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Abstract 
The model of lane reversals in the network flow theory is broadly accepted world-wide to increase the flow value by increasing the 
outbound arc capacity from the sources towards the sinks with lane reversals capability. There are different approaches, e.g., simulation, 
heuristic and analytical that are dealing this issue extensively. Specially, this model is used to manage the empty road during evacuation 
planning so that maximum number of evacuees can be shifted from accidental areas to the safe areas as quickly and efficiently as possible.  
 
In this paper, we focus on the analytical approach of lane reversals in which the intermediate storage is allowed. We consider a network 
with multiple sources and multiple sinks having given priority ordering of each source and sink. We introduce the prioritized maximum 
flow problem with intermediate storage allowing lane reversals and present polynomial time algorithms to solve them in both static and 
dynamic networks.  
 
Keywords: 25TNetwork flow, lane reversals, intermediate storage, priority ordering, maximum flow 

1. Introduction 

The application of network flow theory in the evacuation planning is highly investigated in the literature, [4, 13]. The 
evacuation scenario is represented by a network in which the accidental areas are sources, safe areas are sinks, the 
connections between them are lanes or arcs, the intersection of the arcs are the intermediate nodes.  Each node has finite 
capacity and each arc has capacity (an upper bound of the flow), transit time (times required to travel the arc) or cost 
needed to transship unit flow along the arcs. A maximum flow provides the largest possible amount of flow from the 
sources to the sinks in a given network within a given time horizon T. The maximum flow problem was discussed as a 
simplified model of railway traffic flow in Russia, [8]. Ford and Fulkerson [6 ,7] introduced the maximum dynamic flow 
problem and developed the first well known algorithm that sends maximum flow from the source to the sink by augmenting  
along s-d  paths and proved the maximum amount of flow is equal to the total capacity of the arcs in the minimum cut. The 
prioritized maximum flow problem was introduced on the multi-terminal static network and solved it in polynomial time, 
[14]. The maximum flow at every time point, i.e., the earliest arrival flow problem has been solved in pseudo-polynomial 
time complexity on two terminal network in [14]. By reducing the network into two terminal series parallel, this problem 
has been solved in strongly polynomial time, [28]. For the dynamic network, the prioritized maximum flow problem has 
been solved with a polynomial time algorithm, [9, 10].   
 
Recently, the network flow models with intermediate storage, i.e., the inflow into intermediate nodes is allowed to be 
greater than the outflow, and the excess flow can be stored in that node provided it does not exceed the node capacity, has 
been introduced and presented polynomial time algorithms to solve the maximum static, maximum dynamic, earliest arrival 
flow problems in [17, 18].  Their main aim is to use maximum arc capacity to push as much flow as possible out of the 
sources so that their model can only be used if the total capacity of arcs leaving the source is not smaller than the minimum 
cut capacity of the network. Moreover, the excess flow is sent as far as possible from the sources. Similarly, the prioritized 
maximum flow with intermediate storage has been computed in both static and dynamic networks using polynomial time 
algorithms in [16]. The non-conservative aspect of the network flow problem has been considered, however, a theoretical 
validity proof and an experimental verification are lacking, [11]. 
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The lane reversals technique is developed to solve the evacuation planning problem. The evacuation planning problem is 
the process of shifting residents from disastrous areas to safe places as quickly and efficiently as possible. After disasters, 
the lanes outwards from the sources are congested due to the large number of evacuees on the street but the movement of 
flow towards the sources is not allowed so that these lanes remain empty. The concept of lane reversals has been introduced 
using graph and flow theory for the evacuation planning problem, [12]. They proved that the problem on multiple sources 
and sinks is NP-complete and presented two heuristic algorithms; greedy and bottleneck relief to solve it. For the large size 
problem a heuristic algorithm, reversing at most a given number of arcs, has been presented and solved it efficiently, [29]. 
Their main objective is to minimize the number of vehicles that have to spend time on the most endangered nodes. The 
investigation of the large size lane management problem with discrete time traffic assignment models to minimize the 
overall delay can be found in [30]. By introducing penalty function on each arc with capacity and transit time, an optimal 
priority evacuation tree has been presented to minimize the expected evacuation penalty, [1]. With lane reversals and 
convergence policies, the evacuation planning problem has been investigated on tree network, [3].  
 
The analytical approach, for the maximum flow problem allowing lane reversals has been introduced in both static and 
dynamic network, and presented polynomial time algorithms to solve them, [2, 27]. By solving the maximum flow at each 
time point, the earliest arrival flow with lane reversals has been introduced and solved efficiently, [20]. The prioritized 
maximum flow with lane reversals in both static and dynamic networks have also been investigated and presented 
polynomial time algorithms to solve both problems, [20]. The technique of lane reversals in continuous time dynamic 
network has been investigated and presented efficient algorithms to solve a number of dynamic flow problems, in [21, 22, 
23]. The quickest flow problem with lane reversals has been investigated and presented first minimum cost flow algorithm 
to solve it, [24]. By locating the emergency facility at arcs, the problem is solved in polynomial time with lane reversals in 
[15].  The procedures of partial lane reversals have been introduced and presented a number of efficient algorithms to solve 
the dynamic network flow problems, [25, 26].  
 
