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Abstract 
The paper presents two approaches to implement a 4-point block method which was introduced by Nazreen Waeleh and Zanariah Abdul 
Majid. These approaches shows some advantages comparing to the original one introduced by authors of the method. The reason is 
originated from the simplification of the idea which makes use of the predictor-corrector approach and the iterative technique coming 
from spirit of Newton’s method for nonlinear system. Instead of awkwardly adjusting the step-size which seems to be less effective as 
show in the original one caused by the curse of dimensionality, the two new approaches simply keep the same stepsize at any grid point 
so that the process of performance is united. Besides, the paper also give some modifications to the adaptive stepsize approach presented 
by two abovementioned authors in their paper. This change improves in fact the procedure of the iteration in matching the last mesh point 
and cutting down the redundancy in approximating the solution outside the interval of interest to advoid the potential sentive variation 
region of the equation. 
Keywords: 25TInitial Value Problem, Ordinary Differential Equation of Fifth Order, 4-Block Method, Numerical Solution, Predictor-
Corrector Method. 

1. Introduction 

The block methods have developped with many approaches to solve the differential equation with the initial condition. The 
papers [1, 2, 3, 4, 5] present the implementation and the construction for classes of the block methods with different order 
ODE. They all show a great advantage in computational cost and the efficiency of the block method. Two authors Nazreen 
Waeleh and Zanariah Abdul Majid proposed an nicely effective method in [1] which makes use of a 4-point block in approximating the 
solution of a fifth order differential equation with the initial condition. Here we consider the fifth order equation 

𝑦(𝑣) = 𝑓�𝑥,𝑦,𝑦′ ,𝑦′′ ,𝑦′′′,𝑦(𝑖𝑣)�,𝑎 ≤ 𝑥 ≤ 𝑏,𝑦(𝑎) = 𝑦0,𝑦′(𝑎) = 𝑦1,𝑦′′(𝑎) = 𝑦2,𝑦′′′(𝑎) = 𝑦3,𝑦(𝑖𝑣)(𝑎) = 𝑦4.               (1) 
In the paper, the authors introduced the 4-point block to generate the approximation  as follows. 

𝐻𝑌(𝑛+4) = 𝐾𝑌(𝑛) + 𝐵𝐹1�𝑌(𝑛+4)� + 𝐵𝐹2�𝑌(𝑛)� + 𝑓0�𝐵𝑓                                                    (2) 
where  

𝑌(𝑛+4) = �𝑦𝑛+4, . . . ,𝑦𝑛+1,𝑦𝑛+4′ , . . . ,𝑦𝑛+1′ , . . . ,𝑦𝑛+4
(𝑖𝑣), . . . ,𝑦𝑛+1

(𝑖𝑣)�
𝑇

, 

𝑌(𝑛) = �𝑦𝑛, . . . ,𝑦𝑛−3,𝑦𝑛′ , . . . ,𝑦𝑛−3′ , . . . ,𝑦𝑛
(𝑖𝑣), . . . ,𝑦𝑛−3

(𝑖𝑣)�
𝑇

, 
𝐻 is a 20 × 20 matrix with 5 block 4-by-4 𝐴1 arranged along the main diagonal, 
𝐾 is another 20-by-20 matrix, 𝐵𝐹1,𝐵𝐹2  are linear function of (𝑓𝑛+4, . . . , 𝑓𝑛+1)𝑇  and (𝑓𝑛, . . . , 𝑓𝑛−3)𝑇 , respectively, 𝐵𝑓  is a 
column vector of the size 20, and 𝑓0� = 𝑓𝑛−4 = 𝑓 �𝑥0,𝑦(𝑥0),𝑦′(𝑥0),𝑦′′(𝑥0),𝑦′′′(𝑥0),𝑦(𝑖𝑣)(𝑥0)�. Here, 

𝑓𝑛+𝑖 = 𝑓 �𝑥0 − (𝑖 + 4)ℎ,𝑦(𝑡𝑖),𝑦′(𝑡𝑖),𝑦′′(𝑡𝑖),𝑦′′′(𝑡𝑖),𝑦(𝑖𝑣)(𝑡𝑖)� , with 𝑡𝑖 = 𝑥0 − (𝑖 + 4)ℎ,∀𝑖 = −3,−2, … ,4, 

