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Abstract:In many aspects of discrete mathematics, the Integer Linear Programming approach is and 
will be a strong theoretical and practical tool.We explore various structural and algorithmic breakthro
ughs relating basis reduction and integer programming in this article. 
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Introduction 
Let 𝑝 = {𝑥 ∈ 𝑅𝑛|𝐴𝑥 ≤ 𝑑}, where the m×n matrix A and the m-vector d are present as integer 
contribution. Assume P has been both bounded and three-dimensional. The Integer programming 
feasibility problem for integer programming is described as follows as:  
 
                                    ∃     𝑥 ∈ 𝑃 ∩ 𝑧𝑛         ……….(1) 
 
This difficulty is NP-complete [1, 2] and is related to the objective function in Integer programming 
optimization problem,  

Max{𝑐𝑇𝑥| 𝑥 ∈ 𝑃 ∩ 𝑧𝑛    ………..(2) 
 
where c is an n-dimensional integer. The issue is known as Max {𝑐𝑇𝑥| 𝑥 ∈ 𝑃} the linear 
programming relaxation of (Equ. 2). A combinatorial optimization problem seems to be an integer 
optimization problem in which the integer variables that will only take values 0 or 1. the subset sum 
issue, the matching issue and the traveling salesman problem are all well-known instance of 
combinational optimization issues. 
 
  In 1981, Lenstra, [3, 4] proved that the integer programming feasibility problem (Equ. 1) may be 
solved in polynomial time if the dimension n is fixed. The proof was algorithmic, involving lattice 
basis reduction function as the primary auxiliary algorithm. A reduction algorithm with polynomial 
running time for fixed n is proposed in the research report [3] published version [4], Lenstra used the 
ILP basis reduction algorithm [5] that had been developed in the meantime. 
 
  Not only was Lenstra’s result imperative in that it reacted a protruding open complication question, 
but it also presented geometry of numbers to the field of optimization. Several results, inspired by 
this paper, have since then been obtained. The resolve of this paper is to provide a indication of some 
of the imperative hypothetical and computational values of the ILP algorithm in relation to integer 
programming, relatively than generous a complete summary of completely such results. The 
interested reader can access the following situations for a systematic handling of the topic. A good 
undergraduate level introduction to integer programming is given by Wolsey [6]. Graduate textbooks 
on integer and combinatorial optimization are Gr¨otschel, Lov´asz, and Schrijver [7], Nemhauser and 
Wolsey [8], and Schrijver [9,10]. Cassels [11] is a classical book on the geometry of numbers, while 
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the recent books by Barvinok [12] and by Micciancio and Goldwasser [13] focus on algorithmic 
aspects. Lattices, representations of lattices, and several problems on lattices wherein basis reduction 
plays a prominent role are presented in the introductory chapter by Lenstra [3]. Lov´asz [15] treats 
basis reduction, integer programming, and classical lattice problems such as the shortest vector 
problem. Kannan [16] provides a nice overview of topics related to lattices and convex bodies, and 
Aardal and Eisenbrand [17] review results on integer programming in fixed dimension. 
 
Preliminary and Notation: 
 
Vectors and conditions are written in boldface. By 𝑥𝑗, we mean the j P

th
P vector in a classification of 

vectors. The i P

th
P element of a vector x is denoted by 𝑥𝑖. Element (i, j) of the matrix A is denoted by 

Aij. The Euclidean length of a vector 𝑥 ∈ 𝑅𝑛 is denoted by ‖𝑥‖ and is computed as ‖𝑥‖ = √𝑥𝑇𝑥, 
where 𝑥𝑇 is the transpose of the vector x. 
 