The lane reversal technique for the network flow with intermediate storage has been introduced in which the maximum 
dynamic and earliest arrival flow problems with intermediate storage allowing lane reversals has been solved with 
polynomial time algorithms, [17, 18]. However, the possibility of intermediate storage by placing emergency units at the 
intermediate nodes has been discussed to minimize the evacuation time by allowing lane reversals in [19].   
 
In this paper, we investigate the prioritized maximum flow problem, i.e., flow is maximized with fixed priority ordering of 
sources and sinks in given time horizon,  with intermediate storage by allowing lane reversals. The lexicographic property, 
i.e., the prioritized maximum flow, of [9, 10] has been used to solve the maximum dynamic flow problem with intermediate 
storage in both cases allowing lane reversals and without it in [17, 18]. However, we solve the problem independently here. 
That means, we maximize the flow reaching to the sinks in their priority ordering and push the excess flow as far as 
possible from the sources with respective priority ordering. In our network, the priority ordering of sources and sinks are 
given. We present polynomial time algorithms to solve the prioritized maximum static and dynamic flow problems with 
intermediate storage allowing lane reversals in multi-terminal networks. We adopt the lane reversals technique of [17, 18] 
to compute the prioritized maximum flow with intermediate storage from [16].  
 
This paper is organized as follows: In Section 2, we describe notations and flow models with intermediate storage allowing 
lane reversals. The prioritized maximum flow problem with intermediate storage allowing lane reversals is introduced and 
solved with polynomial time algorithm in Section 3. Similarly, the problem is solved in dynamic network with polynomial 
time algorithm in Section 4. The paper is concluded in Section 5.  

2. Preliminaries  

Let  𝑆 = {𝑆𝑥: 𝑥 = 1,2, … , 𝑞}, 𝐷 = {𝐷𝑦: 𝑦 = 1,2, … , 𝑟} and 𝐼 = {𝐼𝑧: 𝑧 = 1,2, … , 𝑝} be the set of multiple sources, multiple 
sinks and intermediate vertices, respectively, and 𝑒′ = (𝑣,𝑤)∈ 𝐴 be an arc with its reverse arc 𝑒−1 = (𝑤, 𝑣) ∈ 𝐴,  where 𝐴 
is the set of 𝑚 arcs.  The functions 𝑢:𝐴 → ℤ+,  ℎ: 𝐼 → ℤ+  and 𝑐:𝐴 → ℤ+ determine the capacity of the arcs ,  𝑒′, 𝑒−1 ∈ 𝐴, 
the holdover capacity of the nodes  𝑣 ∈ 𝐼 and per unit cost along the arc, respectively. With these parameters, our multiple 
terminals static network is 𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝑐), where 𝑉 = 𝑆 ∪ 𝐷 ∪ 𝐼 is the set of 𝑛 nodes. For simplicity, we assume that 𝑠 
and 𝑑 are a single source and a single sink, respectively. If we are given total time period 𝑇 within which we have to 
transship the total flow from the sources to the sinks, then the network is dynamic with the parameters  𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝜏,
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𝑇), where the function  𝜏:𝐴 → ℤ+  determines the required time to travel from node  𝑣  to 𝑤  in the discrete time  𝑻 =
{0, 1, … ,𝑇}. We also assume that  𝜏(𝑒′) = 𝜏(𝑒−1)  ∀𝑒′, 𝑒−1 ∈ 𝐴.  
 
Our aim is to transship as much flow as possible from the sources to the sinks and to push the excess flow as far as possible 
from the sources to store at intermediate nodes. One important technique to increase  𝑠 − 𝑑 flow in the network is to use the 
reverse arc capacity as well. As the arcs towards the sources remain empty, they can be used to increase flow by reversing 
directions. The lane reversal approach has been studied from the emergency point of view.  On network  
𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼) , each arc  𝑒′ and 𝑒−1 have certain capacity 𝑢(𝑒′) and 𝑢(𝑒−1). When we use the lane reversal 
technique, the arc capacity can be redefined as auxiliary arc capacity  𝑢(𝑒) = 𝑢(𝑒′) + 𝑢(𝑒−1)  ∀𝑒′, 𝑒−1 ∈ 𝐴 and 𝑒 ∈ 𝐸, 
where 𝐸 is the set of auxiliary arcs and |𝐸| < 𝑚. For the dynamic network 𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝜏, 𝑆,𝐷, 𝐼, 𝑇), we assume that the 
transit time 𝜏(𝑒) = 𝜏(𝑒′)   if 𝑒′ ∈ 𝐴 , otherwise 𝜏(𝑒) = 𝜏(𝑒−1)  . The remaining data are unaltered with lane reversal 
technique. Moreover, we assume that the intermediate nodes have sufficient capacities and their flow value is bounded by 
the arc capacities. Thus, we form the auxiliary dynamic network as 𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝜏, 𝑆,𝐷, 𝐼, 𝑇) and auxiliary static 
network as  𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼). For any node  𝑣 the set of incoming and outgoing arcs are denoted as  𝐴𝑣− = {𝑒′ ∈
𝐴: 𝑒′ = (𝑤, 𝑣),𝑤 ∈ 𝑉} and 𝐴𝑣+ = {𝑒′ ∈ 𝐴: 𝑒′ = (𝑣,𝑤),𝑤 ∈ 𝑉}. Generally, we assume 𝐴𝑆− = ∅ = 𝐴𝐷+, however, in the case 
of lane reversals, 𝐴𝑆− ≠ ∅ ≠ 𝐴𝐷+.  