𝐴1 = �
0 0
0 0

0 1
1 0

0 1
1 0

0 0
0 0

� ,𝐻 =

⎣
⎢
⎢
⎢
⎡
𝐴1 0 …
0 𝐴1 ⋱ 
⋮ ⋱ 𝐴1

… 0
⋮

⋱ ⋮
⋮ ⋱
0 … …

𝐴1 0
0 𝐴1⎦

⎥
⎥
⎥
⎤

,𝐾 =

⎣
⎢
⎢
⎢
⎡
𝐴2 𝐴3 𝐴4
0 𝐴2 𝐴3
⋮ ⋱ 𝐴2

𝐴5 𝐴6
𝐴4 𝐴5
𝐴3 𝐴4

⋮ ⋱
0 … …

𝐴2 𝐴3
0 𝐴2⎦

⎥
⎥
⎥
⎤

,𝐴2 = �
1 0
1 0

0 0
0 0

1 0
1 0

0 0
0 0

�, 
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𝐴3 = ℎ �
1 0
2 0

0 0
0 0

3 0
4 0

0 0
0 0

� ,𝐴4 =
ℎ2

2
�

1 0
4 0

0 0
0 0

9 0
16 0

0 0
0 0

� ,𝐴5 =
ℎ3

6
�

1 0
8 0

0 0
0 0

27 0
64 0

0 0
0 0

� ,𝐴6 =
ℎ4

24
�

1 0
16 0

0 0
0 0

81 0
256 0

0 0
0 0

�, 

𝐵𝐹1 =

⎣
⎢
⎢
⎢
⎡
𝐵11
𝐵21
𝐵31
𝐵41
𝐵51⎦

⎥
⎥
⎥
⎤

�

𝑓𝑛+4
𝑓𝑛+3
𝑓𝑛+2
𝑓𝑛+1

� ,𝐵𝐹2 =

⎣
⎢
⎢
⎢
⎡
𝐵12
𝐵22
𝐵32
𝐵42
𝐵52⎦

⎥
⎥
⎥
⎤

�

𝑓𝑛
𝑓𝑛−1
𝑓𝑛−2
𝑓𝑛−3

� ,𝐵𝑓 =

⎣
⎢
⎢
⎢
⎡
𝐶1
𝐶2
𝐶3
𝐶4
𝐶5⎦
⎥
⎥
⎥
⎤

, 

𝐵11 =
ℎ5

3632428800
�

−397695 4349090
−16628480 183347200

−24084760 118367466
−1022977536 7852902400

−93592665 995920434
−329908224 6980894720

−1796664240 79986003930
40512389120 363276533800

�, 

𝐵21 =
ℎ4

159667200
�

−25143 276056
−437504 4788224

−1542812 7955975
−25525248 255250432

−1358127 14924088
−3342336 190840832

74244276 1604715624
1093402624 5052039168

�, 

𝐵31 =
ℎ3

19958400
�

−4872 53782
−29632 313088

−304397 1693482
−1292928 25524992

−63423 1004562
218112 20512768

15809823 9376438
74186752 2027022848

�, 

𝐵41 =
ℎ2

7257600
�
−3057 34208
−3008 20480

−197216 1258488
370944 8341504

−22599 659016
433152 8093696

7027560 15769728
12378112 26050560

�, 

𝐵51 =
ℎ

3628800
�
−3233 36394
4064 −63232

−216014 1909858
1422272 4541696

−29889 1312362
1040128 5779456

4667058 2789154
62464 8384512

�, 

𝐵12 =
ℎ5

3632428800
�

679888370 −66798970
18183101440 −2522204160

18463200 −3649810
720401920 −144287744

109670461100 −15912327690
375644487700 −54760308740

4493865096 −893148930
1534525440 −3038248960

�, 

𝐵22 =
ℎ4

159667200
�

679888370 −66798970
455836160 −15732736

18463200 −3649810
19158016 −3837952

1734575310 −251470008
4381736960 −643825664

70150212 −13839336
180092928 −35651584

�, 

𝐵32 =
ℎ3

19958400
�

5791735 −751598
32478080 −4915968

213153 −42578
1396352 −278272

77715045 −11123082
144240640 −20774912

3059613 −599238
5701632 −1114112

�, 

𝐵42 =
ℎ2

7257600
�

2875850 −444560
6492800 −909312

128472 −25864
244480 −47104

10485450 −1650456
11724800 −622592

478224 −97200
−24576 32768

�, 

𝐵52 =
ℎ

3628800
�

2224480 −425762
1391360 −27904

126286 −25706
−15808 5888

2708640 −782946
−2324480 2363392

278478 −63018
−1012736 249856

�, 

𝐶1 =
ℎ5

3632428800
�

348869
13889280
85522635

1095172096

� ,𝐶2 =
ℎ4

159667200
�

21649
369408

1318761
3407872

� ,𝐶3 =
ℎ3

19958400
�

4093
26688
56862

105472

�, 

𝐶4 =
ℎ2

7257600
�

2497
4416
9477
−5120

� ,𝐶5 =
ℎ

3628800
�

2497
−736
6561

−27392

� , ℎ =
𝑏 − 𝑎
𝑁

, with 𝑁 is the number of nodes. 
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We are going to derive two approaches differ from the implementation presented in [1]. These two approaches definitely 
get an upper hand in reducing the number of functional evaluation. Especially, they are quite nature in keeping the stepsize 
h conservative to reduce the complexity of the approximation process. The predictor – corrector approach and the iterative 
Newton’s technique are the core of these two approaches. The former speed up the performance when the problems are 
linear  whereas the latter seems to more suitable for nonlinear. 

2. Predictor-Corrector Approach 

For predictor-corrector approach, we transfer the equation (2) into the iterative equation 
𝑌(𝑛+4) = 𝐻−1𝐾𝑌(𝑛) + 𝐻−1𝐵𝐹1�𝑌(𝑛+4)��������� + 𝐻−1𝐵𝐹2�𝑌(𝑛)� + 𝑓0�𝐻−1𝐵𝑓                          (3)   

The new vector 𝑌(𝑛+4)�������� on the right hand side of (3) is used as the predictor, and 𝑌(𝑛+1) on the left hand side is used as the 
corrector. At each step of an iteration process, the vectors 𝑌(𝑛) on the right hand side at first time is generated from the 
Euler’s method, and is adopted from the previous iteration process after, say M iterations of predictor-corrector method. We 
fix M at the beginning. This might make us feel somewhat inflexible, however it is in fact more effective for the family of 
block techniques. This makes the iterative process automatically performs without time consumption to check for an 
adjustement of the stepsize. At each step of an iteration process, we also use the Euler’s method to generate the initial 
approximation to 𝑌(𝑛+4)��������. This is better than getting the same value of corrector 𝑌(𝑛+1) obtained from the last iteration of the 
previous step.  
 As shown in [1], the order of convergence of the method is nine, it provides a very high speed of convergence. The 
combination of this high order and the steady performance of this predictor-corrector approach make the approximation 
process effective and fast. 
 The implementation of this approach is presented below in Matlab code. This code shows detail of how to initiate 
each iteration step and the flexibility in using block of the predict-corrector approach. 

