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Abstract  
Multiresolution techniques are deeply related to image/signal processing, biological and 
computer vision, scientific computing, optical data analysis. Improving quality of noisy 
signals/images has been an active area of research in many years. Wavelets are a mathematical 
tool they can be used to extract information from many different kinds of data, including audio 
signals and images. The main objective of wavelet transform is to define the powerful wavelet 
basis functions and find efficient methods for their computation.  
In this work we have introduced Modified Quaternion Wavelet Transform and obtained its 
inverse. Some properties of Modified Quaternion Wavelet Transform are proved. Moreover  
convolution structure are investigated for Modified Quaternion Wavelet Transform.  

1. Introduction 
The subject of wavelet analysis has recently drawn a great deal of attention from mathematical 
scientists in various disciplines. It is creating a common link between mathematicians, physicists, 
and electrical engineers with modern application as diverse as wave propagation, data 
compression, image processing, pattern recognition, computer graphics and other medical image 
technology. Sets of wavelets are generally needed to analyze data fully. The wavelet transform 
decompose the signal with finite energy in the spatial domain into a set of function as a standard 
in the modular spatial domain of orthogonal. Then we analyze the characteristics of the signal in 
the modular spatial domain. Compared with the traditional Fourier analysis, the wavelet 
transform can analyze the function in the modular spatial domain and timing domain which has 
better local capacity of the frequency and time. It is the development and sublimation of Fourier 
transform, which has a lot of advantages[3]. 

The Wavelet Transform, at high frequencies, gives good time resolution and poor frequency 
resolution, while at low frequencies, the Wavelet Transform gives good frequency resolution and 
poor time resolution. Wavelet transforms have advantages over traditional Fourier methods in 
analyzing physical situations where the signal contains discontinuities and sharp spikes. 
Wavelets were developed independently in the fields of Mathematics, quantum physics, 
electrical engineering, and seismic geology[5] 

1.1 Fractional Fourier transform (FrFT) 

Fractional Fourier transform are closely related to a particular wavelet transform family [4]. 

The one dimensional fractional FT with parameter 𝛼 of 𝑓(𝑥) denoted by 𝑅𝛼𝑓(𝑥) performs a 
linear operation, given by the integral transform 
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[𝑅𝛼𝑓(𝑥)(𝑝) = 𝐹𝛼(𝜉) = ∫ 𝐾𝛼(𝑥,𝑝)𝑓(𝑥)𝑑𝑥∞
−∞ ,                                                  .....(1)                                             

               

where the kernel   𝐾𝛼(𝑥,𝑝) = 𝑒
𝑖𝛼

2�

√2𝜋𝑖𝑠𝑖𝑛𝛼
𝑒𝑥𝑝 � 𝑖

2𝑠𝑖𝑛𝛼
((𝑥2 + 𝑝2)𝑐𝑜𝑠𝛼 − 2𝑥𝑝)�                

                                                  = 𝐶1𝛼exp (𝐶2𝛼�(𝑥2 + 𝑝2)𝑐𝑜𝑠𝛼 − 2𝑥𝑝�, 

where 𝐶1𝛼 = (2𝜋𝑖𝑠𝑖𝑛𝛼)−1 2� exp�𝑖𝛼 2� �  𝑎𝑛𝑑 𝐶2𝛼 = 1
2
𝑠𝑖𝑛𝛼 

1.2  The Classical Wavelet Transform  

Wavelets are the mathematical functions which analyze data according to the scale or resolution. 