 
According to Ford and Fulkerson [6], maximum 𝑠 − 𝑑  flow in a network is equal to the minimum cut capacity 
min 𝑢(𝑆, 𝑆̅) = ∑ 𝑢(𝑣,𝑤)(𝑣,𝑤)∈(𝑆,�̅�) . If  ∑ 𝑓(𝑆𝑥) > 𝑞

𝑥=1 min∑ 𝑢(𝑣,𝑤)(𝑣,𝑤)∈(𝑆,�̅�)  then the excess flow does not reach to the 
sinks.   Let us define the static flow of value  𝑣𝑎𝑙(𝑓) by the function  𝑓:𝐴 → ℝ+  and the amount of flow with value 
𝑣𝑎𝑙(𝑓𝑣)  stored at the intermediate nodes by  𝑓𝑣: 𝐼 → 𝑍+.   Recently, authors in [17] have addressed the excess flow to hold 
at the intermediate nodes. Now, the maximum static flow problem with intermediate storage allowing lane reversals is to 
maximize the objective in Eq. (1) satisfying the conservations in Eq. (2-4).  
 
𝑣𝑎𝑙(𝑓) = � 𝑓(𝑒) =

𝑒∈𝐴𝑆
+

� 𝑓(𝑒) + � 𝑓(𝑣)
𝑣∈𝐼,ℎ(𝑣)>0𝑒∈𝐴𝐷−

                                                                                                         (1) 

 
    𝑓(𝑣) = � 𝑓(𝑒) − � 𝑓(𝑒) ≥ 0,   ∀ 𝑣 ∈ 𝐼

𝑒∈𝐴𝑣+𝑒∈𝐴𝑣−
                                                                                                              (2) 

0 ≤ 𝑓(𝑒) ≤ 𝑢(𝑒) = 𝑢(𝑒′) + 𝑢(𝑒−1) ∀ 𝑒′, 𝑒−1 ∈ 𝐴 , 𝑒 ∈ 𝐸                                                                                (3)      
0 ≤ 𝑓(𝑣) ≤ ℎ(𝑣)  ∀𝑣 ∈ 𝐼                                                                                                                                             (4) 

 
The inflow may not be equal to the outflow of each node so that flow conservation constraint is not satisfied in Eq. (2). The 
excess flow can be stored at the intermediate node. Eq. (3) is the feasibility constraint for each arc in which lane reversals is 
allowed and flow is bounded by the arc capacity.  Similarly, Eq. (4) represents the feasibility condition of node in which the 
function ℎ(𝑣)  ∀𝑣 ∈ 𝐼 is sufficiently large and it is bounded below at least the total capacity of arcs incoming to the node.  

 
Let, function  𝜆:𝐴 × 𝑻 → ℝ+ represents a dynamic flow in discrete time 𝑻  on a dynamic network and 𝜆(𝑣,𝜃): 𝐼 × 𝑻 → ℤ+  
be the amount of flow stored at the intermediate node  𝑣 at time 𝜃. Then, the maximum dynamic flow problem with 
intermediate storage allowing lane reversals is to maximize the objective in Eq. (5) satisfying the constraints in Eq. (6-8), as 
in [17].  

 

𝑣𝑎𝑙(𝜆,𝑇) = � �𝜆(𝑒,𝜎) = � � 𝜆(𝑒,𝜎 − 𝜏𝑒) + � 𝜆(𝑣,𝑇)                                                     (5)
𝑣∈𝐼,ℎ(𝑣)>0

𝑇

𝜎=𝜏𝑒𝑒∈𝐴𝐷−

𝑇

𝜎=0𝑒∈𝐴𝑆
+

 

𝑣𝑎𝑙(𝜆,𝜃) = � � 𝜆(𝑒,𝜎 − 𝜏𝑒) − � � 𝜆(𝑒,𝜎) ≥ 0,    ∀𝑣 ∈ 𝐼,   𝜃 ∈ 𝑻                                                (6)  
𝜃

𝜎=𝜏𝑒𝑒∈𝐴𝑣+

𝜃

𝜎=𝜏𝑒𝑒∈𝑎𝑣−
 

                     0 ≤ 𝜆(𝑒,𝜃) ≤ 𝑢(𝑒,𝜃)  = 𝑢(𝑒′) + 𝑢(𝑒−1) ∀ 𝑒′, 𝑒−1 ∈ 𝐴 , 𝑒 ∈ 𝐸,∀𝑣 ∈ 𝐼,𝜃 ∈ 𝑻                                 (7) 
                     0 ≤ 𝜆(𝑣,𝜃) ≤ ℎ(𝑣), ∀𝑣 ∈ 𝐼                                                                                                                    (8) 

 
The conservation constraints in Eq. (6) show that the total amount of flow out of the sources may not reach the sinks and 
the excess is stored at the intermediate vertices in each time period 𝜃 ∈ {0,1,2, … ,𝑇}. Similarly, the feasibility conditions on 
the arcs and nodes show that the amount of flow does not exceed their capacity.  
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3. Prioritized maximum static flow with intermediate storage allowing lane reversals 

In a network, the maximum 𝑠 − 𝑑 flow can be increased by increasing its arcs capacity. One important approach to increase 
the arcs capacity is to use the arc capacity in the reverse direction. In this section, we investigate the prioritized maximum 
static flow (PMSF) problem with intermediate storage in reconfigured multiple sources and multiple sinks network and 
present a polynomial time algorithm to solve it.  
 