2.1 Matlab code 

function ou = bck4ord(f,a,b,Y00,N,M) 
h=(b-a)/N; 
A1=[0,0,0,1; 
    0,0,1,0; 
    0,1,0,0; 
    1,0,0,0]; 
A2=[1,0,0,0; 
    1,0,0,0; 
    1,0,0,0; 
    1,0,0,0]; 
A3=h*[1,0,0,0; 
    2,0,0,0; 
    3,0,0,0; 
    4,0,0,0]; 
A4=0.5*h^2*[1,0,0,0; 
    4,0,0,0; 
    9,0,0,0; 
    16,0,0,0]; 
A5=h^3/6*[1,0,0,0; 
    8,0,0,0; 
    27,0,0,0; 
    64,0,0,0]; 
A6=h^4/24*[1,0,0,0; 
    16,0,0,0; 
    81,0,0,0; 
    256,0,0,0]; 
%-----block 1----- 
B11=[-397695,4349090,-24084760,118367466; 
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    -16628480,183347200,-1022977536,7852902400; 
    -93592665,995920434,-1796664240,79986003930; 
    -329908224,6980894720,40512389120,363276533800]; 
B12=[679888370,-66798970,18463200,-3649810; 
    18183101440,-2522204160,720401920,-144287744; 
    109670461100,-15912327690,4493865096,-893148930; 
    375644487700,-54760308740,1534525440,-3038248960]; 
C1=[348869;13889280;85522635;1095172096]; 
h1=h^5/3632428800; 
%-----block 2----- 
B21=[-25143,276056,-1542812,7955976; 
    -437504,4788224,-25525248,255250432; 
    -1358127,14924088,74244276,1604715624; 
    -3342336,190840832,1093402624,5052039168]; 
B22=[679888370,-66798970,18463200,-3649810; 
    455836160,-15732736,19158016,-3837952; 
    1734575310,-251470008,70150212,-13839336; 
    4381736960,-643825664,180092928,-35651584]; 
C2=[21649;369408;1318761;3407872]; 
h2=h^4/159667200; 
%-----block 3----- 
B31=[-4872,53782,-304397,1693482; 
    -29632,313088,-1292928,25524992; 
    -63423,1004562,15809823,93765438; 
    218112,20512768,74186752,202702848]; 
B32=[5791735,-751598,213153,-42578; 
    32478080,-4915968,1396352,-278272; 
    77715045,-11123082,3059613,-599238; 
    144240640,-20774912,5701632,-1114112]; 
C3=[4093;26688;56862;105472]; 
h3=h^3/19958400; 
%-----block 4----- 
B41=[-3057,34208,-197216,1258488; 
    -3008,20480,370944,8341504; 
    -22599,659016,7027560,15769728; 
    433152,8093696,12378112,26050560]; 
B42=[2875850,-444560,128472,-25864; 
    6492800,-909312,244480,-47104; 
    10485450,-1650456,478224,-97200; 
    11724800,-622592,-24576,32768]; 
C4=[2497;4416;9477;-5120]; 
h4=h^2/7257600; 
%------block 5------- 
B51=[-3233,36394,-216014,1909858; 
    4064,-63232,1422272,4541696; 
    -29889,1312362,4667058,2789154; 
    1040128,5779456,62464,8384512]; 
B52=[2224480,-425762,126286,-25706; 
    1391360,-27904,-15808,5888; 
    2708640,-782946,478478,-63018; 
    -2324480,2363392,-1012736,249856]; 
C5=[2497;-736;6561;-27392]; 
h5=h/3628800; 
%-------------block G-------- 
BF1=[h1*B11;h2*B21;h3*B31;h4*B41;h5*B51]; 
BF2=[h1*B12;h2*B22;h3*B32;h4*B42;h5*B52]; 
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Bf=[h1*C1;h2*C2;h3*C3;h4*C4;h5*C5]; 
%---------------------------------------------------------- 
H =  blkdiag(A1,A1,A1,A1,A1); 
K = 
[A2,A3,A4,A5,A6;zeros(4),A2,A3,A4,A5;zeros(4),zeros(4),A2,A3,A4;zeros(4),zeros(4),
zeros(4),A2,A3;zeros(4),zeros(4),zeros(4),zeros(4),A2]; 
%----------------------Euler for Y1_0 Y2_0--------------------- 
Z0=Y00; %<----Y00 is a column vector 
x0=a; W0=[]; 
f0=f(x0,Z0); 
t0=x0; 
for i=1:8 
    Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
    W0=[Z1';W0]; 
    Z0=Z1; 
    t0=t0+h; 
end 
    Y2 = reshape(W0(5:8,:),20,1); 
    Y11=W0(1,:)'; 
    Y21=W0(2,:)'; 
    Y31=W0(3,:)'; 
    Y41=W0(4,:)'; 
    Y12=W0(5,:)'; 
    Y22=W0(6,:)'; 
    Y32=W0(7,:)'; 
    Y42=W0(8,:)';  
%----------------------------Storage of approximation--------- 
W=[W0(5:8,1);Y00(1)]; 
mN=4;  % This variable use to control while-loop 
while (mN<N) 
    iter=1; 
    while iter<=M 
        Y = 
H\K*Y2+H\BF1*[f(x0+8*h,Y11);f(x0+7*h,Y21);f(x0+6*h,Y31);f(x0+5*h,Y41)]+H\BF2*[f(x0
+4*h,Y12);f(x0+3*h,Y22);f(x0+2*h,Y32);f(x0+h,Y42)]+H\Bf*f0; 
        iter=iter+1; 
        T=reshape(Y,4,5); 
        Y11=T(1,:)'; 
        Y21=T(2,:)'; 
        Y31=T(3,:)'; 
        Y41=T(4,:)'; 
    end    