Let bR1R; : : : ; bRlR be linearly independent vectors in 𝑅𝑛. The set 
 
  𝐿 = {𝑥 ∈ 𝑅𝑛|𝑥 = ∑ 𝜆𝑗𝑏𝑗 , 𝜆𝑗 ∈ 𝑍, 𝑙 ≤ 𝑗 ≤ 𝑙𝑙

𝑗=1 }     ……….(3) 
 
is called a lattice. The set of vectors {bR1R….. bRlR} is called a lattice basis. If we want to underline that 
we are referring to a lattice L that is generated by the basis B {bR1R….. bRlR}, then we use the notation 
L(B). The rank of L, rk L, is equal to the dimension of the Euclidean vector space generated by a 
basis of L.  
The determinant of L can be computed as d(L) = √𝐵𝑇𝐵 where B P

T
P is the transpose of the matrix B 

that is formed by taking the basis vectors as columns. Notice that if l = n, i.e., L is full-dimensional, 
then d(L) = |det (𝐵)|. 
Let L(B) be a three-dimensional lattice in 𝑅𝑛 generated by B. Its dual lattice L*(B) is defined as 
 
   L*(B) = {𝑥 ∈ 𝑅𝑛|𝑥𝑇𝑦 ∈ 𝑅, ∀ y ∈ L   
  
The columns of the matrix (𝐵𝑇)−1 form a basis for the dual lattice L*(B). For a lattice L and its dual, 
we have d(L) = 𝑑(𝐿∗)−1 
 
Integer Programming: A Brief Background Sketch Cutting Planes 
 
The history of integer programming is, associated to several other mathematical subjects, fairly brief. 
The first credentials on defining optimal solutions to general integer linear optimization problems 
were published by Ralph E. Gomory; see, for instance, [18,19]. It is also interesting to read 
Gomory’s [20] own remarks on how he entered the field and viewed the topic. Gomory, while at 
Princeton, worked as a counsellor for the US Navy, and there he was obtainable with a problem from 
the Navy Task Force. It was a linear programming problem with the supplementary important feature 
that the answer should be given in integer numbers. After having a systematic look at the problem at 
hand, Gomory made the following observation: all objective function coefficients are integer, so the 
optimal value should also be integer. One might solve the linear programming reduction of the 
problematic first, and if the variable values come out integer, then of course the integer optimal has 
been found. If not, it is effective to add the restriction that the objective value should be less than or 
equal to the linear programming objective value rounded down. Gomory defines this as “aggressive 
in” the objective function. After some more thoughtful, Gomory realized that the same thing can be 
done with other integer forms as well, and the theory of cutting planes was born. Gomory proved the 
imperative result that, under confident technical conditions, the integer optimum will be found after 

http://www.ijiset.com/


IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 8 Issue 7, July 2021  

ISSN (Online) 2348 – 7968 | Impact Factor (2020) – 6.72 

www.ijiset.com  

333 
 

adding a finite number of the so-called Gomory cutting planes. It is important to notice that an 
algorithm for solving linear optimization problems had been developed in the 1950s by Dantzig, so it 
was natural to use the linear reduction as a starting point for solving the integer optimization 
problem. 
In a extra problem-specific situation, the idea of cutting planes was introduced by Dantzig, who used 
this approach to solve a 49-city traveling salesman illustration by the grouping of linear 
programming and cutting planes. This approach grew increasingly popular with, for instance, the 
work on the corresponding problem by, the traveling salesman problem by Grotschel [21], The 
problem of finding good partial descriptions of the convex hull of feasible solutions to several 
problems has played a protruding role in the research on integer and combinatory optimization up to 
this day. 
 
Branch-and-Bound & Branch-and-Cut 
 
In 1960, Land and Doig [22] introduced branch-and-bound. This is an algorithm for integer 
optimization that indirectly numbers explanations. Solving linear programming reductions is the 
main engine of the algorithm, and information from these reductions is used to clip the search, with 
the aim of circumventing complete inventory. The algorithm can be exemplified by a exploration 
like as a tree as follows. In each node of the tree, the linear reduction of the problem corresponding 
to that node is solved. When we start out, we are at the root node, where we solve the linear 
reduction of the original problem. Let z be the value of the best-known integer feasible solution. 
We can stop examining additional at a certain node k, called clipping at node k, if one of the 
following things happens: 
1. The explanation of the linear programming reduction of the subproblem consistent to node k is 
integer (clip by optimality). If the solution value is improved than z, then update z. 
2. The linear reduction at node k is infeasible (clip by infeasibility). 
3. The objective function value of the linear reduction at node k is less than or equal to z (clip by 
bound). 
 