Definition: If 𝑆1 ⊆ 𝑆2 ⊆ ⋯ ⊆ 𝑆𝑞 ⊆ 𝑆 , then a maximum flow that shifts 𝑓(𝑆𝑥)  units flow from each source {𝑆𝑥:𝑥 =
1, 2, … , 𝑞 }is the prioritized maximum flow on the sources. Similarly, if 𝐷1 ⊆ 𝐷2 ⊆ ⋯ ⊆ 𝐷𝑟 ⊆ 𝐷, then a maximum flow 
that delivers 𝑓(𝐷𝑦) units flow into each of the sinks {𝐷𝑦: 𝑦 = 1, 2, … , 𝑟} is the prioritized maximum flow into the sinks, 
[14]. If ∑ 𝑓(𝑆𝑥) >  ∑ 𝑓�𝐷𝑦�𝑟

𝑦=1
𝑞
𝑥=1 , then the difference  ∑ 𝑓(𝑆𝑥) −  ∑ 𝑓�𝐷𝑦� = ∑ 𝑓(𝐼𝑧)𝑝

𝑧=1
𝑟
𝑦=1

𝑞
𝑥=1  units is stored at the 

intermediate nodes  {𝐼𝑧: 𝑧 = 1, 2, … , 𝑝}. 
 
The PMSF problem with intermediate storage in a single source and multiple sinks network has been solved in [16]. A three 
layer algorithm has been presented to compute the priority ordering. The first layer gives the priority for sinks, second layer 
gives the priority for intermediate nodes and the third layer gives the combined priority ordering, i.e., (priority ordering of 
sinks, priority ordering of intermediate nodes). A polynomial time algorithm has been presented to solve the PMSF problem 
with intermediate storage in static network.  For the single source and multiple sinks network, the priority order of the sinks 
is {𝐷𝑦: 𝑦 = 1, 2, … , 𝑟}.  At first, the minimum distance is determined for all 𝑣 ∈ 𝐼 using algorithm in [5] and their priority 
ordering is fixed giving first priority to the node at farthest from the source. Then, for each 𝑣 ∈ 𝐼  with ℎ(𝑣) > 0,  we create 
virtual shelter 𝑣 ′ ∈ 𝐼′ with the same priority ordering and consider them as sinks such that 𝑢(𝑣, 𝑣 ′) = ℎ(𝑣) = ℎ(𝑣′) and 
𝑐(𝑣, 𝑣 ′) = 0. Creation of virtual sinks guarantee the flow conservation constraints at the intermediate nodes. We set the 
priority ordering of virtual sinks together with the given sinks as (𝐷1 ,𝐷2, …𝐷𝑟 , …𝐷′ ) where 𝐷 ∪ 𝐼′ = 𝐷′ and obtain the 
transformed single source and multiple sinks network as 𝑁

𝑎
= (𝑉 ′,𝐸′,𝑢′, ℎ, 𝑐, 𝑠,𝐷′). In this network, the PMSF problem is 

solved using the algorithm of [14]. If the maximum value (max 𝑣𝑎𝑙 𝐷′) is the amount of flow in to the sink set 𝐷′, then 
(max 𝑣𝑎𝑙 𝐷′) = ∑ 𝑓(𝑆𝑥

𝑞
𝑥=1 ) = ∑ 𝑓(𝐷𝑦)𝑟

𝑦=1 + ∑ 𝑓(𝐼𝑧′
𝑝
𝑧=1 ) where ∑ 𝑓(𝐼𝑧

𝑝
𝑧=1 ′) is the amount of flow in to the virtual sinks. 

Finally, the flow from the virtual sinks is transferred to the respective intermediate nodes by removing the virtual nodes and 
arcs. Removing the virtual parameters does not violate the feasibility conditions. Detail can be found in [16].  Following 
from this description we state Theorem 1.  
 
Theorem 1. [16] There always exists an optimal solution to the prioritized maximum static flow problem with intermediate 
storage in a single source and multiple sinks network. 
 
Now, we adopt the solution techniques presented in [17] for the maximum dynamic flow problem with intermediate storage 
allowing lane reversals in two terminal network in which the lexicographic property has been used to solve the problem and 
in [16] for the PMSF problem with intermediate storage in a single source and multiple sinks network. Then, we develop 
Algorithm 1 for multi-terminal network that solves the PMSF problem, Problem 1.   
 
Problem 1: For a given multiple sources and multiple sinks network  𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼),   with the priority ordering 
on sources and sinks, the PMSF with intermediate storage allowing lane reversals is to obtain the feasible flow that 
maximizes the amount of flow out of the sources and the excess flow that does not reach the sinks can be stored at the 
intermediate nodes as far as possible from the sources if direction of the arcs can be reversed.  
 