W=[Y(1:4);W]; 
mN=mN+4; 

    Y2=Y; 
    f0=f(x0+4*h,Y12); 
    x0=x0+4*h; 
    T=reshape(Y2,4,5); 
    Y12=T(1,:)'; 
    Y22=T(2,:)'; 
    Y32=T(3,:)'; 
    Y42=T(4,:)'; 
    Z0=Y12;W0=[]; 
    t0=x0; 
    for i=1:4 
         Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
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         W0=[Z1';W0]; 
         Z0=Z1; 
         t0=t0+h;    
    end 
    Y11=W0(1,:)'; 
    Y21=W0(2,:)'; 
    Y31=W0(3,:)'; 
    Y41=W0(4,:)'; 
end 
        %-----------------------Get output--------------------------------- 
ou=W; 
end 
 

2.2 Notice on performance of the implementation 

This procedure requires the number N to be a multiple of 4. We set 𝑌00 as the initial condition, written in the form of a 5-
by-1 matrix (a column vector). We set normally M to be 10. The illustration of the procedure is shown in the section 5, 
Numerical experiement below. 

3. Newton’s iteration approach 

This approach consider the nonlinear equation (2) with the unknown 𝑌(𝑛+4), so that transfer it into the form 

𝐺�𝑌(𝑛+4)� = 𝟎                (4) 

This gives the iterative equation 

𝑍(𝑘+1) = 𝑍(𝑘) − 𝐽𝐺−1�𝑍(𝑘)�𝐺�𝑍(𝑘)�,∀𝑘 ≥ 0,                   (5) 

at each iteration step to approximate 𝑌(𝑛+4). Here, 𝐽𝐺 is the Jacobian of the function 𝐺(𝑍), which is an invertiable 20-by-20 
matrix. The Euler’s method is also used to initiate the iterative process at each single step as the way used in the predictor-
corrector approach.  

3.1 Matlab code  

function ou = blk4(f,a,b,Y00,N,M,tol) 
h=(b-a)/N; 
A1=[0,0,0,1; 
    0,0,1,0; 
    0,1,0,0; 
    1,0,0,0]; 
A2=[1,0,0,0; 
    1,0,0,0; 
    1,0,0,0; 
    1,0,0,0]; 
A3=h*[1,0,0,0; 
    2,0,0,0; 
    3,0,0,0; 
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    4,0,0,0]; 
A4=0.5*h^2*[1,0,0,0; 
    4,0,0,0; 
    9,0,0,0; 
    16,0,0,0]; 
A5=h^3/6*[1,0,0,0; 
    8,0,0,0; 
    27,0,0,0; 
    64,0,0,0]; 
A6=h^4/24*[1,0,0,0; 
    16,0,0,0; 
    81,0,0,0; 
    256,0,0,0]; 
%-----block 1----- 
B11=[-397695,4349090,-24084760,118367466; 
    -16628480,183347200,-1022977536,7852902400; 
    -93592665,995920434,-1796664240,79986003930; 
    -329908224,6980894720,40512389120,363276533800]; 
B12=[679888370,-66798970,18463200,-3649810; 
    18183101440,-2522204160,720401920,-144287744; 
    109670461100,-15912327690,4493865096,-893148930; 
    375644487700,-54760308740,1534525440,-3038248960]; 
C1=[348869;13889280;85522635;1095172096]; 
h1=h^5/3632428800; 
%-----block 2----- 
B21=[-25143,276056,-1542812,7955976; 
    -437504,4788224,-25525248,255250432; 
    -1358127,14924088,74244276,1604715624; 
    -3342336,190840832,1093402624,5052039168]; 
B22=[679888370,-66798970,18463200,-3649810; 
    455836160,-15732736,19158016,-3837952; 
    1734575310,-251470008,70150212,-13839336; 
    4381736960,-643825664,180092928,-35651584]; 
C2=[21649;369408;1318761;3407872]; 
h2=h^4/159667200; 
%-----block 3----- 
B31=[-4872,53782,-304397,1693482; 
    -29632,313088,-1292928,25524992; 
    -63423,1004562,15809823,93765438; 
    218112,20512768,74186752,202702848]; 
B32=[5791735,-751598,213153,-42578; 
    32478080,-4915968,1396352,-278272; 
    77715045,-11123082,3059613,-599238; 
    144240640,-20774912,5701632,-1114112]; 
C3=[4093;26688;56862;105472]; 
h3=h^3/19958400; 
%-----block 4----- 
B41=[-3057,34208,-197216,1258488; 
    -3008,20480,370944,8341504; 
    -22599,659016,7027560,15769728; 
    433152,8093696,12378112,26050560]; 
B42=[2875850,-444560,128472,-25864; 
    6492800,-909312,244480,-47104; 
    10485450,-1650456,478224,-97200; 
    11724800,-622592,-24576,32768]; 
C4=[2497;4416;9477;-5120]; 
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h4=h^2/7257600; 
%------block 5------- 
B51=[-3233,36394,-216014,1909858; 
    4064,-63232,1422272,4541696; 
    -29889,1312362,4667058,2789154; 
    1040128,5779456,62464,8384512]; 
B52=[2224480,-425762,126286,-25706; 
    1391360,-27904,-15808,5888; 
    2708640,-782946,478478,-63018; 
    -2324480,2363392,-1012736,249856]; 
C5=[2497;-736;6561;-27392]; 
h5=h/3628800; 
%-------------block G-------- 
BF1=[h1*B11;h2*B21;h3*B31;h4*B41;h5*B51]; 
BF2=[h1*B12;h2*B22;h3*B32;h4*B42;h5*B52]; 
Bf=[h1*C1;h2*C2;h3*C3;h4*C4;h5*C5]; 
%-------------block J------------ 
H = - blkdiag(A1,A1,A1,A1,A1); 
K = 
[A2,A3,A4,A5,A6;zeros(4),A2,A3,A4,A5;zeros(4),zeros(4),A2,A3,A4;zeros(4),zeros(4),
zeros(4),A2,A3;zeros(4),zeros(4),zeros(4),zeros(4),A2]; 
  