  If we cannot clip at node k, we need to subdivision, which simply means that we create two 
subproblems as follows. Choose a variable that has a fractional value in the optimal linear 
programming solution. Assume this is variable xi with current fractional value 𝑓. One subproblem is 
created by adding the constraint 𝑥𝑖 ≤ [𝑓] to the linear reduction of node k, and the other subproblem 
is created by adding the constraint 𝑥𝑖 ≥ [𝑓]. In this way, we do not cut off any integer solution. The 
algorithm continues if there are unclipped leaves of the tree. Notice that we can also solve the 
feasibility problem (equ.1) by branch-and-bound by just introducing an arbitrary objective function 
and dismiss the search as soon as a feasible integer solution has been found or when integer 
infeasibility has been established. Modern integer programming algorithms use a combination of 
branch-and bound and cutting planes, both general and problem-specific, where the cutting planes 
are used to strengthen the linear reduction in a selection of the nodes of the search tree. We refer to 
such algorithms as branch-and-cut. Branch-and-cut is not only used in academic research codes. 
 
Complexity Issues 
 
The early work on integer programming took place before there was a validation of computational 
complexity, but it was clear from the very beginning that the number of cutting planes needed in a 
cutting plane algorithm could grow exponentially, and if we consider branch-and-bound, a 2-
dimensional example like the one given in Example 1 below, illustrates that a branch-and-bound tree 
can become arbitrarily deep. With the language of computational difficulty at hand these phenomena 
could be defined more formally. From the cutting plane point of view, Karp and Papdimitriou [23] 
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proved that it is not likely to find a summarizing linear explanation of the convex hull of feasible 
solutions for an NP-hard optimization problem unless NP = co-NP. This resources that we cannot, a 
priori, write down such a linear description even if we allow for exponentially sized classes of linear 
dissimilarities, such as the subtour exclusion constraints for the traveling salesman problem. 
 
Example 1. Consider the integer programming feasibility problem (1) with the polytope P, 
illustrated in Fig. 1.1, as input: 
If we solve this feasibility problem by branch-and-bound, we primary need to present an objective 
function. Let us choose 
 

max z = 𝑥1 + 𝑥2 
 
If we solve the linear reduction of our problem, we obtain the vector.( 𝑥1𝑥2)𝑇 = (6 4

5
, 5).  

We illustrate P and some of the constraints (dashed lines) added during branch-and-bound in Fig. 
1.1, and the search tree corresponding to the 

   
                   Fig. 1.1 the polytope P of example 1, and some constraint added in branch and bound 

 
Fig. 1.2 the branch and bound tree typical 
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branch-and-bound procedure in Fig. 1.2. Since (6 4
5

, 5).is not an integer vector, we create two 
branches at the root node of our search tree: one corresponding to 𝑥1 ≤ 6 (subproblem P2) and the 
other corresponding to 𝑥1 ≥ 7 (subproblem P3). Again, solving the linear relaxation corresponding 
to subproblem P2 gives the solution ( 𝑥1𝑥2)𝑇 = (6 4

5
, 5), whereas subproblem P3 is infeasible. 

Branch-and-bound continues a similar fashion until subproblems P28 and P29, in which all nodes of 
the search tree are clipped and it is finally verified that P does not contain any integer vector. _ 
 
  By “extending” the polytope given in Example 1 arbitrarily far in both directions, we see that even 
in dimension n = 2, we can obtain a search tree that is arbitrarily deep. 
 