Algorithm 1: The PMSF with intermediate storage allowing lane reversals  
 
Input: Given network 𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼), with priority ordering of sources and sinks 
 
Output: Prioritized maximum static flow with intermediate storage allowing lane reversals. 

1. Obtain auxiliary static network 𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼) with  𝑢(𝑒) = 𝑢(𝑒 ′) + 𝑢(𝑒−1)  ∀𝑒 ′ ∪ 𝑒−1 ∈ 𝐴, 𝑒 ∈ 𝐸.  
2. For given prioritized sources  {𝑆𝑥: 𝑥 = 1, 2, … , 𝑞}, fix 𝑆1 and solve the PMSF as in [16]. 

i. Determine the minimum distance 𝑑𝑖𝑠(𝑆1, 𝑣)  for each 𝑣 ∈ 𝐼 , using the algorithm in [5] and set their 
priority order giving the first priority to the node with the longest distance  𝑑𝑖𝑠(𝑆1, 𝑣). 

ii. Create virtual shelter 𝑣 ′ ∈ 𝐼′ for each 𝑣 ∈ 𝐼 and consider as sink with the same priority order as of 𝑣 ∈ 𝐼. 
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iii. Obtain the transformed single source and multiple sinks network  𝑁
𝑎

= (𝑉 ′,𝐸′,𝑢′, ℎ, 𝑐, 𝑆1,𝐷′)  
considering 𝑣 ′ ∈ 𝐼′ as sinks (priority ordering of given sinks is flowed by the virtual sinks). 

iv. Compute priority based maximum flow without intermediate storage in  𝑁
𝑎
using  procedure in [14]. 

v. Transform the solution of   𝑁
𝑎
 in to 𝑁𝑎 by removing the virtual sinks and arcs using procedure in [17]. 

3. Fix 𝑆2 and perform Steps (i) to (v) in Step 2 and continue for {𝑆𝑥: 𝑥 = 3, 4, … , 𝑞}.  
4. Decompose the flow  into paths and cycle and remove cycle with positive flow if any.  
5. An arc (𝑤, 𝑣) ∈ 𝐴 is reversed if and only if 𝑓(𝑣,𝑤) > 𝑢(𝑣,𝑤) or if there is a nonnegative flow along the arc 

(𝑣,𝑤) ∉ 𝐴. 

Theorem 2. Algorithm 1 computes an optimal solution for PMSF problem with intermediate storage allowing arcs reversal 
in polynomial time complexity. 
 
Proof: For the proof of this theorem, we have to show the feasibility and optimality of Algorithm 1.  In Step 1, we redefine 
the arc capacity by summing the arc capacities in both directions, so it is feasible. The feasibility of Step 2  follows from 
Theorem 1. Steps 3 and  4 are feasible. As Step 4 does not contain any cycle, the flow in Step 5 is either in direction  (𝑣,𝑤) 
or in (𝑤, 𝑣) but never in both directions simultaneously. So, Step 5 is feasible.  
 
For the optimality proof, first we construct the auxiliary network 𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝑐, 𝑆,𝐷, 𝐼) by adding two ways capacities 
of each arc. On the auxiliary network 𝑁𝑎,  we fix the source with first priority as in Step 2 and solve Steps (i-v) as in 
[16,17] from which we get an optimal PMSF solution according to Theorem 1 on a single source and multiple sinks 
network.  In the procedure, first we consider the sink 𝐷1 and apply maximum flow algorithm for the maximum 𝑠 − 𝑑 flow 
satisfying the conservation constraints. This 𝑠 − 𝑑 flow is considered as initial flow and the residual capacities are updated 
for the gradual increment of flow and continue the procedure for other sinks. Finally, the flow accumulated in the virtual 
sinks is transferred in to the respective intermediate nodes using the procedure in [17]. Similarly, we fix another prioritized 
source and perform the same process and continue until there exists prioritized source. The PMSF solution obtained in the 
multiple sinks in auxiliary network is equivalent to the PMSF with lane reversals for original network 𝑁 according to [20] 
and the flow storage at intermediate nodes is same as in 𝑁𝑎,  [17].  
 
Now, the construction of auxiliary network 𝑁𝑎, setting priority ordering and creating virtual sinks 𝑣 ′ ∈ 𝐼′ for all  𝑣 ∈ 𝐼, 
require linear time. Similarly, the construction of a single source and multiple sinks virtual network  
𝑁
𝑎

= (𝑉 ′,𝐸′,𝑢′,�, 𝑐, 𝑠,𝐷′)  requires linear time. Solution of the PMSF problem in the transformed network using the 
procedure in [14] can be computed in polynomial time complexity. Transformation of flow from the transformed network 
to the auxiliary network requires linear time. Irrelevant cycles can be removed by decomposing the flows in to paths and 
cycles. The decomposition requires polynomial time complexity and guarantee that flow is not in the both directions. All 
the steps in the algorithm have the polynomial time complexity. Repeated use of the solution procedure of [14] in Step 3 for 
{𝑆𝑥 , 𝑥 = 2, … , 𝑞} determines the complexity of the algorithm. In worst case, we may repeat for 𝑛 times. Hence, an optimal 
solution to the PMSF problem with intermediate storage allowing lane reversals can be obtained in polynomial time. ∎ 
 