%----------------------Euler for Y1_0 Y2_0--------------------- 
Z0=Y00; %<----Y00 is a column vector 
x0=a; W0=[]; 
f0=f(x0,Z0); 
t0=x0; 
for i=1:8 
    Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
    W0=[Z1';W0]; 
    Z0=Z1; 
    t0=t0+h; 
end 
    Y = reshape(W0(1:4,:),20,1); 
    Y2 = reshape(W0(5:8,:),20,1); 
    Y11=W0(1,:)'; 
    Y21=W0(2,:)'; 
    Y31=W0(3,:)'; 
    Y41=W0(4,:)'; 
    Y12=W0(5,:)'; 
    Y22=W0(6,:)'; 
    Y32=W0(7,:)'; 
    Y42=W0(8,:)'; 
  
syms t z0 z1 z2 z3 z4; 
%----------------------------Storage of approximation--------- 
W=[W0(5:8,1);Y00(1)]; 
%---------------------------------------------------------- 
while (x0<=b-4*h) 
    iter=1; 
    while iter<=M 
        G = 
H*Y+K*Y2+BF1*[f(x0+8*h,Y11);f(x0+7*h,Y21);f(x0+6*h,Y31);f(x0+5*h,Y41)]... 
            +BF2*[f(x0+4*h,Y12);f(x0+3*h,Y22);f(x0+2*h,Y32);f(x0+h,Y42)]+Bf*f0; 
        %---------------------------Jacobian J--------------------- 
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        J= H + 
BF1*[[double(subs(diff(f(x0+8*h,[z0;z1;z2;z3;z4]),z0),[z0;z1;z2;z3;z4],Y11)),0,0,0
,... 
                      
double(subs(diff(f(x0+8*h,[z0;z1;z2;z3;z4]),z1),[z0;z1;z2;z3;z4],Y11)),0,0,0,... 
                      
double(subs(diff(f(x0+8*h,[z0;z1;z2;z3;z4]),z2),[z0;z1;z2;z3;z4],Y11)),0,0,0,... 
                      
double(subs(diff(f(x0+8*h,[z0;z1;z2;z3;z4]),z3),[z0;z1;z2;z3;z4],Y11)),0,0,0,... 
                      
double(subs(diff(f(x0+8*h,[z0;z1;z2;z3;z4]),z4),[z0;z1;z2;z3;z4],Y11)),0,0,0]; 
                     
[0,double(subs(diff(f(x0+7*h,[z0;z1;z2;z3;z4]),z0),[z0;z1;z2;z3;z4],Y21)),0,0,... 
                      
0,double(subs(diff(f(x0+7*h,[z0;z1;z2;z3;z4]),z1),[z0;z1;z2;z3;z4],Y21)),0,0,... 
                      
0,double(subs(diff(f(x0+7*h,[z0;z1;z2;z3;z4]),z2),[z0;z1;z2;z3;z4],Y21)),0,0,... 
                      
0,double(subs(diff(f(x0+7*h,[z0;z1;z2;z3;z4]),z3),[z0;z1;z2;z3;z4],Y21)),0,0,... 
                      
0,double(subs(diff(f(x0+7*h,[z0;z1;z2;z3;z4]),z4),[z0;z1;z2;z3;z4],Y21)),0,0]; 
                     
[0,0,double(subs(diff(f(x0+6*h,[z0;z1;z2;z3;z4]),z0),[z0;z1;z2;z3;z4],Y31)),0,... 
                      
0,0,double(subs(diff(f(x0+6*h,[z0;z1;z2;z3;z4]),z1),[z0;z1;z2;z3;z4],Y31)),0,... 
                      
0,0,double(subs(diff(f(x0+6*h,[z0;z1;z2;z3;z4]),z2),[z0;z1;z2;z3;z4],Y31)),0,... 
                      
0,0,double(subs(diff(f(x0+6*h,[z0;z1;z2;z3;z4]),z3),[z0;z1;z2;z3;z4],Y31)),0,... 
                      
0,0,double(subs(diff(f(x0+6*h,[z0;z1;z2;z3;z4]),z4),[z0;z1;z2;z3;z4],Y31)),0]; 
                     
[0,0,0,double(subs(diff(f(x0+5*h,[z0;z1;z2;z3;z4]),z0),[z0;z1;z2;z3;z4],Y41)),... 
                      
0,0,0,double(subs(diff(f(x0+5*h,[z0;z1;z2;z3;z4]),z1),[z0;z1;z2;z3;z4],Y41)),... 
                      
0,0,0,double(subs(diff(f(x0+5*h,[z0;z1;z2;z3;z4]),z2),[z0;z1;z2;z3;z4],Y41)),... 
                      
