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Abstract

Multiresolution techniques are deeply related to image/signal processing, biological and
computer vision, scientific computing, optical data analysis. Improving quality of noisy
signals/images has been an active area of research in many years. Wavelets are a mathematical
tool they can be used to extract information from many different kinds of data, including audio
signals and images. The main objective of wavelet transform is to define the powerful wavelet
basis functions and find efficient methods for their computation.

In this work we have introduced Modified Quaternion Wavelet Transform and obtained its
inverse. Some properties of Modified Quaternion Wavelet Transform are proved. Moreover
convolution structure are investigated for Modified Quaternion Wavelet Transform.

1. Introduction

The subject of wavelet analysis has recently drawn a great deal of attention from mathematical
scientists in various disciplines. It is creating a common link between mathematicians, physicists,
and electrical engineers with modern application as diverse as wave propagation, data
compression, image processing, pattern recognition, computer graphics and other medical image
technology. Sets of wavelets are generally needed to analyze data fully. The wavelet transform
decompose the signal with finite energy in the spatial domain into a set of function as a standard
in the modular spatial domain of orthogonal. Then we analyze the characteristics of the signal in
the modular spatial domain. Compared with the traditional Fourier analysis, the wavelet
transform can analyze the function in the modular spatial domain and timing domain which has
better local capacity of the frequency and time. It is the development and sublimation of Fourier
transform, which has a lot of advantages|[3].

The Wavelet Transform, at high frequencies, gives good time resolution and poor frequency
resolution, while at low frequencies, the Wavelet Transform gives good frequency resolution and
poor time resolution. Wavelet transforms have advantages over traditional Fourier methods in
analyzing physical situations where the signal contains discontinuities and sharp spikes.
Wavelets were developed independently in the fields of Mathematics, quantum physics,
electrical engineering, and seismic geology[5]

1.1 Fractional Fourier transform (FrFT)

Fractional Fourier transform are closely related to a particular wavelet transform family [4].

The one dimensional fractional FT with parameter a of f(x) denoted by R*f(x) performs a
linear operation, given by the integral transform
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R ()P = (&) = [~ K (,p)fCddx, L )

— ez L 2 2

where the kernel K, (x,p) = s eXp [ZSina ((x* + p*)cosa — pr)]
= Cy4exp(Caq((x? + p?)cosa — 2xp),

where C,, = (2risina)” /2 exp(ia/z) and C,, = %sina

1.2 The Classical Wavelet Transform

Wavelets are the mathematical functions which analyze data according to the scale or resolution.
Wavelets help in studying a signal in different windows or in different resolutions. Practically
wavelet transform is a convolution of the signal with a family of functions obtained from a basic
wavelet by shifts and dilations. In precise terms and notations, the classical wavelet transform,
also called Continuous Wavelet transform (CWT), is a decomposition of a function, f(x), with
respect to a basic wavelet,y(x), given by the convolution of a function with a scaled and

translated version of Y (x)[5]
W (@, b)If] = lal™/2 [ few (57) dx = 4, = (557)) -(2)

The functions, fand vy are square integrable functions and i satisfies the admissibility condition,

Cy=J"—— W’(w)l dw < o, where Cy, is the admissibility constant.

2. Wavelet Transform As The Extension Of FrFT
The kernel of the Fractional Fourier transform (FrFT) is closely related to Wavelet
transform (WT). Using straightforward algebraic manipulations and making the change of

variable b = p sec a, we can write the FrFT of f (x) as []
[ x — b\?
in ( ) dx

) =A # fRnf(x) exp [in (%)2] dx, - (3)

C@lal™ C(a) = exp(3)

1
exp( ) b2sin?a’ (2mi sina)2

() -

g(b) = [FrFT f] (=

seca

where 4 =
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Taking a = tanz a , as scaling parameter and b = p sec a, as shifting parameter, the convolution

represented by the above integral is a wavelet transform in which the wavelet family is obtained

from the quadratic phase function ¥ (x) = exp(imx?) by scaling the coordinate and the

amplitude by tan%(OC) and C () respectively.

