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  Abstract: 
A bundle is a space that locally looks like a product of two manifolds but may be different 
from ordinary product globally. Dirac equation are common in condensed matter we just 
present the general idea of Dirac weyl and Majorana fermions without going into detail .The 
aims of this paper is to find and explain some applications of fiber bundle in Dirac 
equation.We followed the historical analysis mathematical method and we found that such a  

gluing procedure is not a vector space rather it is a vector bundle. 
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1. Introduction: 

16T     We  ever saw as an undergraduate or as graduate student a physics professor enter the 
math building or a mathprofessor walk the hallways of the physics building. It just so 
happened that on 1975BelavinPolyakov Schwartz and Tyupkin published a paper on 
pseudoparticle solutions to the Yang-Mills equations [3]. This so-called BPST instant on , 
drew widespread attention in the physics community .The instantons are extremals under a 
variational principle of the Yang-Mills Lagrangian whichgeneralizes the electromagnetic 
Lagrangian to non-Abelian Lie algebras. The paper included atantalizing discussion of 
topological properties such as homotopy classes and a footnote referring to aparticular 
equation as a Pontrjagin class. In 1977 Schwarz (apparently the correct spelling) used 
theAtiyah-Singer index theorem to show that the number of instantons and zero fermion 
modes is givenby some topological invariant (816T17Tk 17T18T- 16T18T3) [12]. Perhaps the inclusion of such 
heavy-duty mathematicsmade some of the particle physicists a bit uncomfortable. I say this 
because in 1977, when I. M.Singer was offered a position at Berkeley, his seminars on the 
Penrose Twistorprogramme andGauge theory got flooded with non-Abelian gauge physicists 
including Mandelstam. The relevanceoftwistor theory to gauge fields was first established by 
R. Ward in a brilliant short paper [14] inwhich he showed that certain complex vector 
bundles related to 16T19TCP19T20T317T20T; 16T17Tin twistor theory, could beused to generate self-dual gauge fields. 
This also drew the attention of algebraic geometers suchas R. Hartshorne, working on moduli 
spaces of vector bundles, The presence of Singer at Berkeleyattracted a slew of prominent 
visitors such as M. Atiyah, S. Yau, and later, A. Lichnerowicks. Atiyahand Singer became 
major contributors to the mathematical formulation of Yang-Mills Theory; inparticular, 
[2]Atiyah, Hitchin and Singer computed the dimensionof the moduli space of irreducible, 
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self-dual connections for Yang-Mills equations in 4-space for allcompact gauge groups. The 
dimension of this space for 16T17TSU16T17T(2) is the topological invariant (8 16T17Tk 17T18T- 16T18T3)derived by Schwarz 

16T2. Fiber Bundle : 

16TWe review some basic facts  abouttopological bundle following [9] this theory  works in 
essentially the some way for simplicial sets [11] .we recall it here for topological spaces to 
the presentation clear .The next step we have to take is gluing together all tangent 𝑇𝑃𝑀 and 
cotangent spaces 𝑇𝑃∗𝑀 we have discussed in the previous section . The result of such agluing 
procedure is not vector space rather it is a vector bundle .vector bundle are specific instances 
of the more general notion of fiber bundle.[10] 

16TDefinition (2.1): 

16TA(differentiable) fiber bundle (𝐸,𝜋𝜋,𝑀,𝐹,𝐺) constis of the following elements: 
Adifferentiable manifold E called the total space., A differentiable manifold M called the 
base space, A differentiable manifold F called the fiber, a surjection 𝜋𝜋 ∶ 𝐸 → 𝑀 called the 
projection.The inverse image 𝜋𝜋−1(𝑝) = 𝐹𝑃 ≅ 𝐹 is called the fiber at p, A Lie group G called 
the structure group with acts on the left, A set of open covering {𝑈𝑖} of M with 
diffeomorphism𝜙𝑖:𝑢𝑖 × 𝐹 →  𝜋𝜋−1(𝑢𝑖)  such that πο𝜙𝑖(𝑝,𝐹) = 𝑝 then map 𝜙𝑖is called the 
local trivialization since 𝜙𝑖−1maps𝜋𝜋−1onto the direct product 𝑢𝑖 × 𝐹.And  if we write 
∅𝑖(𝑝,𝐹) =  ∅𝑖,𝑝(𝐹)the map∅𝑖,𝑝:𝐹 → 𝐹𝑝is a diffeomorphism on 𝑢𝑖 ∩ 𝑢𝑗 ≠ ∅we require that 
𝑇𝑖𝑗(𝑝) ≡ ∅𝑖,𝑝−1𝜊𝜙𝑗,𝑝:𝐹 → 𝐹 be an element of G. Then ∅𝑖and ∅𝑗 are related by smooth map 
𝑇𝑖,𝑗: 𝑢𝑖 ∩ 𝑢𝑗 → 𝐺as 