Wavelets help in studying a signal in different windows or in different resolutions. Practically 

wavelet transform is a convolution of the signal with a family of functions obtained from a basic 

wavelet by shifts and dilations. In precise terms and notations, the classical wavelet transform, 

also called Continuous Wavelet transform (CWT), is a decomposition of a function, 𝑓(𝑥), with 

respect to a basic wavelet,𝜓(𝑥), given by the convolution of a function with a scaled and 

translated version of 𝜓(𝑥)[5] 

𝑊𝜓(𝑎, 𝑏)[𝑓] = |𝑎|−1 2⁄ ∫ 𝑓(𝑥)𝜓∗ �𝑥−𝑏
𝑎
� 𝑑𝑥 = 〈𝑓, 1

�|𝑎|
𝜓 �𝑥−𝑏

𝑎
�〉                                             ...(2) 

The functions, 𝑓and 𝜓 are square integrable functions and 𝜓 satisfies the admissibility condition, 

𝐶𝜓 = ∫
�𝜓�(𝜔)� 2

|𝜔| 𝑑𝜔 < ∞ 
  , where 𝐶𝜓 is the admissibility constant.  

2. Wavelet Transform As The Extension Of FrFT 
              The kernel of the Fractional Fourier transform (FrFT) is closely related to Wavelet 

transform (WT). Using straightforward algebraic manipulations and making the change of 

variable 𝑏 = 𝑝 sec𝛼, we can write the FrFT of f (x) as [] 

[FrFT 𝑓] �
𝑏

sec𝛼
� = 𝐴 

1
|𝛼|𝑛  �𝑓(𝑥)

𝑅𝑛

 𝑒𝑥𝑝 �𝑖𝜋 �
𝑥 − 𝑏
𝑎

�
2

� 𝑑𝑥  

𝑔(𝑏) = [FrFT 𝑓] � 𝑏
sec𝛼

� = 𝐴 1
|𝑎|𝑛  ∫ 𝑓(𝑥)𝑅𝑛  𝑒𝑥𝑝 �𝑖𝜋 �𝑥−𝑏

𝑎
�
2
� 𝑑𝑥,            ... (3) 

                                                                                          where  𝐴 = 𝐶(𝛼)|𝑎|𝑛

𝑒𝑥𝑝�𝑖2� 𝑏2 sin2 𝛼
, 𝐶(𝛼) =

𝑒𝑥𝑝�𝛼𝑖2 �

(2𝜋𝑖 sin𝛼)
1
2
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Taking 𝑎 = tan
1
2 𝛼 , as scaling parameter and 𝑏 = 𝑝 sec𝛼, as shifting parameter, the convolution 

represented by the above integral is a wavelet transform in which the wavelet family is obtained 

from the quadratic phase function 𝜓(𝑥)  =  𝑒𝑥𝑝(𝑖𝜋𝑥2) by scaling the coordinate and the 

amplitude by 𝑡𝑎𝑛
1
2(∝) and 𝐶(∝) respectively. 

𝑔(𝑏) = [FrFT𝑓] � 𝑏
sec𝛼

� = 𝐴. (𝑊𝑇𝑓)(𝑎, 𝑏),  

Here we see that the FrFT kernels corresponding to different values of 𝛼 are closely related to a 

wavelet family. Alternatively, we can write wavelet transform in terms of fractional Fourier 

transform as an obvious extension as, 

 (𝑊𝑇𝑓)(𝑎, 𝑏) = 1
𝐴

[FrFT 𝑓] � 𝑏
sec𝛼

� ,𝐴 = 𝐶(𝛼)|𝑎|𝑛

𝑒𝑥𝑝�𝑖2� 𝑏2 sin2 𝛼
,𝐶(𝛼) =

𝑒𝑥𝑝�𝛼𝑖2 �

(2𝜋𝑖 sin𝛼)
1
2
                        ….(4) 