9(®) = [FrFTf] (2) = A. (WTf)(a, b),

Here we see that the FrFT kernels corresponding to different values of a are closely related to a
wavelet family. Alternatively, we can write wavelet transform in terms of fractional Fourier

transform as an obvious extension as,

WTF)@,b) = L [FFT £] (=), 4 = Sl oy - —22G) o (8)

2 .
exp(;) b2sinZa (2mi sin @)z

3 Modified Wavelet transform via fractional Fourier transform

(mWTF) (a,b) —% [FFT ] ()

_ sz __oo(F)
where b = psec «, a = tan'/* «, C () (2mi sin)1/2

exp(=)b?sin? o<(2msmoc)2
_ ) T J2 f(0) Ke(x,p) dx

ioc =
exp(;) tanz«

exp(=)b?sin?«(2 lSl‘nOC)Z i
) () ; f fix )“/% p[ZSIH(X( 2+P2) COSO(—pr] dx

i<
exp( 2 ) tanzoc

p( )bzsm e

(mWTf)(a,b) = f f(x) ex 'p[ (x2 + p?) cos x —pr]

2 sinx
tanzoc
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4 Modified Quaternion Wavelet Transform [mQWT]:

For any given quaternion signal f(x,y) = f.(x,y) +ifi(x,y) +jfj(x,¥) + kfi(x,y),

where f.(x,y), fi(x,y), fi(x,y) and fi(x,y) are real, the Modified Quaternion Wavelet

Transform f(x, y)is denoted by mQW 0—’1 «, (@ q) ; 1s defined as,

mQWT,” .. (p,q) = mQWT,’, {f(x,y)} = mQW¢/ , {f(x,y)}

= f f K&, G, p)f (e, 0)KS, (v, q)dxdy, ..(5)

—00 —00

e2b251n (2)1 [(x2+p?)cos®1—2xp
1

tanz@,

i T
where K, (x,p) = eZS”w’l ], 0, =aq 2 b = psec «,

i

5hacinl

e2b*sin“Q, 75 m@ [(y2+q?)cos®,-2yq]
o 1

tan2@,

Kéz(y' q) = ) B, = ay

5 Inverse theorem of Modified Quaternion Wavelet Transform

If m,QWT‘ ’a (p, q) denotes Modified Quaternion Wavelet Transform of a
quaternion f (x,y) then it is possible to reconstruct f (x, y) from mQWTD‘(l’wZ (p,q)

that is mQWT", _. {mQWT,’, (0, @)} = f(x,¥).

Proof: It is clear that for one dimensional function

i

eszsinZQ) ez n(Z) [(x?+p?)cos@;—2xp]
1 n

tanz2@,

Weld(x — 1)} = Wo(p) =

)

s
®1=a1§¢nn, neZz.

0(x) X 6(y) = 8(x,y).
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meWTL, . (mQWT,” . (p,q)}

- f f Koy (0, ) Wola, 0, IK o, (a,m)dpdg

—00 —00

= j f Klq, (0, m){ f f KL, G, p)f ()KL, (v, q)dxdy}K? . (q,n)dpdq

—00 —00 —00 —00

= f meial (zo,m){foo meél Co, DU (0 y) + ifi(x, ) +jf;(x, y)

—00 —00 —00 —00

+kfie (e, YKz, (0, @) dxdy}k o, (g, m)dpdg
- O; | O:oﬂ(x.y){[ | ZKia1<p,m> K, (x,p)dp]
<(f Zfdaz (4.0 K2, (v, @)dq]}dxdy
+ [ Z | O:Oﬁ(x,y){[ | zxial(p, m) K, (x,p)dp]
<(f Zfdaz (4.0 K2, (v, @)dq]}dxdy
[ 5wt Kam Kt Gpap
<(f Zfdaz (a0 K2, (v, q)dq]}dxdy

i Z [ Z et ina1<p, m) KL, (x, p)dp]

x| f Ko, (0,m) KL, (v, ) dql}dxdy - (6)
Consider,
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f KL, (p,m) K} (x,p)dp

_ j“” IeZbZSlnz( 01) Eﬁﬁ(jfjﬂp +m?) cos(=9;)-2pm]

tanz(—0,)
i 2 qu
ez2b“sin“® L x2+p?)cosp,—-2x
S R P
|tan§®1
; 2
S5h2cinl
_ “ | e2b*sin“ @, Zsm(z) [(p?+m?)cos @, —2pm] ZSm(Z) [(x? +p2)cos(z)1—2xp]d
= — | e 1 ! p
| |tanz@,
2
2 2 . .
f €2b sin @1 e%(xZ_mZ)cot(2)1e%(_p2+p2)cot®1eicosec(z)l[p(m—x)]dp
tanZQ)1
. 2
= 2cinl P [e¢)
_ e2bp Sll‘l’l ?11 e%l(mz_xz)cot(blf eicosec(zil[(m—x)p]dp
tanz@, s

_ e%i(mz—xz)cot(bla(m —x)

Similarly

- ot(2)2

@ ic
] K, (@) K] (v,9)dg =€ 2

s - y)

- (6) =

MWTY

—aq1,—Qy

MWT,! . (0, @)}

] ] FGoye 2 m s — ) x e 3 20 )5 — y)}dxdy
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“f f fGe e 2 M) 5 m — x) x