∅𝑗(𝑝,𝑓) =  ∅𝑖�𝑝, 𝑡𝑖,𝑗(𝑝),𝑓�.                (1) 

16TThe maps 𝑇𝑖,𝑗 are called the transition function.[8] 

16TTheorem (2.2): 

16TA surjection is a fired manifold iff a manifold Y admits an atlas of coordinate charts 
(𝑈𝑦,𝑋𝜆,𝑌𝑖) such that 𝑋𝜆 are coordinates on 𝜋𝜋�𝑢𝑦� ⊂ 𝑋 and coordinate transition function 
read  

𝑋∕𝜆 =  𝑓𝜆(𝑋𝜇),           𝑌∕𝑖 =  𝑓𝑖(𝑋𝜇,𝑦𝑖)                 (2) 

16TThese coordinates as are called fibred coordinates compatible with a fibration𝜋𝜋 

16TBy a local section of a surjection in meant an injection 𝑆:𝑈 → 𝑌 of an open subset 𝑈 ⊂ 𝑋 
such that𝜋𝜋𝜊𝑠 = 𝐼𝑑 𝑈i.e, a section sends any point 𝑥 ∈ 𝑋into the fiber 𝑌𝑥 over this point. A 
local section also is defined over any subset 𝑁 ∈ 𝑋as the restriction is N of a local section 
over an set containing N.Here after, by a section is meant both a globalsection and a local 
section[6] 
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16TExample (2.3): 

16T     Let 𝜉𝜉 be the principal 𝑍2 – bundle 𝑆1 → 𝑅𝑃1 = 𝑆1and let F {-1, +1} be the let 𝑍2 –space 
with action (±1)𝑡 = ±𝑡 then 𝜉𝜉(𝑓)is the fiber bundle consisting of the moebius band as total 
space.The process of going form the principal bundle to the fiber bundle is achieved in this 
case by "clamping" [-1, +1] onto the two point of 𝑆1over a given point of 𝑅𝑃1 = 𝑆1 and by 
"sliding" the segment around on the base space to get the total space consisting of the 
moebius band .in general the total space of𝜉𝜉[𝐹]reflects the "twist" in the action of G on F [3]. 
Example (2.4): 

16TLet M b a smooth manifold. A smooth function on M is a section of the trivial line bundle 
𝑀 × 𝑅 the space of all smooth function on M froms an algebra under point wise addition 
multiplication and scalar multiplication the function algebra on M is denoted 
by𝜉𝜉𝑀 = 𝐶∞(𝑀) or simply 𝜉𝜉if the manifold M is suderstood from context 
3.Tangent bundle :  
Let X be a differentiable manifold of dimension n. we denote by TX the space of pairs (X,𝑉𝑥) 
for all 𝑥 ∈ 𝑋 and 𝑉𝑥 ∈ 𝑇𝑥𝑋 this is  
𝑇𝑋 = ⋃ 𝑇𝑥𝑋𝑥∈𝑋                            (3) 
TX is a vector fiber bundle called tangent bundle. The total space  is TX the base space is the 
manifold X and the fiber over X is 𝑇𝑥𝑋the projection is given by𝜋𝜋(𝑃) = 𝑋 where 𝑃 ∈
𝑇𝑋,𝑃 = (𝑋,𝑉𝑥), 𝑥 ∈ 𝑋.The typical fiber is the space 𝑅𝑛.The structure group G for the tangent 
bundle is the group GL(n, R) of isomorphism of 𝑅𝑛 in to itself. Whose matrix representation 
in the set of real invertible 𝑛 × 𝑛matrices. 
The tangent bundle can be divided in two sub bundle the vertical bundle consists of all 
vectors that are tangent to, the fibers while the horizontal bundle is then aparticular choice of 
a sub bundle of the tangent bundle which is complementary to the vertical bundle.Or in other 
words if 𝜋𝜋:𝐸 → 𝑋 is a smooth fiber bundle over a smooth manifold X and 𝑒 ∈ 𝐸 with 
𝜋𝜋(𝑒) = 𝑥 ∈ 𝑋then the vertical space𝑉𝑒𝐸 =  𝑇𝑒(𝐸𝜋(𝑒)) the horizontal space 𝐻𝑒𝐸 is then a 
choice of a sub space𝑇𝑒𝐸such that 𝑇𝑒𝐸 =  𝑉𝑒𝐸⨁𝐻𝑒𝐸.[1] 