The Integer Linear Feasibility Problem 
 
The above instance designates that branching on variables 𝑥𝑖 ≥ 𝛽 and  𝑥𝑖 ≤ 𝛽 − 1, 
for β ∈ Z can result in an algorithm for integer programming that is exponential 
 

 
Fig. 1.3 None of the hyperplanes −𝑥1 + 𝑥2 = β,  β ∈ Z   intersect  P ,   

 
in the binary input encoding of the problem, even in dimension 2. If we allow for hyperplanes that 
are more general than the single-variable hyperplanes, then we can observe that, for instance, the 
hyperplanes  −𝑥1 + 𝑥2 = β,  β ∈ Z do not even intersect with the polytope. Yet, the hyperplanes do 
contain all points in 𝑧2. This observation yields a certificate of integer infeasibility of our example; 
see Fig. 1.3. The idea of enumerating parallel hyperplanes that cover all lattice points is called 
branching on hyperplanes, and can be described as follows. Let d ∈ 𝑧𝑛-{0} be a nonzero integer 
vector. An integer point 𝑥 ∈ 𝑃 ∩ 𝑧𝑛   satisfies 
   
                          𝑑𝑇𝑥 = 𝛽,   β∈Z    and min𝑥∈𝑃 𝑑𝑇𝑥 ≤ 𝛽 ≤ max𝑥∈𝑃 𝑑𝑇𝑥. 
 
This implies that we can continue to search for an integer point in the lower dimensional polytopes P 
∩ (𝑑𝑇𝑥 = 𝛽) for each integer β∈Z satisfying 

 
min𝑥∈𝑃 𝑑𝑇𝑥 ≤ 𝛽 ≤ max𝑥∈𝑃 𝑑𝑇𝑥   ……………(4) 
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The question is which direction d to choose such that the number of integers β satisfying (4) is small. 
Obviously, such an integer direction does not need to exist. Simply reflect a ball of appropriately 
large radius. The uniformity theorem, attributed to Khinchin 1948, however, ensures that there exists 
a nonzero integer vector d ∈𝒛𝒏 such that the number of integers in the interval (1) is bounded by a 
constant if the polytope does not contain an integer point. A convex body is a convex and compact 
set K⊑ 𝑅𝑛 with a non-empty interior. If we define the width of K along d as w(k,d) = 
𝑚𝑎𝑥{𝑑𝑇𝑥|𝑥 ∈ 𝑘}  −𝑚𝑖𝑛{𝑑𝑇𝑥|𝑥 ∈ 𝑘} , the theorem reads as follows. 
 
 
Algorithm use in Lenstra’s  
 
Here, whensoever we consider a polytope P, we assume it is three-dimensional, and we use the 
notation d for a nonzero integer vector of appropriate dimension. Lenstra’s algorithm finds either an 
integer point in the polytope P ⊑ 𝑅𝑛, or an integer direction d such that P is flat in this direction, i.e., 
a direction d such that w(p,d) is bounded by a constant in fixed dimension. Thus, Lenstra’s algorithm 
solves the following problem, which we call the Integer feasibility problem (IP) Given a polytope P 
⊑ 𝑅𝑛, compute an integer point x ∈ P ∩𝑍𝑛or a nonzero 
 
                           Integer vector d with w(p,d) = f(n)          ……… (5)  
 
where f(n) is a constant depending on the dimension only.  
If problem IP is solvable in polynomial time in fixed dimension, then the integer programming 
feasibility problem (1) is also solvable in polynomial time in fixed dimension. This follows by 
induction, since in the case in which the algorithm solving IP returns a direction d, one continues the 
search for an integer point in P in the constantly many lower-dimensional polytopes 
 
   P ∩ (𝑑𝑇𝑥 = 𝛽), 𝛽 ∈ 𝑍,𝑚𝑖𝑛{𝑑𝑇𝑥|𝑥 ∈ 𝑝}  ≤ 𝛽 ≤ 𝑚𝑎𝑥 {𝑑𝑇𝑥|𝑥 ∈ 𝑝} . 
 
In the remainder of this section, we describe Lenstra’s result by a series of reductions that ends up 
with a problem on a lattice L of finding either a lattice vector close to a given vector u, or a short 
vector in the dual lattice L*. algorithmic in solving the integer programming feasibility problem. 
 