Example 1: Consider a multi-terminal two ways network containing two sources with priority order 𝑠2, 𝑠1 and two sinks 
with priority order  𝑑1,𝑑2, as in the given Fig. 1(i). Here 𝑥,𝑦 and z are the intermediate nodes with capacities 22, 17 and 25 
respectively. Each arc has capacity and cost, for example, arc  (𝑠1,𝑦)  has capacity 5 and traversing cost 1. After reversing 
the arcs and updating the arcs capacities, Fig. 1(ii) is obtained. Now, to compute the PMSF on this network, we fix source 
𝑠2 (as its order). Then, we calculate the shortest distance of each nodes 𝑣 ∈ 𝐼 from 𝑠2 and fix the priority ordering giving 
first priority to the node with longest distance from 𝑠1 as (𝑧,𝑦, 𝑥) and consider these nodes as virtual shelters as 𝑥′  𝑧′ and 
𝑦′ of 𝑥, 𝑧 and 𝑦, respectively so that we have 𝐷′ = 𝐷 ∪ {𝑥′, 𝑧′,𝑦′} as in Fig. 1(iii).  Then in the next step, we push the flow 
to the sinks with the given priority ordering.  The paths  𝑠2 − 𝑥 − 𝑑1,  𝑠2 − 𝑥 − 𝑦 − 𝑑1,  𝑠2 − 𝑧 − 𝑑2  carry 1, 2,  2 units 
flow, to sinks 𝑑1 and 𝑑2, respectively. As arcs (𝑥,𝑑1), (𝑥,𝑦), (𝑠2,𝑧),  are saturated, path 𝑠2 − 𝑥 − 𝑥′ carries 1 units flow at 
𝑥′. Remove the virtual sink, transfer the flow in corresponding intermediate node and update the residual capacities of the 
network. Now, fix 𝑠1 and repeat the same process. The paths 𝑠1 − 𝑦 − 𝑑1, 𝑠1 − 𝑦 − 𝑑2,  and  𝑠1 − 𝑧 − 𝑑2 carry 2, 3 and 1 
units flow to the sinks 𝑑1 and 𝑑2, respectively. As arc (𝑠1,𝑦) is saturated, only path 𝑠1 − 𝑧 − 𝑧′ carries excess flow 6 units 
at 𝑧′. Again accumulate flow at intermediate nodes such that Fig. 1(iv) gives the optimal solution where 5 and 6 units of 
flows are reached at 𝑑1 and 𝑑2 ,  respectively and 1,0 and 6  units of flows are stored in 𝑥,𝑦 and 𝑧, respectively.  
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Fig. 1  i. Given network, ii. Auxiliary network,  iii. PMSF on auxiliary network, iv. PMSF solution with intermediate storage.   

4. Prioritized maximum dynamic flow with intermediate storage allowing lane reversals 

In this section, we investigate the prioritized maximum dynamic flow (PMDF) problem with intermediate storage allowing 
lane reversals on multiple sources and multiple sinks network having given priority ordering of sources and sinks. This 
problem without intermediate storage has been introduced in [20] in which a polynomial time algorithm has been presented 
to solve it.  On the other hand, the maximum dynamic flow and the earliest arrival flow problems with intermediate storage 
allowing lane reversals have been introduced and solved with polynomial time algorithms in [17,18]. To solve these 
problems, the former one in two terminal network, and later one in two terminal series-parallel network,  the lexicographic 
property of [9,10] has been used. The two terminal networks have been converted into a single source and  multiple sinks 
network with priority ordering and used the lexicographic property. We adopt these solution techniques to develop a 
polynomial time algorithm to solve the PMDF problem with intermediate storage with lane reversal capability 
independently.   
 
Problem 2: For a given multiple sources and multiple sinks  𝑁 = (𝑉,𝐴,𝑢, ℎ, 𝜏, 𝑆,𝐷, 𝐼,𝑇)  with given priority ordering on 
sources and sinks, the PMDF with intermediate storage allowing lane reversals is to obtain the feasible flow that maximizes 
the amount of flow out of the sources and the excess flow that does not reach the sinks within the given time horizon 𝑇 that 
can be stored at the intermediate nodes which are as far as possible from the sources.  
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Recently, the PMDF problem with intermediate storage without lane reversals has been solved in a single source and 
multiple sinks network, [16]. The priority ordering of sinks has been fixed giving the first priority for the sink at longest 
distance from the source, second priority for the sink with second longest distance and so on. Similarly, the priority 
ordering of intermediate nodes has been fixed and those nodes are treated as virtual sinks with respective priority so that the 
network is again converted into the transformed network having a single source and multiple sinks. Then, the PMDF  [9,10] 
has been used to solve the problem on the transformed network in which total amount of flow in to the sinks is 
∑ 𝜆(𝐷𝑦𝑟
𝑦=1 ) + ∑ 𝜆(𝐼′𝑧

𝑝
𝑧=1 ). The flow value ∑ 𝜆(𝐼′𝑧

𝑝
𝑧=1 )  in the virtual sinks should be transferred in to the intermediate 

nodes by removing virtual arcs and sinks as in [17]. Removing the virtual parameters does not violate the feasibility 
conditions. Let maximum value (max 𝑣𝑎𝑙 𝐷′)  be the amount of flow in to the sink set 𝐷′ , then (max 𝑣𝑎𝑙 𝐷′) =
∑ 𝜆(𝑆𝑥
𝑞
𝑥=1 ) = ∑ 𝜆(𝐷𝑦)𝑟

𝑦=1 + ∑ 𝜆(𝐼𝑧)𝑝
𝑧=1  where ∑ 𝜆(𝐼𝑧)𝑝

𝑧=1  is the amount of flow in to the intermediate nodes. Detail can be 
found in [16, 17].  Thus, with these concepts Theorem 3 is stated.  
 