0,0,0,double(subs(diff(f(x0+5*h,[z0;z1;z2;z3;z4]),z3),[z0;z1;z2;z3;z4],Y41)),... 
                      
0,0,0,double(subs(diff(f(x0+5*h,[z0;z1;z2;z3;z4]),z4),[z0;z1;z2;z3;z4],Y41))]]; 
        %---------------------------Iteration Process------------------------ 
        Xs = linsolve(J,-G); 
        Y=Y+Xs; 
        iter=iter+1; 
        if norm(Xs)<tol 
            W=[Y(1:4);W]; 
            Y2=Y; 
            f0=f(x0+4*h,Y12); 
            x0=x0+4*h; 
            T=reshape(Y2,4,5); 
            Y12=T(1,:)'; 
            Y22=T(2,:)'; 
            Y32=T(3,:)'; 
            Y42=T(4,:)'; 
            Z0=Y12;W0=[]; 
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            t0=x0; 
            for i=1:4 
                 Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
                 W0=[Z1';W0]; 
                 Z0=Z1; 
                 t0=t0+h;    
            end 
            Y = reshape(W0(1:4,:),20,1); 
            Y11=W0(1,:)'; 
            Y21=W0(2,:)'; 
            Y31=W0(3,:)'; 
            Y41=W0(4,:)'; 
            break 
        else 
        S=reshape(Y,4,5); 
        Y11=S(1,:)'; 
        Y21=S(2,:)'; 
        Y31=S(3,:)'; 
        Y41=S(4,:)'; 
        end 
    end 
   if iter>M 
       sprintf('Level exceeded') 
       break 
   end 
end 
        %------------------------Get output---------------------------- 
ou=W; 
end 

3.2 Notice on implementing the procedure 

In this procedure, there is only a new parameter, say tol, the tolerance is new to the previous procedure in the predictor-
corrector approach. This parameter is used as the error bound to control the number of iterations for Newton’s process. A 
check made at each step of iteration in Newton’s procedure makes this implementation more time consumption. However, 
it makes the approximation is guaranteed within an error bound in a general situation where the function 𝑓 might not has a 
good behavious. The performance of this procedure is illustrated in the Section 5. 

4. Modification adaptive stepsize approach 

This section serves as a little modification to the implementation of the adaptive stepsize approach presented in [1]. Here, 
we modify the last step of the iteration in which we cut off the repeatation routine to mesh up the last mesh point by using 
the linear approximation instead. This little change even makes a the approximation somewhat less accuracy at the last 
mesh point in belief, however it brings a flexible combination with all of the previous mesh points in return and dropping 
the redundancy in extending the approximating time interval which in some situations could need to the calculation over a 
sentitive interval. The idea presented here is simply to introduce a stepsize control to keep the error bound within a given 
relative tolerance. For this error control, we combine it with the order of convergence of the method, which is nine, see [1]. 
However, we skip the last mesh point for the last interation process, but generating a linear approximation for this mesh 
point in stead. Detail of this modification could be seen below. 
 