3   Modified Wavelet transform via fractional Fourier transform 

 (𝑚𝑊𝑇𝑓) (𝑎, 𝑏)  = 
𝑒𝑥𝑝�𝑖2�𝑏

2𝑠𝑖𝑛2∝

 𝑐(∝)�𝑡𝑎𝑛1/2 ∝�
𝑛      [FrFT  𝑓] � 𝑏

𝑠𝑒𝑐∝
� 

                          where  𝑏 = 𝑝𝑠𝑒𝑐 ∝, 𝑎 = 𝑡𝑎𝑛1/2 ∝,  𝐶(∝) =  
exp �i∝2 � 

(2𝜋𝑖 𝑠𝑖𝑛∝)1/2 

                        =
𝑒𝑥𝑝�𝑖2�𝑏

2𝑠𝑖𝑛2∝(2𝜋𝑖 𝑠𝑖𝑛∝)
1
2

exp�i∝2 ��𝑡𝑎𝑛
1
2∝�

𝑛    ∫ 𝑓(𝑥)∞
−∞    𝐾∝(𝑥,𝑝) 𝑑𝑥 

 

                     =
𝑒𝑥𝑝�𝑖2�𝑏

2𝑠𝑖𝑛2∝(2𝜋𝑖 𝑠𝑖𝑛∝)
1
2

exp�i∝2 ��𝑡𝑎𝑛
1
2∝�

𝑛 ∫ 𝑓(𝑥)∞
−∞  

𝑒𝑥𝑝�𝑖∝2 �

√2𝜋𝑖 sin𝛼
𝑒𝑥𝑝 � 𝑖

2sin∝
(𝑥2 + 𝑝2) 𝑐𝑜𝑠 ∝ −2𝑥𝑝�  𝑑𝑥 

 (𝑚𝑊𝑇𝑓)(𝑎, 𝑏) =  
𝑒𝑥𝑝�𝑖2�𝑏

2𝑠𝑖𝑛2∝

 �𝑡𝑎𝑛
1
2∝�

𝑛 ∫ 𝑓(𝑥)∞
−∞  𝑒𝑥𝑝 � 𝑖

2sin∝
(𝑥2 + 𝑝2) 𝑐𝑜𝑠 ∝ −2𝑥𝑝�     
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4 Modified Quaternion Wavelet Transform [ᶆQWT]:  

 

For any given quaternion signal 𝑓(𝑥,𝑦) = 𝑓𝑟(𝑥, 𝑦) + 𝑖𝑓𝑖(𝑥,𝑦) + 𝑗𝑓𝑗(𝑥, 𝑦) + 𝑘𝑓𝑘(𝑥,𝑦), 

where 𝑓𝑟(𝑥, 𝑦), 𝑓𝑖(𝑥,𝑦), 𝑓𝑗(𝑥,𝑦) and 𝑓𝑘(𝑥,𝑦) are real, the Modified Quaternion Wavelet 

Transform 𝑓(𝑥,𝑦)is denoted by ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 (𝑝, 𝑞) ; is defined as, 

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 (𝑝, 𝑞) =  ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 {𝑓(𝑥, 𝑦)} = ᶆ𝑸𝑾𝛼1,𝛼2
𝑖,𝑗 {𝑓(𝑥,𝑦)} 

                            = � � 𝐾𝛼1
𝑖

∞

−∞

∞

−∞

(𝑥,𝑝)𝑓(𝑥,𝑦)𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑥𝑑𝑦,                                                        … (5) 

where  𝐾𝛼1
𝑖 (𝑥,𝑝) =  𝑒

𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 𝑒
𝑖

2𝑠𝑖𝑛∅1
[�𝑥2+𝑝2�𝑐𝑜𝑠∅1−2𝑥𝑝], ∅1 = 𝛼1

𝜋
2
, 𝑏 = 𝑝𝑠𝑒𝑐 ∝,  

𝐾𝛼2
𝑗 (𝑦, 𝑞) =  

𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 𝑒
𝑖

2𝑠𝑖𝑛∅2
[�𝑦2+𝑞2�𝑐𝑜𝑠∅2−2𝑦𝑞], ∅2 = 𝛼2

𝜋
2

. 