—lCOt

—z )5 — y)}dxdy

—icot®, —icot®,

+jf jfj(x,)’){elz (mz_xz)S(m—x)Xelz

=5 s(n — y)}dxdy

+"f f feGoy) e 2 ) 5m ) x e~ 2 2P Y50 — ) )dxdy

] ]f(xy){e 2 = YOls (m — x,n — y)Ydxdy,

where (x,y) = £-(x,y) + ifi(x,y) +jfi(x, y) + kfi(x,y) .
6. Properties of Modified Quaternion Wavelet Transform
In this section we have proved some important results of Modified Quaternion Wavelet
Transform
6.1 Result

For any quaternion function f,,(x,y),n € N,

meWT,/,, {Z Anfu (X, y)} = Z anmQ@WTfy(x,y), an € R.
By linearity property and by using the definition of Modified Quaternion Wavelet Transform,

we can prove it easily.

6.2 Result
If mQWT,”, {f(x,y)} = mQWT,’, (p,q)then
mQWT,/, {f(—x,—y)} = mQWT,’, (-p,—q)

Proof: By definition

i
e2b?sin?@,
1
tan2@,

e%[(xz +p?)cotd,—2xpcosecd]

K. (x,p) =

204


http://www.ijiset.com/

III.I‘il"l' IJISET - International Journal of Innovative Science, Engineering & Technology, Vol. 09 Issue 04, April 2022
o ISSN (Online) 2348 — 7968 | Impact Factor — 6.72

www.ijiset.com
L 2 2
2 [ i
_ ez2b“sin @1 ei(x2+p2)cot®1e—ixpcosec(z)l
=—F7

tan2@,

Ka(x,p) = Crp, e/ 1P )ComemxPCo0n,

i
ez2b?sin?@, cot®,
where Cyg9, = — Cop, = 5 C3p, = cosec@;.
tanz2Q,
Consider

mQWT,/, {f(—x,—y)}

_ ] f KL, (=x,p)f (=%, =YK, (=y, )dxdy

—00 —O00

N f f Cyg, e C20rl 4P 1 g=i=00Cs0, £y —y) (1020, (34071 o= U=0)0C301 Gy
4 2

Putting-x =X, -y =Y

QWT,. o, (f (=x,—¥))}

- f f Cig, e'C201 X" P leiC0iXP £(X,¥)C, g, e'C20alV 40 e~ 1Ca02¥ (—d ) (—dY)

| [ raco-p el -aaxoy

mQWT,” . (—p,—q)

Similarly,

mQWT,’, {f(—x,y)} = mQWT,’, (-p,q), mQWT,’ . {f(x,—y)} = mQWT,’, (n,—q).

7 New convolution structures for Modified Quaternion Wavelet Transform
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Here we have defined some new definitions as follows:

FGy) *g(ny) = f f f(a,b)gCx — a,y — b)dadb (D)
Fy) = fx, y)esteotorty*eotos) (8)
Statement

For any real scalar or complex signal f(x,y) and convolution kernel g(x,y) and h(x,y) =
fOoy)*xg(x,y)

i i
e2b?sin?@®, ezb?sin®@, -—i
A ; nl : nZ o7 (x2c0t®1+y2cot®z)[f(x, y) * g(x,y)], ..(9)
tanz@,| [tan2Q,

where * is the Modified Quaternion Wavelet convolution operator, then

. =i 2 - .
mQWT,, o, [h(x, 1), q) = 2@ O TPImowT,)  [f (x,3)IMQWT,” 4, [9(x, )]
Proof: mQWT,”,,[h(x,)](p,q)

i i
e2b?sin®@, ezb?sin?Q

o [ee]
2 L 2 2 2 2
f f h(x,y) e2® cot01+pcotdi+ycotdz+q cotds)

1 " 1 "
tan2@, tan2@,| -w -w
e —i(xpcosec®,+yqcosecd,) dxdy
i 2 2 L 2 2 P
e2b®sin”Q, e2b"sin"Q, L. 2 L2 2

_ =(p“cot@1+q“cotd;) (x“cot@,+y“cotd,)
- 1 n 1 n ez h(x’ y) ez

tan2@, |tan§®2 o0 oo

e —i(xpcosec®,+yqcosecd,) dxdy

- 1 n 1 "

i i 0o oo

Th2 cin2 Th2 cin?2 ; ;