Theorem 3. [16] The prioritized maximum dynamic flow problem with intermediate storage can be solved optimally in a 
single source and multiple sinks network. 
 
Combining the PMDF flow algorithm with lane reversals of [20], maximum dynamic flow with intermediate storage 
allowing lane reversals of [17] and prioritized maximum dynamic flow of [16], we present Algorithm 2 that solves Problem 
2.  
 
Algorithm 2: PMDF with intermediate storage allowing lane reversals 

Input: Given network 𝑵 = (𝑽,𝑨,𝒖,𝒉, 𝝉,𝑺,𝑫, 𝑰,𝑻)  with the priority ordering of sources and sinks. 

Output: PMDF with intermediate storage allowing lane reversals 
1. Obtain auxiliary network  𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝜏, 𝑆,𝐷, 𝐼,𝑇)   with modified capacity and transit time as follows: 

      𝑢(𝑒) = 𝑢(𝑒 ′) + 𝑢(𝑒−1)  ∀𝑒 ′ ∪ 𝑒−1 ∈ 𝐴, 𝑒 ∈ 𝐸 

𝜏(𝑒) = � 𝜏
(𝑒′)    if  𝑒′ ∈ 𝐴 

𝜏(𝑒−1)  otherwise 

2.  For prioritized sources {𝑆𝑥: 𝑥 = 1, 2, … , 𝑞}, fix 𝑆1  and solve the PMDF as in [16]. 
i. Determine the minimum distance 𝑑𝑖𝑠(𝑆1, 𝑣) for each  𝑣 ∈ 𝐼 , using the algorithm in [5] and set their 

priority order giving the first priority to the node with longest 𝑑𝑖𝑠(𝑆1, 𝑣). 
ii. Create virtual shelter 𝑣 ′ ∈ 𝐼′ for each 𝑣 ∈ 𝐼 and consider as sink with the same priority order. 

iii. Obtain the transformed a single source and  multiple sinks network 𝑁
𝑎

considering 𝑣 ′ ∈ 𝐼′ as sinks in 
which the priority ordering of given sinks is followed by the virtual sinks. 

iv. Compute PMDF without intermediate storage in the transformed network   𝑁
𝑎

= (𝑉 ′,𝐸′,𝑢′,�, 𝜏, 𝑆1,𝐷′ 𝑇) 
according to [9, 10].  

v. Transform the solution of  𝑁
𝑎
 in to 𝑁𝑎 by removing the virtual sinks and arcs. 

3. Fix 𝑆2 and perform Steps (i) to (v) in Step 2 and continue for {𝑆𝑥: 𝑥 =  3, 4, … , 𝑞}.  
4. Decompose the flow in to paths and cycle and remove cycle with positive flow if any.  
5. An arc (𝑤, 𝑣) ∈ 𝐴 is reversed if and only if 𝑓(𝑣,𝑤) > 𝑢(𝑣,𝑤) or if there is a nonnegative flow along arc (𝑣,𝑤) ∉

𝐴. 

Theorem 4. Algorithm 2 computes an optimal solution for PMDF problem with intermediate storage allowing lane 
reversals in polynomial time complexity. 
 
Proof:  Proof of the theorem follows from the feasibility and optimality of Algorithm 2. In Step 1, we construct an auxiliary 
network in which arcs capacity are increased by combining the arc capacity in both directions so, it is feasible. Step 2 is 
feasible due to Theorem 3  and Step 3 is itself feasible. As decomposition of network flow into paths and cycle is feasible, 
Step 4 is feasible. Moreover, Step 4 guarantees that flow in Step 5 is either along (𝑣,𝑤) or  (𝑤, 𝑣) but not in the both 
directions showing the feasibility of  Step 5.  
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For the optimality, at first we construct an auxiliary network  𝑁𝑎 = (𝑉,𝐸,𝑢, ℎ, 𝜏, 𝑆,𝐷, 𝐼,𝑇)  where arc capacities are 
increased by using the arc capacity in both directions. We fix the source 𝑆1with first priority and solve Step 2 in  𝑁𝑎 as in 
[16,17] which gives PMDF and according to Theorem 3 such flow is optimal in a single source and multiple sinks network. 
The accumulated flow ∑ 𝜆(𝐼𝑧′

𝑝
𝑧=1 )  in 𝑁

𝑎
is shifted to the corresponding intermediate nodes in  𝑁𝑎 using the procedure in 