5   Inverse theorem of Modified Quaternion Wavelet Transform  

If ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 (𝑝, 𝑞) denotes Modified Quaternion Wavelet Transform of a  

quaternion 𝑓(𝑥,𝑦) then it is possible to reconstruct 𝑓(𝑥,𝑦) from ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 (𝑝, 𝑞) 

that is ᶆ𝑸𝑾𝑇−𝛼1,−𝛼2
𝑖,𝑗 �ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (𝑝, 𝑞)� = 𝑓(𝑥,𝑦). 

Proof: It is clear that for one dimensional function 

𝑊𝛼{𝛿(𝑥 − 𝜏)} = 𝑊𝛼(𝑝) =  
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 𝑒
𝑖

2𝑠𝑖𝑛∅1
[�𝑥2+𝑝2�𝑐𝑜𝑠∅1−2𝑥𝑝], 

∅1 = 𝛼1
𝜋
2
≠ 𝑛𝜋, 𝑛 ∈ 𝑍. 

𝛿(𝑥) × 𝛿(𝑦) = 𝛿(𝑥,𝑦). 
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We know that 

ᶆ𝑸𝑾𝑇−𝛼1,−𝛼2
𝑖,𝑗 {ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (𝑝, 𝑞)} 

= � � 𝐾−𝛼1
𝑖

∞

−∞

∞

−∞

(𝑝,𝑚){𝑊𝛼1,𝛼2
𝑖,𝑗 (𝑝, 𝑞)}𝐾−𝛼2

𝑗 (𝑞, 𝑛)𝑑𝑝𝑑𝑞 

= � � 𝐾−𝛼1
𝑖

∞

−∞

∞

−∞

(𝑝,𝑚){ � � 𝐾𝛼1
𝑖

∞

−∞

∞

−∞

(𝑥,𝑝)𝑓(𝑥,𝑦)𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑥𝑑𝑦}𝐾−𝛼2

𝑗 (𝑞,𝑛)𝑑𝑝𝑑𝑞 

= � � 𝐾−𝛼1
𝑖

∞

−∞

∞

−∞

(𝑝,𝑚){ � � 𝐾𝛼1
𝑖

∞

−∞

∞

−∞

(𝑥,𝑝)[𝑓𝑟(𝑥,𝑦) + 𝑖𝑓𝑖(𝑥,𝑦) + 𝑗𝑓𝑗(𝑥,𝑦) 

    +𝑘𝑓𝑘(𝑥,𝑦)]𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑥𝑑𝑦}𝐾−𝛼2

𝑗 (𝑞,𝑛)𝑑𝑝𝑑𝑞 

= � � 𝑓𝑟(𝑥, 𝑦){[� 𝐾−𝛼1
𝑖 (𝑝,𝑚)

∞

−∞

∞

−∞

∞

−∞
𝐾𝛼1
𝑖 (𝑥, 𝑝)𝑑𝑝] 

× [� 𝐾−𝛼2
𝑗 (𝑞, 𝑛)

∞

−∞
𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑞]}𝑑𝑥𝑑𝑦 

+𝑖 � � 𝑓𝑖(𝑥,𝑦){[� 𝐾−𝛼1
𝑖 (𝑝,𝑚)

∞

−∞

∞

−∞

∞

−∞
𝐾𝛼1
𝑖 (𝑥,𝑝)𝑑𝑝] 

× [� 𝐾−𝛼2
𝑗 (𝑞, 𝑛)

∞

−∞
𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑞]}𝑑𝑥𝑑𝑦 

+𝑗 � � 𝑓𝑗(𝑥,𝑦){[� 𝐾−𝛼1
𝑖 (𝑝,𝑚)

∞

−∞

∞

−∞

∞

−∞
𝐾𝛼1
𝑖 (𝑥,𝑝)𝑑𝑝] 

× [� 𝐾−𝛼2
𝑗 (𝑞, 𝑛)

∞

−∞
𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑞]}𝑑𝑥𝑑𝑦 

+𝑘� � 𝑓𝑘(𝑥,𝑦){[� 𝐾−𝛼1
𝑖 (𝑝,𝑚)