_ezb*sin“Q, ezb”sin”Q, e%(PZCot(Z)1+qzcot®z) f f e%(xzcot®1+yzcot®z)
tanz2Q, tan2Q, o0 —0o

g —i(xpcosecd,+yqcosecd,) [f(x,y) * g(x,y)]dxdy
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. 2 . 2
2122 S22 ; PO
_[eprsine, | [e2b2sin®0, | om0, saeoton [ [ eieeomossrenan
1 n 1 n
tan2@, tan2Q, oo —oo
—i(xpcosec®,+yqcosecd,) _—i(XZCOt%"‘yZCOt@z) dxd
e ez [f Cx, ) * g(x, y)]| dxdy
2 2
LAP Ly 2¢) P
e2b*sin“Q, e2bsin“Q, i 2 2 .
— T = - ~ ez(P cotdi+q Cot@z) f f e—t(xpcosec(z)1+chosec®2) dxdy
tan2@, tan2Q, “o0 oo

[f ff(a,b)g(x—a,y—b)dadb }

Puttingx —a=t, y—b=z,=a=x—-tb=y—z
Differentiate with respect to t, z

da = —dt, db = —dz

2 2

i i ©
_ eszsinz(?ll eibzsinz(bz e%(pzcot®1+qzcot®2) f f g —i(xpcosecds+yqcosecd,)
tan%(z)1 tan%(b2 “o0 —o0
© o
dxdy{ j f f(x—ty—2)7(tz)dtdz
“0 —o0
i 2 i 2 © o
_ eEbZSinz?ll einSinZQ:lz e%'(pzcot®1+qzcot®z) ] f g —i(xpcosecdi+yqcosecdy)
tan%Q)l tan%QSz o0 oo
© o
f f flx—ty— Z)e%[(x—t)zcot®1+(y—z)zcot(Z)z]g(t’ Z)e%(tzcot(2)1+zzcot®2)dtdz
“o0 —oo

Puttingx —t=¢, y—z=n,dx=dé,dy=dn,x=¢&+t, y=n+z
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2 2
2 2 2 2 e
2 2
_ e b sin @1 e b sin ®2 j j-ez(p cot®,+q> cot(bz) —i[(é+t)pcosecd,+(n+z)qgcosecd,]
1 " 1
tan2@, tan2Q, o0 oo

dfdn[ f f f&m e3(£2cot01 4 feotd2) g t, Z)eZ(t cotds+22cotd2) gt

—00 —00

= e )

—i 2 2 2 2
%[(chot®1+q2cot®z) e2b Sin“9g, e2b sin Q)z f jf(f -

—00 —00

1
|tan2®1

tanZ 20,

2(§2cot®1+7} cotP,+p2cotdq+q cot(Z)z) i[épcosecd,+nqcosecd;] dfdn)

eszsmz(Z)1 ezbzsmz(b2
1 n
tan2@,

f fg(t Z) e%(tzCOt@l+chot®2+p2C0t®1+qzcot®2)

—00 —00

tanZ 20,

g ~iltpcosecd  +zqcosecd,] dtdZ)

[o)e) [ee] l
_. 2 2 i
_ o7 1(pPcot0s+q2cotny;) f f o Ql ezl(£+p)cordr-2tpcosecos] f&mn)

tanZ 20,

n

i © oo 1
3h2cin2 ; 2¢in2
e2b*sin“@, e%[(ﬂz+qZ)COt®z—27]qC059C®z] dédn f f ezb“sin Q5

00 —00

1
|tan§®2 tanZ Q)1

ira. 2 _ e2b?sin’@, iz, .2 _
) [ e L
tanz2@,
© @ L 2y
(2ot +a?cotd e2b°sin“Qq [ Lie2402)cor0,—2 )
=62[(p cot®1+q*cotd;) — eZ[(f p?)cotd, —2&pcosecd, | f(&n)

—00 —00 |tan§¢1
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L 2 2 © o L 2 2
ezbsin“Q, %[(nz+q2)cot®2—2nqcosec®2] déd ezb”sin®Q,
1 n e E T’ 1 n
tan20, “wo - |tan2(,

eszsmz(Z)2 i 2
— o7 [(z +q?)cot®,—2zqcosecd,| dtdz

(t24p2 _
ez[(t +p?)cotd, 2tpcosec®1]> (t,2)
tan20,

=e_7l[(p2cot®1+q2cot®z) ] j[Kél(f,p)f(f,n)l(iz(n,q)]dfdn

—00 —O00

f f (K2, (t.p)g(t, 2K, (2, q)]dtdz

_ e 1 (p cot®,+q cot(Z)Z)F

ay,a; {ré, n)}Fal,az {g(t,2)}

¢ )
MWT,! . [hGe, )], q) = e Fl(peotorrateot DMWTL o [f G DIMWTE  [g (e, p)]
Conclusion:

In this paper we have Introduced Modified Quaternion Wavelet Transform and provide
some properties. We also proved Inversion theorem and obtained convolution structure of
Modified Quaternion Wavelet Transform.
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