4.1 Implementation in Matlab 
function ou = bck4modified(f,a,b,Y00,N,M,tol,hmin) 
h=(b-a)/N; 
A1=[0,0,0,1; 
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    0,0,1,0; 
    0,1,0,0; 
    1,0,0,0]; 
A2=[1,0,0,0; 
    1,0,0,0; 
    1,0,0,0; 
    1,0,0,0]; 
A3=h*[1,0,0,0; 
    2,0,0,0; 
    3,0,0,0; 
    4,0,0,0]; 
A4=0.5*h^2*[1,0,0,0; 
    4,0,0,0; 
    9,0,0,0; 
    16,0,0,0]; 
A5=h^3/6*[1,0,0,0; 
    8,0,0,0; 
    27,0,0,0; 
    64,0,0,0]; 
A6=h^4/24*[1,0,0,0; 
    16,0,0,0; 
    81,0,0,0; 
    256,0,0,0]; 
%-----block 1----- 
B11=[-397695,4349090,-24084760,118367466; 
    -16628480,183347200,-1022977536,7852902400; 
    -93592665,995920434,-1796664240,79986003930; 
    -329908224,6980894720,40512389120,363276533800]; 
B12=[679888370,-66798970,18463200,-3649810; 
    18183101440,-2522204160,720401920,-144287744; 
    109670461100,-15912327690,4493865096,-893148930; 
    375644487700,-54760308740,1534525440,-3038248960]; 
C1=[348869;13889280;85522635;1095172096]; 
h1=h^5/3632428800; 
%-----block 2----- 
B21=[-25143,276056,-1542812,7955976; 
    -437504,4788224,-25525248,255250432; 
    -1358127,14924088,74244276,1604715624; 
    -3342336,190840832,1093402624,5052039168]; 
B22=[679888370,-66798970,18463200,-3649810; 
    455836160,-15732736,19158016,-3837952; 
    1734575310,-251470008,70150212,-13839336; 
    4381736960,-643825664,180092928,-35651584]; 
C2=[21649;369408;1318761;3407872]; 
h2=h^4/159667200; 
%-----block 3----- 
B31=[-4872,53782,-304397,1693482; 
    -29632,313088,-1292928,25524992; 
    -63423,1004562,15809823,93765438; 
    218112,20512768,74186752,202702848]; 
B32=[5791735,-751598,213153,-42578; 
    32478080,-4915968,1396352,-278272; 
    77715045,-11123082,3059613,-599238; 
    144240640,-20774912,5701632,-1114112]; 
C3=[4093;26688;56862;105472]; 
h3=h^3/19958400; 
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%-----block 4----- 
B41=[-3057,34208,-197216,1258488; 
    -3008,20480,370944,8341504; 
    -22599,659016,7027560,15769728; 
    433152,8093696,12378112,26050560]; 
B42=[2875850,-444560,128472,-25864; 
    6492800,-909312,244480,-47104; 
    10485450,-1650456,478224,-97200; 
    11724800,-622592,-24576,32768]; 
C4=[2497;4416;9477;-5120]; 
h4=h^2/7257600; 
%------block 5------- 
B51=[-3233,36394,-216014,1909858; 
    4064,-63232,1422272,4541696; 
    -29889,1312362,4667058,2789154; 
    1040128,5779456,62464,8384512]; 
B52=[2224480,-425762,126286,-25706; 
    1391360,-27904,-15808,5888; 
    2708640,-782946,478478,-63018; 
    -2324480,2363392,-1012736,249856]; 
C5=[2497;-736;6561;-27392]; 
h5=h/3628800; 
%-------------block G-------- 
BF1=[h1*B11;h2*B21;h3*B31;h4*B41;h5*B51]; 
BF2=[h1*B12;h2*B22;h3*B32;h4*B42;h5*B52]; 
Bf=[h1*C1;h2*C2;h3*C3;h4*C4;h5*C5]; 
%---------------------------------------------------------- 
H =  blkdiag(A1,A1,A1,A1,A1); 
K = 
[A2,A3,A4,A5,A6;zeros(4),A2,A3,A4,A5;zeros(4),zeros(4),A2,A3,A4;zeros(4),zeros(4),
zeros(4),A2,A3;zeros(4),zeros(4),zeros(4),zeros(4),A2]; 
%----------------------Euler for Y1_0 Y2_0--------------------- 
Z0=Y00; %<----Y00 is a column vector 
x0=a; W0=[]; 
f0=f(x0,Z0); 
t0=x0; 
time=[x0]; %the variable time to store the time-step in the approximation process 
for i=1:8 
    Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
    W0=[Z1';W0]; 
    Z0=Z1; 
    t0=t0+h; 
end 
    FCN=9; 
    Y = reshape(W0(1:4,:),20,1); 
    alpha=Y(1);% alpha use to control the iteration 
    Y2 = reshape(W0(5:8,:),20,1); 
    Y11=W0(1,:)'; 
    Y21=W0(2,:)'; 
    Y31=W0(3,:)'; 
    Y41=W0(4,:)'; 
    Y12=W0(5,:)'; 
    Y22=W0(6,:)'; 
    Y32=W0(7,:)'; 
    Y42=W0(8,:)'; 
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%----------------------------Storage of approximation--------- 
W=[W0(5:8,1);Y00(1)]; 
time=[x0+4*h;x0+3*h;x0+2*h;x0+h;time]; 
x0=x0+4*h; 
while (x0<b) 
    iter=1; 
    FCN=FCN+4; 
    YZ=[f(x0,Y12);f(x0-h,Y22);f(x0-2*h,Y32);f(x0-3*h,Y42)]; 
    flag=0; 
    while flag==0 %iter<=M 
        FCN=FCN+4; 
        Y = 
H\K*Y2+H\BF1*[f(x0+4*h,Y11);f(x0+3*h,Y21);f(x0+3*h,Y31);f(x0+h,Y41)]+H\BF2*YZ+H\Bf
*f0; 
        if abs(Y(1)-alpha)<tol 
        flag=1; %escape inner while-loop because of satisfied error bound 
        Y12old=Y12; 
        T=reshape(Y,4,5); %Update the calculation for the next step in outer 
while-loop 
        Y2=Y; 
        Y12=T(1,:)'; 
        Y22=T(2,:)'; 
        Y32=T(3,:)'; 
        Y42=T(4,:)'; 
        if (iter==1) 
            if (x0+0.5*h*(0.5*tol/(Y(1)-alpha))^(1/9)<=b) 
            h=0.5*h*(0.5*tol/(Y(1)-alpha))^(1/9); 
            end 
        end 
        elseif iter>M % Check if maximum number of iterations is exceeded? 
            iter=1; %turn back to inner while-loop 
            h=h*0.5; %reduce the stepsize by a half 
            if (h<hmin)&&(x0+h<b) 
            flag=2; 
            sprintf('Level exceeded') 
            break 
            elseif (h<hmin)&&(x0+h>=b) 
                h=b-x0; %exhaust the stepsize to the last mesh point 
            end 
        end % prepare for the next iteration 
        if flag==0 
        T=reshape(Y,4,5); %Update the calculation for the next step inner while-
loop 
        Y11=T(1,:)'; 
        Y21=T(2,:)'; 
        Y31=T(3,:)'; 
        Y41=T(4,:)'; 
        iter=iter+1; 
        alpha=Y(1); % update testing criterion 
        end 
    end    
    if (flag==1)&&(x0<=b-4*h) 
    W=[Y(1:4);W]; 
    time=[x0+4*h;x0+3*h;x0+2*h;x0+h;time]; 
    f0=f(x0,Y12old); 
    FCN=FCN+1; 
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    x0=x0+4*h; 
    T=reshape(Y2,4,5); 
    Z0=Y12;W0=[]; 
    t0=x0; 
    for i=1:4 
         Z1=Z0+h*[Z0(2:5);f(t0,Z0)]; 
         FCN=FCN+1; 
         W0=[Z1';W0]; 
         Z0=Z1; 
         t0=t0+h;    
    end 
    Y11=W0(1,:)'; 
    Y21=W0(2,:)'; 
    Y31=W0(3,:)'; 
    Y41=W0(4,:)'; 
    alpha=Y11(1); 
    elseif (flag==1)&&(x0<=b)&&(x0>b-4*h) 
        k=floor((b-x0)/h); 
        W=[Y(5-k:4);W]; 
        for j=1:k 
            time = [x0 + j*h;time]; 
        end 
        if abs(b-x0-k*h)>=1e-5 
        Yk1=(Y(1)-Y(5-k))*(b-x0-4*h)/((4-k)*h)+Y(1); 
        W=[Yk1;W]; 
        time=[b;time]; 
        x0=b; 
        else 
            x0=b; 
        end        
    end 
    if flag==2 
        break 
    end 
end 
        %-------------------------------------------------------- 
        sprintf('%d function evaluation.',FCN) 
ou=[time,W]; 
end 
 