If we are not to find and integer vector x in E (Cc) we have compute an integer direction d such that  
                max {𝑑𝑇𝑥 | 𝑥 ∈ 𝑅𝑛. ‖𝐶𝑥‖ ≤ 1} – min {𝑑𝑇𝑥 | 𝑥 ∈ 𝑅𝑛. ‖𝐶𝑥‖ ≤ 1} ≤ 𝑓2(𝑛) 
 
Now we have  
 
 max {𝑑𝑇𝑥 | 𝑥 ∈ 𝑅𝑛, ‖𝐶𝑥‖ ≤ 1} = max {𝑑𝑇𝑐−1𝑐𝑥 | 𝑥 ∈ 𝑅𝑛. ‖𝐶𝑥‖ ≤ 1}  
             = max {𝑑𝑇𝑐−1𝑐𝑥 | 𝑥 ∈ 𝑅𝑛. ‖𝐶𝑥‖ ≤ 1}    …..(6) 
            = ‖(𝑐𝑇)−1𝑑‖.                                            …..(7) 
 
From this, we can deduce that the width of E(C,c) along an integer direction d is twice the length of 
the vector (𝑐𝑇)−1𝑑. 

               W(E(C,c),d) = 2. ‖ (𝑐𝑇)−1𝑑‖                               ……(8)     
 
Now, we observe that the vector v = (𝑐𝑇)−1𝑑  is lattice vector in the dual lattice  
belongs to the lattice L(B), where [𝜆𝑗]denotes the closest integer to 𝜆𝑗. We have  
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               ‖𝑣 − 𝑦‖ = ‖∑ ([𝜆𝑖] − 𝜆𝑖)𝑏𝑖𝑛
𝑖=1 ‖ ≤ ∑ ‖([𝜆𝑖] − 𝜆𝑖)𝑏𝑖‖ ≤

1
2
 𝑛

𝑖=1 ∑ ‖𝑏𝑖‖𝑛
𝑖=1    

 
                    ≤ 𝑛

2
‖𝑏𝑛‖                                                                                     …….(9) 

Where 𝑏𝑛 is the longest one in the basis then equ.(9) we obtain  
 
                    ‖𝑏𝑛‖ ≥ 2/𝑛            ……...(10) 
We now the show that the vector belongs to the dual lattice 𝐿∗𝐵  
 
Hence , 
              W = ‖(1/𝑏𝑛∗‖2) 𝑏𝑛∗ ∈ 𝐿∗𝐵                      ……….(11) 
 
and the norm of w satisfies  
    ‖𝑤‖ ≤ (n. γ)/2                                                  ………(12) 
 
The length of w can be bounded by a constant depending only on n if the orthogonally defect γ can 
be bounded by such a constant.   
                                            
 
The Algorithm for Solving ILP 
 
As described above, Lenstra [4] has shown that any basis reduction algorithm that runs in polynomial 
time in fixed dimension and returns a basis, such that its orthogonality defect is bounded by a 
constant in fixed dimension suffices to solve ILP in polynomial time in fixed dimension, and 
consequently the integer feasibility problem for a rational polytope. If the ILP  algorithm is applied 
to reduce the basis B, then γ ≤ 2𝑛(𝑛−1)/4. Our discussion above shows now that IP can be solved in 
polynomial time with 𝑓(𝑛) = 4.𝑛3/2. 𝑓3(𝑛)=2. 𝑛5/22𝑛(𝑛−1)/4 In fact, this constant can be slightly 
improved by a better bound for 9.9. More precisely, for a given u ∈ ℚP

n
P, one can compute, using the 

Gram-Schmidt orthogonalization of B, 
a lattice vector v ϵ LB/ with 
‖𝑣 − 𝑢‖≤(√𝑛 ∕ 2. ‖𝑏𝑛‖) 
By propagating this improvement through the constants, we obtain the bound 
𝑓𝑛 ≤ 2.𝑛22𝑛(𝑛−1)/4, yielding Lenstra’s main result. 
 
Conclusion: 
 
In this paper we conclude that the integer programming solving the polynomial fixed dimension in 
the linear programming are approach algorithmic to three-dimension approach in Lenstra algorithms 
and different type of algorithmic use in integer programming. 
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