∞

−∞

∞

−∞

∞

−∞
𝐾𝛼1
𝑖 (𝑥,𝑝)𝑑𝑝] 

                                            × [� 𝐾−𝛼2
𝑗 (𝑞,𝑛)

∞

−∞
𝐾𝛼2
𝑗 (𝑦, 𝑞)𝑑𝑞]}𝑑𝑥𝑑𝑦                                                … (6) 

Consider, 
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� 𝐾−𝛼1
𝑖 (𝑝,𝑚)

∞

−∞
𝐾𝛼1
𝑖 (𝑥,𝑝)𝑑𝑝 

= � � 
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2(−∅1)

�𝑡𝑎𝑛
1
2(−∅1)�

𝑛 𝑒
𝑖

2𝑠𝑖𝑛(−∅1)��𝑝
2+𝑚2� cos(−∅1)−2𝑝𝑚��

∞

−∞
 

� 
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 𝑒
𝑖

2𝑠𝑖𝑛∅1
[�𝑥2+𝑝2�𝑐𝑜𝑠∅1−2𝑥𝑝]� 𝑑𝑝 

= � � 
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

𝑒
−𝑖

2𝑠𝑖𝑛∅1
[�𝑝2+𝑚2�cos ∅1−2𝑝𝑚]𝑒

𝑖
2𝑠𝑖𝑛∅1

[�𝑥2+𝑝2�𝑐𝑜𝑠∅1−2𝑥𝑝]𝑑𝑝
∞

−∞
 

 

= � � 
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

𝑒
𝑖
2�𝑥

2−𝑚2�𝑐𝑜𝑡 ∅1𝑒
𝑖
2�−𝑝

2+𝑝2�𝑐𝑜𝑡∅1𝑒𝑖𝑐𝑜𝑠𝑒𝑐∅1[𝑝(𝑚−𝑥)]𝑑𝑝
∞

−∞
 

= � 
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

𝑒
−𝑖
2 �𝑚

2−𝑥2�𝑐𝑜𝑡 ∅1 � 𝑒𝑖𝑐𝑜𝑠𝑒𝑐∅1[(𝑚−𝑥)𝑝]𝑑𝑝
∞

−∞
 

= 𝑒
−𝑖
2 �𝑚

2−𝑥2� cot∅1𝛿(𝑚 − 𝑥) 

Similarly 

� 𝐾−𝛼1
𝑗 (𝑞, 𝑛)

∞

−∞
𝐾𝛼1
𝑗 (𝑦, 𝑞)𝑑𝑞 = 𝑒

−𝑖𝑐𝑜𝑡∅2
2 �𝑛2−𝑦2�𝛿(𝑛 − 𝑦) 

∴ (6) ⇒ 

𝑀𝑊𝑇−𝛼1,−𝛼2
𝑖,𝑗 {𝑀𝑊𝑇𝛼1,𝛼2

𝑖,𝑗 (𝑝, 𝑞)} 

= � � 𝑓𝑟(𝑥,𝑦){
∞

−∞

∞

−∞
𝑒
−𝑖𝑐𝑜𝑡∅1

2 �𝑚2−𝑥2�𝛿(𝑚 − 𝑥) × 𝑒
−𝑖𝑐𝑜𝑡∅2

2 �𝑛2−𝑦2�𝛿(𝑛 − 𝑦)}𝑑𝑥𝑑𝑦 
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+𝑖 � � 𝑓𝑖(𝑥,𝑦){𝑒
−𝑖𝑐𝑜𝑡∅1