16T4.VectorBundles: 

16TDefinition (4.1): 
A (real) vector bundle of rank n over a manifold M is a fiber bundle 𝜋𝜋:𝐸 → 𝑀 with typical 
fiber 𝑅𝑛 and local trivializations𝜃𝑖:𝜋𝜋−1(𝑢) → 𝑢𝑖 × 𝑅𝑛such that for all 𝑖. 𝑗 ∈ 1and for all 
𝑝 ∈ 𝑢𝑖𝑗 the map 

𝑅𝑛
≃
→ {𝑝} × 𝑅𝑛

𝜃𝑖𝜊𝜃𝑗{𝑝}×𝑅𝑛
−1

�⎯⎯⎯⎯⎯⎯⎯� {𝑝} × 𝑅𝑛
≃
→ 𝑅𝑛           (4) 

16TIs linear where we identify 𝑅𝑛 with {𝑝} × 𝑅𝑛 by 𝑉 → (𝑝, 𝑣) linearity of 4 allows us to give to 
each fiber 𝐸𝑝 the structure of areal vector space. We can do this by requiring the 

composition𝜃𝑖𝑝:𝐸𝑝
𝜃𝑖 𝐸𝑝⁄
�⎯⎯� {𝑝} × 𝑅𝑛

≃
→ 𝑅𝑛to be an isomorphism of vector space for same 𝑖 ∈

1with𝑝 ∈ 𝑢𝑖[13] 
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Example (4.2): 
the tangent bundle TM of a manifold M is a vector bundle over M with rank  n=dim (m).The 
set of all section of a vector bundle 𝜋𝜋:𝐸 → 𝑀is denoted by Γ{𝐸} it has anatural structure of a 
real vector space. Note that every vector bundle𝜋𝜋:𝐸 → 𝑀 has a zero section i.e the section 
𝜎𝜎:𝑀 → 𝐸,𝑃 → 0 ∈ 𝐸𝑝it is the zero vector of the vector spaceΓ{𝐸}[13] 

16T5. Smooth Manifolds : 

16TDefinition (5.1): 
A smooth or 𝐶∞  manifold is topological manifold M together with maximal atlas the 
maximal atlas is also called a differentiable structure on M. A manifold is said to have 
dimension n if all of its connected components have dimension n. A 1-dimensional manifold 
a surface and an n-dimensional manifold an n-manifold.[7] 

16TExample (5.2): 
(one subset of a manifold ). Any open subset V of a manifold M is also a manifold. If 
{(𝑢𝛼,𝜙𝛼)} is an atlas for M then {𝑢𝛼 ∩ 𝑉1𝜙𝛼|𝑢𝛼 ∩ 𝑉} is an atlas for V where𝜙𝛼|𝑢𝛼 ∩
𝑉:𝑢𝛼 ∩ 𝑣 → 𝑅𝑛 denotes the restriction of 𝜙𝛼to the subset 𝑢𝛼 ∩ 𝑣. [7] 

16T6. Dirac Equation: 

