and N7 are 
introduced the shape and scale parameters of the faulty state. In cell F2: the initial value is assigned to x, i.e. x0=0. In cell 
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F3 onwards- the xi values are introduced incrementally by the formula: “=IF(F2>=B$2,B$2,F2+D$2)” until it reaches a 
final value of 12 (cell F122). In cell G2 is introduced the multiplication between the two Weibull distributions (see Eq.(3) 
and Eq.(4)) with the built-in formulas: “=WEIBULL.DIST(F2,N$2,N$3,TRUE)*WEIBULL.DIST(F2,N$6,N$7,FALSE)” 
and copying it along the corresponding cells until it reaches cell G122. In cell H2 onwards is introduced the Eq.(1), i.e. the 
formula for the approximate integral by the trapezoidal rule “=((F3-F2)/2)*(G2+G3)”, and note that in cell H122 there is no 
value since it is negative one and should be removed from the calculations. In cell M10 is given the summation of all values 
from cells H2:H122, i.e. the integral value (0.999774). Therefore, in this case the probability of overlapping (Eq.(2)) is 226 
ppm (it is coming from 1e+06*(1-0.999774)= 226 ppm, where: 1 ppm is 1 part per million). All above is shown on Fig.3. 
 
Let’s proceed now with finding the optimal boundary drift value which is minimizing the total risk: the sum of the 
probability of missed detection (PMD) and probability of false alarm (PFA). The relevant formulas for these probabilities 
are: PMD=1e+06*WEIBULL.DIST(x0,N6,N7,TRUE); PFA =1e+06*(1-WEIBULL.DIST(x0,N2,N3,TRUE)). 
Suppose that for our stochastic system, we would like to assign a probability of missed detection not more than 1 ppm- in 
this case the optimal boundary drift value is x0=4.635%. In case of 10 ppm probability of missed detection: the optimal 
boundary drift value is x0=5.205%. However, when the PMD is decreasing, then the PFA is increasing. The optimal 
boundary drift value which is minimizing the total risk (PMD+PFA ppm) is x0=6.789%. (total risk of 6107 ppm).  

4. Conclusions 

The following major outcomes based on the performed analysis are: the overlapping probability and optimal boundary drift 
value x0 was obtained considering the constraints assigned to probability of missed detection and also the minimum of the 
total risk. A practical implementation of the complex numerical integration approach was developed in a spreadsheet format. 
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