2 �𝑚2−𝑥2�𝛿(𝑚− 𝑥) × 𝑒
−𝑖𝑐𝑜𝑡∅2

2 �𝑛2−𝑦2�𝛿(𝑛 − 𝑦)
∞

−∞

∞

−∞
}𝑑𝑥𝑑𝑦 

+𝑗 � � 𝑓𝑗(𝑥,𝑦){
∞

−∞

∞

−∞
𝑒
−𝑖𝑐𝑜𝑡∅1

2 �𝑚2−𝑥2�𝛿(𝑚− 𝑥) × 𝑒
−𝑖𝑐𝑜𝑡∅2

2 �𝑛2−𝑦2�𝛿(𝑛 − 𝑦)}𝑑𝑥𝑑𝑦 

+𝑘� � 𝑓𝑘(𝑥,𝑦){
∞

−∞

∞

−∞
𝑒
−𝑖𝑐𝑜𝑡∅1

2 �𝑚2−𝑥2�𝛿(𝑚 − 𝑥) × 𝑒
−𝑖𝑐𝑜𝑡∅2

2 �𝑛2−𝑦2�𝛿(𝑛 − 𝑦)}𝑑𝑥𝑑𝑦 

= � � 𝑓(𝑥, 𝑦){
∞

−∞

∞

−∞
𝑒
−𝑖𝑐𝑜𝑡∅1

2 [𝑚2+𝑛2−(𝑥2+𝑦2)]𝛿(𝑚− 𝑥, 𝑛 − 𝑦)}𝑑𝑥𝑑𝑦, 

where (𝑥,𝑦) = 𝑓𝑟(𝑥,𝑦) + 𝑖𝑓𝑖(𝑥,𝑦) + 𝑗𝑓𝑗(𝑥,𝑦) + 𝑘𝑓𝑘(𝑥,𝑦) . 

6. Properties of Modified Quaternion Wavelet Transform 

 In this section we have proved some important results of Modified Quaternion Wavelet 

Transform  

6.1 Result 

For any quaternion function 𝑓𝑛(𝑥,𝑦),𝑛 ∈ 𝑁, 

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 ��𝑎𝑛𝑓𝑛(𝑥,𝑦)� = �𝑎𝑛ᶆ𝑸𝑾𝑇𝑓𝑛(𝑥,𝑦) ,𝑎𝑛 ∈ 𝑅. 

By linearity property and by using the definition of Modified Quaternion Wavelet Transform, 

we can prove it easily. 

6.2 Result  

If ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(𝑥,𝑦)} = ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (𝑝, 𝑞)then  

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(−𝑥,−𝑦)} = ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (−𝑝,−𝑞) 

Proof: By definition  

𝐾𝛼1
𝑖 (𝑥, 𝑝) =

𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 𝑒
𝑖
2[�𝑥2+𝑝2�𝑐𝑜𝑡∅1−2𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1] 
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                  =
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 𝑒
𝑖
2�𝑥

2+𝑝2�𝑐𝑜𝑡∅1𝑒−𝑖𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1 

𝐾𝛼(𝑥,𝑝) = 𝐶1∅1𝑒
𝑖�𝑥2+𝑝2�𝐶2∅1𝑒−𝑖𝑥𝑝𝐶3∅1 , 

where  𝐶1∅1 =
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛  , 𝐶2∅1 =
𝑐𝑜𝑡∅1

2
, 𝐶3∅1 = 𝑐𝑜𝑠𝑒𝑐∅1. 

Consider 

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(−𝑥,−𝑦)} 

= � � 𝐾𝛼1
𝑖

∞

−∞

∞

−∞

(−𝑥,𝑝)𝑓(−𝑥,−𝑦)𝐾𝛼2
𝑗 (−𝑦, 𝑞)𝑑𝑥𝑑𝑦         

= � � 𝐶1∅1𝑒
𝑖𝐶2∅1[(−𝑥)2+𝑝2]𝑒−𝑖(−𝑥)𝑝𝐶3∅1

∞

−∞

∞

−∞

𝑓(−𝑥,−𝑦)  𝐶1∅2𝑒
𝑖𝐶2∅2[(−𝑦)2+𝑞2]𝑒−𝑖(−𝑦)𝑞𝐶3∅1𝑑𝑥𝑑𝑦  

Putting – 𝑥 = 𝑋,−𝑦 = 𝑌 

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(−𝑥,−𝑦)} 

= � � 𝐶1∅1

∞

−∞

∞

−∞

𝑒𝑖𝐶2,∅1[𝑋2+𝑝2]𝑒−𝑖𝐶3,∅1𝑋𝑝 𝑓(𝑋,𝑌)𝐶1,∅2𝑒
𝑖𝐶2,∅2�𝑌

2+𝑞2�𝑒−𝑖𝐶3,∅2𝑌𝑞(−𝑑𝑋)(−𝑑𝑌) 