Fermionicquasiparticles described by a pseudo-relativistic Dirac equation are common in 
condensed matter. In this section I will just present the general idea ofDirac, Weyl and 
Majorana fermions without going into detailThe Dirac equation is a relativistic equation 
describing free particles of spin 1/2. It has the form 
�𝐼𝛾𝜇𝑑𝜇 − 𝑚�𝜑𝜑 = 0                              (5) 
where M is the mass and ψ(𝑥) is a wave function with four components and 𝛾𝜇are 4 × 4 
matrices in this section , I will use standard particle physics units where 𝓀𝓀 = 𝑐 = 1.we 
remember that in minkowsky space time for 𝑥𝜇 we have 𝑥𝜊 = 𝑡, 𝑥1 = 𝑥, 𝑥2 = 𝑦 , 𝑥3 = 𝑧 will 
for 𝑥𝜇, 𝑥𝜊 , 𝑥1 = −𝑥1, 𝑥2 = −𝑥2, 𝑥3 = −𝑥3Aconvenientrepresentation of the the𝛾𝜇 matrices 
is  

𝛾𝜊 = �1 0
0 −1� 𝛾

𝑘 = � 0 𝜎𝜎𝑘
−𝜎𝜎𝑘 0

�             (6) 
k = 1, 2, 3 
where 1 = �1 0

0 1� and 𝜎𝜎𝑘 are the pauli matrices the 𝛾𝜇 matrices satify the anticommutation 

relation :[𝛾𝜇, 𝛾𝑣] = 2𝑔𝜇𝑣(𝑤ℎ𝑒𝑟𝑒 𝑔𝜇𝑣 = 𝑑𝑖𝑎𝑔 (+  −−−)) the fermion wave function can 
be written as𝜓𝜓(𝜌) =  𝑒−𝑖𝑥𝜇𝜌𝜇𝑢(𝜌) 
where 𝜌𝜇 = �𝐸,−𝜌𝑥 ,−𝜌𝜇,𝜌𝑧� and 𝑥𝜇 = 𝑡 , 𝑥,𝑦, 𝑧and so−𝑖𝑥𝜇𝜌𝜇 =  −𝑖(𝐸𝑡 −�⃗�, 𝑥.���⃗ 𝜌).�����⃗ for 
aprticale at rest there are four independent solutions 

𝑢1 = �
1
0
0
0

� 𝑢2= �
0
1
0
0

� 𝑢3 �
0
0
1
0

� 𝑢4 �
0
0
0
1

�             (7) 

with eigenvalues m ,m, -m and –m respectively. The first two solution are interpreted as 
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positive energy particle solutions with spin UP and dwon. The solution with negative 
energies can be interpreted (in a second quantization procedure) as describing antiparticles 
with positive energies. 
Then we have the following correspondence  

𝜓𝜓 = �

𝜓𝜓1
𝜓𝜓2
𝜓𝜓3
𝜓𝜓4

� → �

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑝𝑖𝑛 𝑈𝑃
𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑝𝑖𝑛 𝑑𝑜𝑤𝑛
𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑝𝑖𝑛 𝑈𝑃
𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑝𝑖𝑛 𝑑𝑜𝑤𝑛

�       (8) 

to study aparticle in motion we write the wave function as  

𝜓𝜓 = �𝜓𝜓𝐴𝜓𝜓𝐵
�where 𝜓𝜓𝐴 =  �𝜓𝜓1𝜓𝜓2

�and 𝜓𝜓𝐵 = �𝜓𝜓3𝜓𝜓4
�            (9) 

taking this into the Dirac equation and replacing𝜕𝜇 𝑏𝑦 𝑝𝜇we obtain the following equation 
for 𝑢(𝑝) 
�𝛾𝜇𝜌𝜇 − 𝑚�𝑢(𝜌) = 0                            (10) 

with 𝑢 = �
𝑢𝐴
𝑢𝐵� 

writing equation (10) in a matrix form we get  

�
𝐸 −𝑀

−𝜎.
��

𝜌
→

𝜎
→.