[16,17] and proceed for other sinks. Similarly, we fix other sources according to their priority order and continue the 
process for 𝑆 = {𝑆𝑥: 𝑥 = 2,3, … , 𝑞} . According to [20], the PMDF solution obtained in the auxiliary network 𝑁𝑎  is 
equivalent to the PMDF with lane reversals in the original network 𝑁 and according to [17], flow stored in the intermediate 
nodes is same as in 𝑁𝑎. 
Computation of PMDF in the transformed network determines the complexity of the algorithm as construction of  𝑁𝑎, 
setting priority ordering  and creating virtual sinks 𝑣′ ∈ 𝐼′  for all 𝑣 ∈ 𝐼 , construction of   𝑁

𝑎
 and transformation of 

accumulated flow from  𝑁
𝑎

 to the corresponding intermediate node in 𝑁𝑎 require linear time. In Step 2(iv), prioritized 
maximum dynamic flow algorithm of [9,10]  is applied. For this, a super terminal say ∗ is introduced and connected to each 
of the terminals  𝑠𝑖. If 𝑠𝑖 is a source then 𝑢(∗, 𝑠𝑖) = ∞ and 𝜏(∗, 𝑠𝑖) = 0 and compute minimum cost maximum flow from ∗ 
to 𝑠𝑖 in the residual network. Similarly, if 𝑠𝑖 is a sink then 𝑢(𝑠𝑖 ,∗) = ∞ and 𝜏(𝑠𝑖 ,∗  ) = −(𝑇 + 1)  and compute minimum 
cost circulation in the residual network using 𝜏 as cost. The algorithm performs 𝑘 iterations for 𝑖 = 𝑘, 𝑘 − 1, … , 2,1. The 
algorithm has time complexity 𝑂(𝑘(𝑀𝐶𝐹)) where 𝑘 is the number of terminals and 𝑂(𝑀𝐶𝐹) is the complexity to perform 
minimum cost circulation. To avoid the irrelevant cycles, flow is decomposed in to paths and cycles that can be done in 
polynomial time complexity and guarantee that flow is along single direction. Repeated use of the algorithm in [9,10] in 
Step 3 for 𝑥 = 2, 3, … , 𝑞 does not effect the worst case time complexity. Hence, Algorithm 2, computes the PMDF with 
intermediate storage allowing lane reversals in polynomial time complexity.  ∎ 
 
 
Example 2: If we consider the cost as a time in Fig. 1 (i), the static network can be changed in to dynamic network. Then 
after reversing the arcs and updating the arcs capacities and traversing times, the Fig. 1(ii) is obtained. As in static network, 
we start from the source 𝑠2 and after creating the virtual shelters, send the prioritized maximum dynamic flows on that 
network by giving first priority to sinks, after that the shelter which is at the longest distance from 𝑠2 and so on. Repeat the 
same process to the source 𝑠1. Here we have 𝑇 = 3.   The dynamic solution for Fig. 1(iii) is given by Table 1.  
 

Table  1.   PMDF with intermediate storage allowing lane- reversals  
 S.N.                           Path   Time - 1    Time - 2   Time - 3    Total 
  1                   𝑠2 − 𝑥 − 𝑑1       --              1        1        2 
  2                   𝑠2 − 𝑥 − 𝑦 − 𝑑1       --        --        2        2 
  3                   𝑠2 − 𝑧 − 𝑑2       --        --        2        2 
  4                   𝑠2 − 𝑥 − 𝑦 − 𝑦′       --        --        2        2 
  5                   𝑠2 − 𝑧 − 𝑧′       --        --        2        2 
  6                   𝑠2 − 𝑥 − 𝑥′       1        1        4        6 
  7                   𝑠1 − 𝑦 − 𝑑1       --        2        2        4 
  8                   𝑠1 − 𝑦 − 𝑑2       --        3        3        6 
  9                   𝑠1 − 𝑧 − 𝑑2       --        --        1        1 
  10                   𝑠1 − 𝑧 − 𝑧′       --        6        7        13 
  11                   𝑠1 − 𝑦 − 𝑦′       --        --        5        5 

 
From the Table 1, we see that in time period 𝑇 = 3, sinks 𝑑1 and 𝑑2 receive 8 and 9 units of flow. Similarly, 6, 7 and 15 
units flow are stored at the intermediate nodes 𝑥,𝑦 and 𝑧.  

5. Conclusions  

From literature, the flow models allowing lane reversals without and with intermediate storage have been studied.  In this 
paper, we have considered the multiple sources and multiple sinks networks with given priority ordering and investigated 
the flow models with intermediate storage allowing lane reversals. The prioritized maximum static flow problem with 
intermediate storage has been introduced and presented a polynomial time algorithm to solve the problem. Similarly, the 
prioritized maximum dynamic flow problem with intermediate storage allowing lane reversals has been introduced and 
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solved it using polynomial time algorithm. When flow is pushed saturating all arcs out of the sources, total amount of flow 
can be more than the capacity of the minimum cut. If the minimum cut capacity of the network is symmetric, then lane 
reversal capability increases the prioritized maximum flow in static and dynamic networks upto doubled at each prioritized 
sinks. Moreover, the excess flow value also increases at the intermediate nodes having sufficient capacities to store flow.  
 
To the best of our knowledge, we have introduced and solved these problems for the first time. Further, we are interested in 
the flow management stored at the intermediate node.  
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