= � � 𝐾𝛼1
𝑖 (𝑋,−𝑝)

∞

−∞

∞

−∞

𝑓(𝑋,𝑌)𝐾𝛼2
𝑗 (𝑌,−𝑞)𝑑𝑋𝐷𝑌 

= ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 (−𝑝,−𝑞) 

Similarly,  

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(−𝑥,𝑦)} =  ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (−𝑝, 𝑞), ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 {𝑓(𝑥,−𝑦)} =  ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 (𝑝,−𝑞). 

7 New convolution structures for Modified Quaternion Wavelet Transform 
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  Here we have defined some new definitions as follows: 

𝑓(𝑥,𝑦) ∗ 𝑔(𝑥, 𝑦) = � � 𝑓
∞

−∞

(𝑎, 𝑏)𝑔�(𝑥 − 𝑎, 𝑦 − 𝑏)𝑑𝑎𝑑𝑏
∞

−∞

                                                          … (7) 

𝑓(𝑥,𝑦) = 𝑓(𝑥,𝑦)𝑒
𝑖
2(𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2)                                                                                      ...(8) 

Statement 

 For any real scalar or complex signal 𝑓(𝑥, 𝑦) and convolution kernel 𝑔(𝑥, 𝑦) and ℎ(𝑥,𝑦) =

𝑓(𝑥,𝑦) ⋆ 𝑔(𝑥,𝑦) 

              ≜
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 𝑒
−𝑖
2 (𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2)[𝑓(𝑥,𝑦) ∗ 𝑔(𝑥,𝑦)],                            … (9) 

where ⋆ is the Modified Quaternion Wavelet convolution operator, then 

ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 [ℎ(𝑥,𝑦)](𝑝, 𝑞) = 𝑒

−𝑖
2 (𝑝2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2)ᶆ𝑸𝑾𝑇𝛼1,𝛼2

𝑖,𝑗 [𝑓(𝑥,𝑦)]ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 [𝑔(𝑥,𝑦)]. 

Proof: ᶆ𝑸𝑾𝑇𝛼1,𝛼2
𝑖,𝑗 [ℎ(𝑥, 𝑦)](𝑝, 𝑞) 

=
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 � � ℎ(𝑥,𝑦)
∞

−∞

∞

−∞

𝑒
𝑖
2(𝑥2𝑐𝑜𝑡∅1+𝑝2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2+𝑞2𝑐𝑜𝑡∅2) 

𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)𝑑𝑥𝑑𝑦 

=
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 𝑒
𝑖
2(𝑝2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2) � � ℎ(𝑥, 𝑦)

∞

−∞

∞

−∞

𝑒
𝑖
2(𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2) 

𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)𝑑𝑥𝑑𝑦 

=
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 𝑒
𝑖
2(𝑝2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2) � �  

∞

−∞

∞

−∞

𝑒
𝑖
2(𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2) 

𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)[𝑓(𝑥,𝑦) ⋆ 𝑔(𝑥,𝑦)]𝑑𝑥𝑑𝑦 
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= �
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

�
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 �

2

𝑒
𝑖
2(𝑝2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2) � �  

∞

−∞

∞

−∞

𝑒
𝑖
2(𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2) 

𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2) �𝑒
−𝑖
2 (𝑥2𝑐𝑜𝑡∅1+𝑦2𝑐𝑜𝑡∅2)[𝑓(𝑥,𝑦) ∗ 𝑔(𝑥,𝑦)]� 𝑑𝑥𝑑𝑦  