𝜌
→ −𝐸 −𝑀��

𝑢𝐴
𝑢𝐵� = �0

0�                            (11) 

where we have used  

𝛾𝜇𝜌𝜇 = 𝛾𝜊𝜌𝜊 − �⃗�. �⃗� =  𝜌𝜊 �
1 0
0 −1� − �⃗�. � 0 �⃗�𝜎

−𝜎𝜎�����⃗ 0
� = � 𝜌𝜊 −𝜌�����⃗ . �⃗�𝜎

�⃗�. �⃗�𝜎 −𝜌𝜊
�(12) 

form equation (11) we have  
(�⃗�𝜎. �⃗�)𝑢𝐵 =  (𝐸 −𝑀)𝑢𝐴(�⃗�𝜎. �⃗�)𝑢𝐴(𝐸 + 𝑀)𝑢𝐵               (13) 
Explicit solution for𝑢𝐴 and 𝑢𝐵 can be found defining 
𝜑𝜑𝑅 = 𝑢𝐴 + 𝑢𝐵  𝑎𝑛𝑑 𝜑𝜑𝐿 = 𝑢𝐴 − 𝑢𝐵                          (14) 
we may rewrite equation (12) as 

� −𝑚 𝐸 + �⃗�𝜎. �⃗�
𝐸 − �⃗�𝜎. �⃗� −𝑚 � �𝜙𝑅𝜙𝐿

� = �0
0�                           (15) 

if the mass of the fermion is zero the two equations are decoupled and we get  
(𝜌𝜊 − �⃗�𝜎. �⃗�)𝜙𝑅 = 0                       (𝜌𝜊 + �⃗�𝜎. �⃗�)𝜙𝐿 = 0            (16) 
these are known as Weyl equation and 𝜙𝐿 𝑎𝑛𝑑 𝜙𝑅 are called Weylspinors since for a 
massless particle𝜌𝜊 = |�⃗�|  these equations become  
𝜎��⃗ .𝜌��⃗
|𝜌��⃗ | 𝜙𝑅 = 𝜙𝑅

𝜎��⃗ .𝜌��⃗
|𝜌��⃗ | 𝜙𝐿 = −𝜙𝐿                           (17) 

for m=0 the states 𝜙𝐿 𝑎𝑛𝑑 𝜙𝑅do not get mixed up by the equation of motion. We have thus 
two kinds of massless particles named left.Handed described by 𝜙𝐿 and right handed 
described by 𝜙𝑅 . The projection of �⃗�𝜎 along the direction is know as the helicity 

ℎ� = 𝜎��⃗ .𝜌��⃗
|𝜌��⃗ |                                                           (18) 

thus Weylspinors are eigenstates of the helicity the left handed (right –handed) 
spinorhavingnegative  (positive) helicity .In the absence of amass term the helicity operator 
commutes with the Dirac Hamiltonian and the helicity is therefore a good quantum 
number.The chiral representation also called Weyl representation is given by: 
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𝛾𝜊 = �1 0
0 1� 𝛾

𝑘 = � 0 −𝜎𝜎𝑘
𝜎𝜎𝑘 0

�                              (19) 

writing 

𝜓𝜓 = �
𝜑𝜑𝑅
𝜑𝜑𝐿�  ,                    𝛾5 �1 1

0 −1�                           (20) 

we have 

𝛾5𝜑𝜑 =  �1 0
0 −1� �

𝜑𝜑𝑅
𝜑𝜑𝐿� = �

𝜑𝜑𝑅
−𝜑𝜑𝐿�                              (21) 

Defining  

𝜑𝜑𝐿 = � 0
𝜑𝜑𝐿
�  ,                 𝜑𝜑𝑅 =  �𝜑𝜑𝑅0 �                                (22) 

we can write. 

𝜑𝜑𝐿 = 1
2
��
𝜑𝜑𝑅
𝜑𝜑𝐿� − �

𝜑𝜑𝑅
−𝜑𝜑𝐿��  ,𝜑𝜑𝑅 = 1

2
��
𝜑𝜑𝑅
𝜑𝜑𝐿� + �

𝜑𝜑𝑅
𝜑𝜑−𝐿��     (23) 

thus 

𝜑𝜑𝐿 = �1−𝛾
5

2
�𝜑𝜑 ,       𝜑𝜑𝑅 = �1+𝛾

5

2
�𝜑𝜑                                 (24) 

the matrix 𝛾5 is called chirality operator.𝜑𝜑𝑅is an eigenstate of 𝛾5 with eigenvalue +1 while 
𝜑𝜑𝐿 is an eigenvalue -1In the chiral representation we have the correspondence  