4.2 Notice from implementation 
 
 
The big advantage of this approach is the cutting down in the computational cost. The number of functional evaluations is 
diminished considerably. Therefore, the time excution is also cut down. The performance are presented in Section 5. The 
modification to cut down the last mesh point from the usual iteration is performed in the if-statement which is next to the 
last if-statement in outer while-loop of the implementation above. 
 

5. Numerical Experiments 

In this section, we are going to illustrate the efficiency of these two procedures proposed in three examples. The first two 
appeared in [2].  
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Example 1 [2]. Consider the fifth order ordinary differential equation with the initial condition 
𝑦(𝑣) = 2𝑦′𝑦′′ − 𝑦𝑦(𝑖𝑣) − 𝑦′𝑦′′′ − 8𝑥 + (𝑥2 − 2𝑥 − 3)𝑒𝑥, 0 ≤ 𝑥 ≤ 2,            (6) 

𝑦(0) = 1,𝑦′(0) = 1,𝑦′′(0) = 3, 𝑦′′′(0) = 1, 𝑦(𝑖𝑣)(0) = 1. 
The exact solution of the problem is 𝑦 = 𝑒𝑥 + 𝑥2. The results are shown in the Table 1. 
 

 PC approach,  
N=16, 40, 100 

Newton approach,  
N=16, 40, 100 

Modified Adaptive approach 
N = 16, 40, 100, tol = 10−5 , 
hmin=0.001 

Mean time (in second) 0.2101, 0.2835, 0.4266 16.527, 37.9, 110.4307 0.0289, 0.033, 0.035 
MAXE 0.1584, 0.0278, 0.0048 0.1584, 0.0278, 0.0048 0.1822, 0.032, 0.0056 
Last step Error 0.1429, 0.0277, 0.0048 0.1426, 0.0277, 0.0048 0.1816, 0.032, 0.0056 
Mean Error 0.1145, 0.0207, 0.0035 0.1145, 0.0207, 0.0035 0.108, 0.0216, 0.0037 
Functional Evaluations 125, 450, 1185 228, 546, 1377 108, 174, 412 

Table 1. Numerical experimental statistics on the performance of two approaches: PC approach, or predictor-corrector approach, 
Newton approach, or Newton iterations approach for the equation (6). 

 
Figure 1. This figure shows the approximation produced by Predictor-Corrector approach and Newton’s iteration approach to solution 
of Example 1. These procedures use N=100, and M=10, tol= 10−5. 

  
     We could see that, even taking more number of functional evaluations, and consuming more time, the Newton approach 
give no better approximation. 
 
 
 
Example 2 [2]. The fifth order ordinary differential equation with the initial condition 

𝑦(𝑣) = 12𝑦′3 + 36𝑦𝑦′𝑦′′ + 6𝑦2𝑦′′′, 1 ≤ 𝑥 ≤ 3,            (7) 
𝑦(1) = 1, 𝑦′(1) = −1, 𝑦′′(1) = 2, 𝑦′′′(1) = −6, 𝑦(𝑖𝑣)(1) = 24. 

The exact solution of the problem is 𝑦 = 1/𝑥. The results are shown in the Table 2. 
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 PC approach,  
N = 20, 40, 100 

Newton approach,  
N = 20, 40, 100 

Modified Adaptive approach 
N = 20, 40, 100, tol = 10−5 , 
hmin=0.001 

Mean time (in second) 0.3128, 0.3403, 0.3941 30.3578, 56.65, 111.991 0.032, 0.035, 0.036 
MAXE 1.3566, 0.5461, 0.1299 1.3566, 0.5461, 0.1129 1.7259, 0.546, 0.1298 
Last step Error 1.3566, 0.5461, 0.1299 1.3566, 0.5461, 0.1129 1.7259, 0.546, 0.1298 
Mean Error 0.2578, 0.116, 0.028 0.2578, 0.116, 0.028 0.3245, 0.116, 0.028 
Functional Evaluations 205, 450, 1185 357, 738, 1149 689, 161, 412 

Table 2. The performance of two approaches PC approach, or predictor-corrector approach, Newton approach, or Newton iterations 
approach for the equation (7). 

 
From this statistics, we could also observe that even taking more time consumption and more number of functional 
evaluation, Newton iteration approach gives no better the approximation to the equation (7). 
 

 
Figure 2. The results procedured by PC approach and Newton iteration approach versus the exact solution of the equation (7). 

 
6. Conclusion 
 
 Through the numerical experiments section, the performances of the two approaches introduced in Section 2 and 3 show 
the simple implementation processes. The stability in their excution make them preferable comparing to the original idea of 
the stepsize adjustment presented in [1] when performing on the problems which have low stiffness. The original one with 
some modification presented in Section 3 takes benefits from the computational cost but still has a high complexity in 
implementing comparing the two abovementioned approaches. A little exactness could be gained from these two 
approaches. 
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