= �
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

�
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 �

2

𝑒
𝑖
2�𝑝

2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2� � � 𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)

∞

−∞

𝑑𝑥𝑑𝑦
∞

−∞

 

� � � 𝑓 �(𝑎, 𝑏)𝑔 � (𝑥 − 𝑎,𝑦 − 𝑏)𝑑𝑎𝑑𝑏   
∞

−∞

∞

−∞

� 

Putting 𝑥 − 𝑎 = 𝑡, 𝑦 − 𝑏 = 𝑧, ⟹𝑎 = 𝑥 − 𝑡, 𝑏 = 𝑦 − 𝑧 

Differentiate with respect to 𝑡, 𝑧 

𝑑𝑎 = −𝑑𝑡, 𝑑𝑏 = −𝑑𝑧 

= �
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

�
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 �

2

𝑒
𝑖
2�𝑝

2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2� � � 𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)

∞

−∞

∞

−∞

 

   𝑑𝑥𝑑𝑦 � � � 𝑓 �(𝑥 − 𝑡, 𝑦 − 𝑧)𝑔 � (𝑡, 𝑧)𝑑𝑡𝑑𝑧
∞

−∞

∞

−∞

� 

= �
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

�
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 �

2

𝑒
𝑖
2�𝑝

2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2� � � 𝑒−𝑖(𝑥𝑝𝑐𝑜𝑠𝑒𝑐∅1+𝑦𝑞𝑐𝑜𝑠𝑒𝑐∅2)

∞

−∞

∞

−∞

 

� � 𝑓(𝑥 − 𝑡, 𝑦 − 𝑧)𝑒
𝑖
2[(𝑥−𝑡)2𝑐𝑜𝑡∅1+(𝑦−𝑧)2𝑐𝑜𝑡∅2]𝑔(𝑡, 𝑧)𝑒

𝑖
2�𝑡

2𝑐𝑜𝑡∅1+𝑧2𝑐𝑜𝑡∅2�𝑑𝑡𝑑𝑧
∞

−∞

∞

−∞

 

Putting 𝑥 − 𝑡 = 𝜉, 𝑦 − 𝑧 = 𝜂, 𝑑𝑥 = 𝑑𝜉,𝑑𝑦 = 𝑑𝜂, 𝑥 = 𝜉 + 𝑡,   𝑦 = 𝜂 + 𝑧 
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= �
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅1

�𝑡𝑎𝑛
1
2∅1�

𝑛 �

2

�
𝑒
𝑖
2𝑏2𝑠𝑖𝑛2∅2

�𝑡𝑎𝑛
1
2∅2�

𝑛 �

2

� � 𝑒
𝑖
2�𝑝

2𝑐𝑜𝑡∅1+𝑞2𝑐𝑜𝑡∅2�
∞

−∞

𝑒−𝑖[(𝜉+𝑡)𝑝𝑐𝑜𝑠𝑒𝑐∅1+(𝜂+𝑧)𝑞𝑐𝑜𝑠𝑒𝑐∅2]

∞

−∞

 

     𝑑𝜉𝑑𝜂 � � � 𝑓(𝜉, 𝜂)  𝑒
𝑖
2�𝜉

2𝑐𝑜𝑡∅1+𝜂2𝑐𝑜𝑡∅2�𝑔(𝑡, 𝑧)𝑒
𝑖
2�𝑡

2𝑐𝑜𝑡∅1+𝑧2𝑐𝑜𝑡∅2�𝑑𝑡𝑑𝑧
∞

−∞

∞

−∞

� 

= 𝑒
−𝑖
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Conclusion: 

        In this paper we have Introduced Modified Quaternion Wavelet Transform and provide 
some properties. We also proved Inversion theorem and obtained convolution structure of 
Modified Quaternion Wavelet Transform. 
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