𝜑𝜑 = �

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑
𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑟𝑖𝑔ℎ𝑡 ℎ𝑎𝑛𝑑
𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑙𝑒𝑓𝑡 ℎ𝑎𝑛𝑑

𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑙𝑒𝑓𝑡 ℎ𝑎𝑛𝑑

�                                     (25) 

The chiral states mixtures of spin states 1
2 

   𝑎𝑛𝑑 − 1
2
 in 1937 Majorana wrote a Dirac 

equation which had real solution. To do that he used the following representation of purely 
imaginary matrices  

𝛾�𝜊 = � 0 𝜎𝜎2
𝜎𝜎2 0

� 𝛾∽1 = �𝑖𝜎𝜎
1 0

0 𝑖𝜎𝜎1
� 𝛾∽2 = � 0 𝜎𝜎2

−𝜎𝜎2 0
� 

𝛾∽3 = �−𝑖𝜎𝜎
3 0

0 𝑖𝜎𝜎3
�                                                      (26) 

note that we have �𝛾−𝜇∗� = 𝛾∽𝜇the  Dirac equation can then  written as 
�𝑖𝛾∽𝜇𝜕𝜇 − 𝑚�𝜑𝜑∽ = 0                                                 (27) 

this equation describe neutral spin 1 2�  fermions that are their own antiparticles. The 
components of 𝜑𝜑2 are real. We the only need the two upper components.There is evidence 
that particle excitations in some condensed matter systems are majorana fermions.[1] 

7. Some  Application: 

     We would like to stop and wonder about the way spacetime itself isdefined. Einstein put at 
the same footing both space and time realizing them into a unique4-dimensional manifold. 
But for anyone not in the field of physics, the concept of space isindeed different from the 
concept of time: "...glazing at our surrounding and even up atthe stars, anybody can dream 
about the infinity of space, but anyone living will realize thefiniteness of time...". Assuming 
that space and time are two different topological manifolds that can be described as one 
unique product bundle manifold is too restricted. A moregeneral choice which allows locally 
to be still represented as product bundle, but doesn’tmake any assumption on the global 
feature, is to interpret space time as a fiber bundle. Oneapproach is to let the base manifold to 
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represent time and the fiber at each point of thebase manifold to represent space. This isn’t 
such a different concept from what we alreadyassume: "At every instant of time, it exists a 
space, that space is not the same at the nextinstant of time, further more at every point of that 
space, a projection to the base manifoldwill yield the same instant of time." In a even more 
down to Earth example, every personthat lives on this planet close to a meridian connecting 
the south pole to the north polewill experience the same time, therefore a clock on their wrist 
would be like a projectionfrom total space down to base space. By allowing this definition of 
space time, we need to consider not the functions of time defining the position of an observer, 
but rather sections.The initial conditions that are always used in every physical example to set 
the positionin space of an observer as functions of time, maybe looked instead as sections, 
because byusing these choices, the smooth maps chosen in a local domain of the base 
manifold, willinduce a local trivialization allowing to go back to the original definition of 
space time a product of the two manifolds of space and of time. There is no need to be limited 
here,we can make the base manifold complex and letting time be just the real part allowing 
for the imaginary part to be orthogonal to time and no preferred direction, like a phase.We 
can even turn the problem around and move towards another definition of space time, by 
letting the base manifold to be just space and the real valued fiber at each point ofspace to 
represent time itself. What is achieved in this more general thinking is to be more humble, 
assuming that space time is just a product bundle locally makes perfect sense andwe can 
make measurements on it, but believing that the structure is preserved at largescale (like the 
one used for Cosmology) or at the small scale (like the one used for Quantum Mechanics) is  

requiring too much from our local point of view as meter sized observers of our universe 
 

Results : 

     We found that there are many applications of fiber bundle in Dirac equation in 
Cosmology , Quantum Mechanics and other mathematical science  . 

Conclusion : 

      We  found that the application of fiber bundle in Dirac equation is very important 
mathematical application . We also discus many concepts of Dirac equation ,basic theories 
and definition of fiber bundle and some application . 
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